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PREFACE 


An alit(UHpt has ham made m the present volume to pro- 
(luee a text-book which covers iu a general way the main 
ground included in the title without going into too great detail 
in any one particular branch. 

It is hoped that the work will be found useful to engineers 
and students and has been designed to cover the Syllabus for 
the (Jrade II. (A.C.) Paper of the City and Guilds Examination. 
It may also be used as a preparation for the B.Sc. Examina- 
tions in Electrical Engineering, but will, of course, have to be 
supplemented by more specialised treatises. 

The author has endeavoured to combine theory with practice, 
since a certain amount of the former is necessary to under- 
stand properly the application to practical work. In this con- 
nection a plea is made for a higher standard of^ mathematical 
attainment than is commonly met with at present, as without 
this the proper study of Alternating Chirrents is rendered very 
difficult. In a number of cases proofs by means of the Calculus 
have been included on account of their relative simplicity, but 
these have been relegated, usually, to footnotes, so that the 
uninitiated reader may pass them by if necessary. The notation 
used is, in the main, that recommended by the International 
Electrotechnical Commission, and the vectors have been made to 
rotate throughout in an anti-clockwise direction. 

The great majority of the illustrations have been specially 
prepared for this book, and the author takes this opportunity 
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of thanking Messrs. Bruce Peebles & Co., Ltd., The Cambridge 
Scientific Instrument Company, Ltd., Everett Edgcumbe & Co., 
Ltd., R. W. Paul, H, Tinsley & Co., the Electrician, and the 
Institution of Electrical Engineers for their kindness in supply- 
ing the blocks from which the remaining illustrations have 
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ALTERNATING CURRENT 
ELECTRICAL ENGINEERING 


CHAPTER 

GiiNEEAIi CONSIDEEATIONS OF ALTERNATING E.M.P. AND CUREEN^t 

Production of Electromotive Force. — When an electrical co n- 
ductor cuts a magnetic field there is an E.M,F. Jnduced in the 
former , the magni tude, of which i s pro portional to the ra te of 
cuttin g lines of force. Since both the paths of the electric current 
and the magnefTc Bux are closed loops, this is equivalent to saying 
that when the number of linkages is changed an E.M.F. is induced 
in the electric circuit, a link a ge meaning one line of force linked 
With one turn. In a number of problemslFwill be mof^'cenvehient 
to speak of a change of linkages rather than the cutting of a number 
of lines of force, since the latter may be linked with more than one 



(a) (b) 


Fia, 1. — Linkages. 

turn. Thus ten linkages may be produced by ten lines of fpree 
linked with one turn as in Fig. 1 (a), or by five lines of force linked 
with two turns as in Fig. 1 (6), or by one line of force linked with 
+en turns as in Fig. 1 (c), or by any such combination. 

The idea of linkages certainly gives a truer idea than that of 
lines of force cut by a conductor, since, in the latter case, one hae 
to be careful to remember the return circuit both of Ihe electric 
current and the magnetic flux. Notwithstanding this'disadvantage, 
it will still be found expedient to consider a large number of problems 
from the point of view of cutting lines of force, but the student should 
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make himself familiar with both conceptions. In the case where 
an electrical conductor not forming part of a complete circuit 
moves across a magnetic field, it will have an E.M.F. induced in 
it, but no current will flow and no work will be done on the con- 
ductor, which will consequently exert no reaction on the magnetic 
field. If the circuit be closed, current will flow which will endeavour 
to set up its own magnetic field, producing a reaction upon the main 
field. This effect is seen in the distortion of the magnetic flux 
in continuous current dynamos and motors, and is particularly 
important in alternating current work. 

Law of a Simple Alternating E.M.F, — When a conductor rotates 
with a constant angular velocity in a uniform magnetic field, as 
indicated in Fig. 2, it cuts the lines of force at varying rates depending 

upon the instantaneous direction of 
€ motion. The induced E.M.F. will 
therefore be of a varying character 
as well. When the conductor is 
passing the centre of the pole, it is 
moving momentarily at right angles 
to the field and is cutting the lines 
Fia. 2.— Generation of Alternating force at its maximum rate ; its 

maximum E.M.F. therefore occurs at 
this point. When the conductor has advanced 90^ from this point, 
it is, for a moment, moving parallel to the field, and has no E.M.F. 
induced in it. To obtain the value of the induced E.M.F. at any 
point throughout the complete revolution, it is necessary to deter- 
mine that component of the velocity which is at right angles to 
the magnetic field. A knowledge of the direction in which the 
magnetic field is being cut is also necessary, as this determines the 
direction of the induced E.M.F. If the conductor is rotating with 




a constant peripheral velocit y of v cm. per second , represented in 
Fig. 2 by AS, then AG will represent the useful component and will 
be equal to l;^sin S, 6 being the angle moved through taking the 
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vertical line an the starting point. Let I equal the le n gth of the 
con ductor in c m. and B the den^tv of the magnetic field inJ inea^ 
per square cm., ^|ien ih e E.M.F. i nduced im^e conductor at any 
instant is equaf to Blv sin 6 xJ lj^lj^lt^. The only quantity wEcE 
varies throughout” tTie revolution is sin (?, and therefore the induced 
E.M.F. will obey a simple sine law as represented in Fig. 3. This 
diagram also shows a simple graphical method of constructing a 
sine wave. A circle is constructed as shown, and radiating lines 
are drawn every 30°. From the points a, b, c, d, etc., horizontal 
lines are drawn until they intersect the ordinates erected at 0°, 30°, 
60°, 90°, etc. The intersections give points on the required curve. 

Law of a Simple Alternating Current. — If the ends of the above 
active conductor are connected to the ends of a simple resistance, a 
current will flow the value of which at any instant is equal to the 
resultant E.M.F. divided by the resistance. If the resistance is 
constant and no other E.M.F. acts upon the circuit, the current will 
be exactly proportional to the E.M.F. and will follow the same law. 

Alternating Magnetic Field. — ^Whenever a current flows in a 
circuit, it always sets up a magnetic field linking with the electric 
circuit. The magnitude of this field is proportional to the strength 
of the current, assuming no iron to be present, for when the current 
is zero the field which it sets up is zero, and when the current reaches 
its maximum value the field does likewise. Thus an alternating field 
is produced by an alternating current, both following the same 
law, and the number of linkages of lines with turns is continually 
changing. But a line of force is imagined to grow from point size 
by gradually swelling, and thus getting larger. It certainly does 
not grow after the fashion of a broken thread, gradually encircling 
the conductor by moving end on, for a line of force is .always a 
closed loop. * Bearing this fact in mind, it is easy to realise that 
during the production of a line of force it must cut the conductor 
which produces it at some time during its generation. The result 
of this action is to generate an E.M.F. in the conductor. This can 
be summarised by saying that when the current changes the field 
also changes, and thus the conductor is cut by its own lines of 
force, resulting in a self-induced E.M.F. proportional to the change 
of linkages per second. The direction of this self-induced E.M.F. 
will be such as to oppose the change. This effect can be seen in a 
C.C. circuit, particularly in the shunt field circuit of a dynamo 
or motor where, when the E.M.F. is first applied, the induced 
yoltage opposes the rise of the current, thus retarding its growth ; 
similarly, when the circuit is opened, the induced voltage tries to 
keep the current flowing and produces a vicious spark at the opening 
contacts of the switch. 

If the magnetic circuit consists of non-magnetic materials, 
the field which is set up is proportional to the current and obeys 
the same law, whether this be a simple sine law or not ; and if the 
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resistance of the circuit is constant, the resultant E.M.F. producing 
the current will also obey the same law. But the resultant E.M.F. 
is obtained from a Combination of the applied voltage and the 
self-induced back voltage due to the conductor cutting its own 
magnetic field. There is, however, no guarantee that this latter 
voltage will obey the same law as the current, and consequently it 
cannot be said that the applied voltage will follow the same law as 
the current. The presence of iron in the magnetic circuit exerts 
a further disturbing infiuence. As a matter of fact, there is very 
often a considerable difference in practice in the laws followed by 
the current and the applied voltage. It should, however, be borne 
in mind that the resultant E.M.F. acting upon the circuit, the 
current which it produces when the resistance is constant and the 
magnetic field which is set up when no iron is present, all obey the 
same law, whatever it may, be. 

Frequency. — For a particular circuit, the instantaneous value 
of the current, or the voltage, may be plotted against time as a 
base. This curve may be an ideal sine wave, or it may take some 



such form as is indicated in Fig. 4. It is said to be periodic, i.e. 
it keeps on repeating itself over and over again. The whole 
series of events included from a given point to the next similar 
point in the same direction is called a period or a cyde.. For example, 
the series of events which occurs between A and Q or between 
B and D is a complete cycle, whilst the time taken to accomplis h 
thi8jia_ called The number of complete cycles 

per se cond is caUed_the frequency^ or pe riodicity. The frequencies 
most commonly used in this country at the present time are 60 and 
26 cycles per second. The frequency of both current and voltage 
is, of course, the same. The wave form, as it is called, may vary 
considerably from the ideal sine wave, and in old-fashioned alter 
natmg current machinery it often was very far indeed from the 
desired shape, but in modern machinery, owing to the advance in 
methods of design, a good approximation to the ideal sine wave is 
usually achieved, although it may not be exactly correct in a 
mathematical sense. With the ordinary forms of alternating current 
dynaihos both halves of the wave must be identical, i.e. any two 
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points situated 180” apart must have the same value. The reason 
for this is that as many lines of ffirce enter the south pole as issue 
from the north pole (see Fig. 2), and the tv«o halves of each turn 
of the armature winding are situated a pole pitch apart. With a 
uniform conductor velocity, therefore, the half-wave is repeated 
exactly in alternate directions. 

Non-sinusoidal Wave Form. — In order that the wave form shall 
be sinusoidal, i.e. follow a sine law, it is necessary that the con- 
ductor should cut the magnetic 6eld at a rate proportional to 
sin 6, the speed being constant. Now 
consider the elementary alternating cur- 
rent dynamo shown in Fig. 6, where 
there is one turn mounted on an iron 
core in the field of an electromagnet 
excited by means of a continuous 
current. The magnetic field in this 
case may be considered to be radial 
across the air gap, and as the con- 
ductor rotates with constant speed it cuts the lines of force at 
a constant rate whilst under the influence of the pole. Throughout 
the remainder of the revolution the conductors are not in the 
magnetic field at all, thus generating no voltage during these 
periods. A rectangular wave form of E.M.F. would be obtained 
as shown in Fig. A In between this and the original sine wave 


FiQ. 6. — Rectangular Wave Form. 

obtained from the arrangement shown in Fig. 2 there are an infinite 
number of possibilities, and it is from these that the wave forms 
obtained in practice are built up. 

In the majority of problems it will be necessary to make the 
calculations on the assumption that the quantities concerned 
follow a sine law, since the mathematics would otherwise be compli- 
cated to an undesired extent. Nevertheless, it must not be for- 
gotten that the actual wave forms dealt with nearly always depart, 
to a more or less extent, from the ideal wave form. Unfortunately, 
a number of writers insist too much, in the author’s opinion, on 
the sinusoidal wave form and neglect to instil into the minds of the 
readers the fact that it is only; an approximation made for the 
purpose of simplifying the calculations 




Fia. 6. — Conductors Rotating in 
Uniform Field. 



CHAPTER II 


MAXIMUM, K.M.S., AND AVERAGE VALUES 

Variation of an Alternating Current. — In dealing with alternat- 
ing currents, it is at once necessary to fix upon a unit of current 
which must obviously have^some differences from the ampere as 
used in continuous current work. The current is varying at a very 
rapid rate, and although its value at any one instant can be compared 
with the continuous current ampere, yet it is not self-evident what is 
the resultant effect. Take, for example, a circuit the frequency of 
which is 50 cycles per second, the current obeying a sine law and 
rising up to an instantaneous maximum of 10 amperes. The current 
rises from zero to its maximum value in the time taken to execute 
one-quarter of a cycle, that is in -^o^h second. Starting from an 
instant when the current is zero, the value of the current is 5, 7-07 
and 8-06 amperes at times equal to i^^^^th, jrJoth and second 

respectively. Moreover, after j^^th second has elapsed, the current 
has reversed and is following the same procedure in the opposite 
direction for i^o^h second. If, then, a moving coil ammeter is 
placed in circuit, with the object of measuring the current, it will 
endeavour to indicate all these different values of the current from 
instant to instant, including those where the current is flowing in 
the opposite direction. But, owing to the mechanical inertia of 
the moving system of the instrument, it cannot follow out all the 
rapid variations of the current, with the result that the pointer 
merely vibrates about the mean of the positions that it would 
like to take up. Since, however, there is as much current flowing 
in one direction as in the other, it follows that this mean position 
is the zero of the scale, independent of the actual value of the 
current. Thus an ordinary moving coil ammeter is useless for the 
purpose of measuring an alternating current, nor is it desired, at 
this present juncture, that the various instantaneous values should^ 
be recorded. 

Maximum Value. — Since it would be extremely inconvenient to 
have to designate the value of an alternating current by stating 
its various values from instant to instant, apart from the practical 
difficulty of carrying this out, it is necessary to choose one repre- 
sentative value to specify the strength of the current. The first 
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that suggests itself for tliis purpose is the maximiiiu value, but there 
are obvious objections to this immediately currents of different 
wave forms are considered. Take, for example, the two currents 
of different wave form indicated in Fig. 7. They have the same 
maximum value, but there is obviously more current flowing in 




Fiq. 7. — Values of (Current)^. 

the first case than in the second, so that it is not desirable to represent 
these two currents by the same number. Therefore, the maximum 
value of the current is not a suitable measure of it unless the wave 
form is known, and this latter condition puts it out of court as far 
as practical purposes are concerned. 

Average Value. — ^The next representative value that suggests 
itself is the average or mean value. Since both the positive and 
negative^ halves of the wave are equal, the average value taken over 
a complete cycle is zero, as was previously seen when discussing 
the action of the moving coil ammeter. This will not do, but it 
would be possible to consider ^e averag e value take n over a half- 
period, since this would have a quite definite numeric meaning. 
Following out this idea, suppose that the current represented in 
Fig. 7 (b) is passed through a simple resistance, the instantaneous 
value of the power being represented by iV, where i is the instan- 
taneous value of the current and r is the resistance. This power 
will be varying at a very rapid rate, since, in a circuit the frequency 
of which is 50, the power rises from zero to a maximum value in 
2 J^-th second. In the great majority of cases, it will be the average 
value of the power over a given time which is desired, and conse- 
quently the average value of ih over a complete cycle must be 
determined. Since r is a constant, the power at any instant is 
|)roportional to i^. The curve of is shown in Fig. 7 (6), having 
been obtained by squaring all the ordinates of the current curve. 
The average power is equal to (average value of i^) x r, and on 
measuring the average value of from the curve this is found to 

^ The tenu “negative” is used merely to indicate the fact that the current is 
flowing in the opposite direction, and has no absolute meaning. 
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be 50, whilst the average value of i is found to be 5 'SO. Thus if 
r be 1 ohm, the true value of the average power is 60 watts, whilst 
the value of the e^^pjession 

(average value of current)® x r = 5'30® x 1 = 28- 1.^ 

From this it follows that if the average value of the current, 
taken over a half period, is to be the representative value chosen, 
then the power in watts must be represented by an expression of the 
type 

watts — k X Pr, 

where k is some constant. Moreover, if different wave forms be 
considered, it will be found that the value of k changes, so that 
again it is necessary to know the wave form in order to determine 
the power in the circuit, rendering the average value of the current 
also impracticable as a representative value. 

Root-Mean-Square Value. — From the above it is seen that the 
value of the current desired is such that the power expended in a 
simple resistance shall be given by the expression independent 
of wave form. This means that the average value of the squares 
of the various instantaneous values of the current is to be multi- 
plied by the resistance. 

In C.C. work the watts are given by the expression Ich where ic 
is the continuous current. 

In A.C. work, the average watts are to be given by an expression 
average value of (i®) x r, 

where i is the instantaneous current. If r be given the same value 
in each case, then in order that the power shall be the same in 
both cases it follows that 


L® — average value of (t®). 

It is now seen that the representative value of the alternating 
current , which has the same effect as a continuous current in pro- 
ducing power in a circuit, is given by the expression 

V (average value of i®). 


and when this expression has a certain value it means that the 
current has the same power effect, or heating effect, as a con- 
tinuous current of the same value, whilst the watts are given by the 
expression 7®r without the introduction of any constant, I being 
the 


^(average value ofj^ 




The foregoing argument has made no assumptions as to wave 
form and, indeed, is trne for all periodic wave forms, so that it is 


^ The student is warned to distinguish carefully between the (average value of 
ourrent)^ and the average value of (current)'-^. 
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not necessary to know the various instantaneous values in order to 
estimate the resultant value of %ny current. 

This value of the current is known as the ‘‘ Root-Mean-Square 
or “ R.M.S.” value, the name expressing fts meaning. It is also 
sometimes known as the effective value and as t he virtual jvaj^ue. 
although the first name is by far the most commonly used. 

Current indicated by Ammeters. — At first sight the above chosen 
representative value appears somewhat complex, but it is only an 
appearance. This is seen when the action of various ammeters is 
considered (see page 132 ei seq.). Take, for example, the hot wire 
ammeter ; the heating at any instant is proportional to the square 
of the current, and it is to the average value of this quantity that 
the indications of the instrument are proportional. When such 
an ammeter is connected in an alternating current circuit it would 
register an amount proportional to the mean square of the current 
and the square root of the defiectiom would be proportional to the 
R.M.S. current. Consequently the hot wire ammeter indicates that 
value of the current which it is desired to know. In the actual 
instrument the scale is not exactly a square scale, being somewhat^ 
modified by the construction and control, but this does not affect 
the fact that it is the mean square of the current to which the 
deflection is proportional. 

Similarly, when considering a moving iron ammeter, it is again 
seen that the torque at any moment is proportional to the square 
of the instantaneous current. The current induces a certain pole 
strength in the moving iron which is proportional to the current 
provided the iron is not saturated, whilst the solenoid itself can be 
replaced by an equivalent magnet having a pole strength propor- 
tional to the current. The force of attraction or repulsion is 
proportional to the product of these pole strengths and, conse- 
quently, to the square of the current. Modifying factors are again 
introduced in practice, due to the construction and method of 
control, but the main fact still remains, viz., that the' instrument 
pointer will take up a mean position indicating the average value 
of the square of the current. Thus a maving iron ammeter w ill 
indicate th e. R.M.S. currenL 

A dynamometer type instrument also will give indications which 
arc proportional to the products of the currents in the moving coil 
and in the fixed coil and will register accordingly the R.M.S. current. 

Thus it is seen that, instead of the R.M.S. value of the current 
being a somewhat obscure quantity, it is actually the value recorded 
by the ordinary types of ammeters. 

Representative Value of Voltage. — ^The question of settling a 
unit of R.M.F. can now be dealt with in the same way as for current. 
Imagine an alternating voltage applied to a simple resistance. 

The instantaneous value of the power will be where e is the 
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instantaneous value of the voltage and r is the resistance. The 

average value of the power will be*the average value of Suppose 

that a continuous pressure of Ec be applied to a similar resistance 

E ^ 

of r ohms. In this case the power will be and it is desired that 

the power in both cases shall be the same. From this it follows that 

Ec^ _ average value of 
T r 

or that Ee == A/(average value of e^). 

Thus it is seen that the R.M.S. value of the voltage ( ~ E) is 
also the representative value which will enable the exj)ression 

• (R.M.S. volts)2 E^^ 

average watts ^ = — 

Resistance r 


to remain true without the addition of any multiplying constant, 
^o assumption with regard to wave form has been made, and conse- 
quently the above expression holds good for any periodic wave form. 

Voltage indicated by Voltmeters. — With regard to the indica- 
tions given by various voltmeters, it should be remembered that in 
all electromagnetic instruments it is the current which produces the 
deflection, and since the instruments previously discussed i ndicate 
the R.M.S. current they will also indicate the R.M.S. voltage. There 
is one particular type of voltmeter which does not come in the 
above classification, and this is the electrostatic voltmeter (sec 
page 138), but it will be shown later that this instrument also 
indicates the R.M.S. voltage. 

Ohm’s Law for Alternating Current Circuit. — It has been shown 

752 

that the average power is given by both Pr and , and therefore 



and 


E^ 


E 

r 


Thus Ohm’s Law holds good for an. alte rnat ing current cir cuit w here 
the R.M.S. values of the current- . an(L vol tag e ar e employed. It 
o"B^usly holds good when the maximum values are considered 
and also in the case of the average values, because if the circuit 
consists of a simple resistance the current will be directly propor- 
tional to the voltage at any instant and the two wave forms will 
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No. of Ordinate. 


1 

2 

3 

4 

5 

6 

Sum total 

Average 

R.M.S. 


Value of Owilnate. 

1 

2 

2 

2 

2 

I 

10 


Square of Ordinate. 


1 

4 

4 

4 

4 

I 

18 

3 

\/ 3 = 1 -73 



Form factor = 


R.M.S. _ 
average 


1'^ 

i-67 


= 1-04. 


As a general rule, the wave may be assumed to he flatter than a 
sine wave if the form factor is less than 1*11 and more peaked if 
this ratio is greater than l-ll. 



Crest Factor. — The use of the term “ Crest Factor ” has been 
introduced by Prof. Ka]^ to indicate the ratio 

Maximum value 
RMS, ’/ 

whic h in the case of a sine wave has the value \/2 = 1414^ This 
ratio IS mostly used in connecSTon with voltage waves, where it 
gives an indication of the amount by which the insulation is strained. 
For a given B.M.S. voltage, the greater the crest value the greater 
the strW onthe insulafion . 

Polar Curve. — ^When the curves of E.M.F. and current depart 
from the simple sine law, it becomes a tedious matter to measure 
all the ordinates, square them, take the mean, and determine the 
souare root in order to obtain the R.M.S. value. A simnler method. 
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involving the use of a polar diagram, has been d evis ed by Prof. 
Fleming, A polar curv e is a graphical method, oFrepresenting a 
function , only, instea^l of using twcT^-ordinates mutually at right 
angles for axes, a line called a radius vector is made to rotate round 
a fixed point. The angle through which the radius vector hai? 
moved, measured from some starting point, corresponds to the 
horizontal axis of the ordinary graph, whilst the length of the 
radius vector corresponds to the vertical axis. A curve is then traced 
out through the points obtained in this manner. The curve is 
reaily the locus of the radius vector. 

This jucthod of graphical representation lends itself to the 
study of periodic curves, for one revolution of the radius vector 
can be made to correspond to one complete period. Th e polar 

curve for a sine wave is a conipEte.. circle 



as shown in Fig. 9. OP is the radius 
vector, having moved through an angle 6 
from the commencement. But if the curve 
OPQ is a true circle and OQ its vertical 
diameter, the angle OQP will also be equal 
to 6^ and hence 


OP 

OQ 


sin 0, 


Fig. 9.-~Polar Curve of Sine ^ • x- i . 

Wave. feince OQ IS constant, OP is proportional to 

sin 0y OQ representing the maximum value. 
Therefore, the polar curve for a sine wave is a circle. At 
first sight it might appear that a second circle below the hori- 
zontal is needed to represent the second half of the wave, but 
this is not so. After 180^ has been swept out, the radius vector 
certainly falls below the zero line, but the instantaneous value is 


now negative, and consequently the radius 


vector must be projected back to the other ^ "o, 

side of the origin. The net result of this is ^ 

that, for the second half of the period, the 

curve repeats itself. This must always be ^ A \ A o 

the case when the two halves of the wave \ / 

are equal, whether the simple ^ine law is <^\Vv\\ / / //j n" 

obeyed or not. 

Graphical Determination of R.M.S. Value. — " 

Having thus briefly explained the principles io._Poiar Curve of Nou- 
of the polar diagram, they can be applied sinusoidal wave, 

to the study of non-sinusoidal waves. 

Fig. 10 shows the polar curve of the wave represented in the 
ordinary maimer in Fig. 4. In order to determine the R.M.S. 
value of the wave, the area of the polar curve is required. This 
can be measured by means of a planimeter, but in cases where 
such an instrument is not available a circle of the same area as the 
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polar CTirve can be estimated by eye. Usually this will be justi- 
fiable, since most of the waves met' with in practice do not depart 
very much from the true sine law. The diameter of this circle 
represents the maximum value of the equivalent sine wave, and the 

R.M.S. value can be obtained by multiplying by or 0‘707. 



CHAPTER III 


INDUCTANCE, REACTANCE AND IMPEDANCE 


Baek E.M.F. set up due to Alternating Current.— Wlien a vary- 
ing current flows in a circuit it sets up a varying field which 
is in phase with the curreht, i.e. goes through similar phases at 
the same instant, such as, for example, the maximum value. The 
form of the circuit can be so arranged that the field is negligible 
in strength although it can never be done away with absolutely. 
If a portion of a circuit be wound in the form of a coil, then the 
lines set up by each turn, due to the passage of the current, can be 
made to link with all the other turns and thus set up a considerable 
number of linkages. This effect is increased considerably if an 
iron core is placed in the coil, which is then known as a choking 
coil. 

The alternating current causes the field to alternate with it, and 
consequently the linkages vary from instant to instant. This sets 
up an E.M.P. in the coil the direction of which is such as to oppose 
the change, the effect being somewhat akin to inertia. If the flux 
set up is proportional to the current, then the ba,ck E.IVr.F . which 
is generated is proportional to the rate at which the current is 
changing and is numerically equal to 


linkages set up per ampere x change of amperes per second 


JQL 




Inductance. — The linkages set u p per ampere is _a definite quantity 
for a given coil, and if the core be made of a non-magnetic material 
it is strictly a constant, but if an iron core be introduced this quantity 
varies to some extent, depending upon the saturation of the iron. 
For example, if the current be increased to ten times its former 
value, the total linkages may only be increased seven times, and 
thus the linkages per ampere will only be 0*7 times their former 
value. In the majority of elementary calculations, however, this 
q uantity is assumed to be a const ant for a given coil and jg known 
as~IEe^ inc ^tance or ths^ o-^ffici^t^^^elj-tnduciion, the former term 
Being the dne^ost usedliFiKe preieht time. 

On the practical system of units, the unit of inductance is the 
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is the inductance of a coH setting up 10^ linkages jger 
ampere . TITther^fore, the cnrreni varies at the rate^ one^iinpefe 
per second in such a coil, there will be an E.IVJ.F. of one volt set up. 
-Che inductance of any other coil, measured in henries, is 

number of linkages set up per ampere 

^ r",, :: 

r As an example, the flux will be determined in a choking coil 
having 100 turns and an inductance of 0*2 henry, when a current of 
6 amperes is passing. 

Linkages per ampere 

Total linkages 

Total flux 

= 10® lines or 1 megaline. 


L X 10« 

0-2 X 10® 

6 X 0‘2 X 10® 
5 xO-2 X 1^ 

loo 


Rate of Change of Current. — ^The next thing to determine is the 
rate of change of the current in the circuit. This will depend upon 



Pig. 11. — ^Kelatlon between Current and Rate of Change of Current. 

O 
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three things, the inaxiiimm value of the current (/^), the wave 
form and the frequency (/), Fig. 11 represents the current curve 
where the Avave fori^ is sinusoidal. The rate of change of the 
current at any instant is measured by the slope of the curve at 
that particular point. At 0"^, this is equal to AB amperes per 90°. 
Scaling this off the diagram, it is found to be 1-57 X Im amperes 
per 90°, or 6*28 X amperes per period, or 314 X amperes 
per second, assuming a frequency of 50. 

At 60, the sloj)e of the curve is CD amperes per 90°. Scaling 
this off the diagram, it is found to be equal to 0*785 X I,rn amperes 
per 90°, or 157 X amperes per second. Repeating this again at 
210°, the slop^ is found to be 4 x 50 X EF x I. 272) amperes 
per second, but this time the current is changing in the reverse 
direction, so that tliis statement means that the current is decreasing 
at the rate of 272 amperes per second. Plotting a number of values 
obtained in this manner, the curve of change of current in amperes 
per second is obtained. On examination, this curve is seen to be a 
sine curve also, but is 90° ahead of the current curve. In reality 
it is a cosine curve. This establishes the fact that if the current 
varies according to a sine law, the rate of change of current also 
obeys a sine law. The maximum value of the rate of change curve 
occurs when the actual value of the current is zero. If a horizontal 
line is drawn through the vertex of the current curve, it is seen that 
the maximum slope is OH amperes in OH degrees. On scaling off 
the diagram, OH will be found to be one radian or 57*3° approxi- 
mately. Therefore, the maximum value of the rate of change of 
current is amperes per radian, or 27r/^^ amperes per period, since 
there are 27r radians in 360°. Measured in amperes per second, this 
is equal to 27r//^, where / is the frequency.^ 

Reactance. — It has been shown that a voltage is set up in an 
alternating current circuit equal to 

linkages set up per ampere , , . , 

~ — Yqs X (change of amperes per second) volts. 

The minus sign denotes the fact that it is a back voltage. The 
maximum value of this voltage is given by the expression 

E'm = — L X 27rfL,n volts 

^ This can be determined by the calculus as follows : — 
i = I.,n sin 0 
di d (/,„ sin B) 
dt dt 

r d (sin e\ de 
- i X X ^ 

= cos 0 X 2'jr/. 
di 

The maximum value of ^ — 2^//,,,. 
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and the value at any other instant by 

e' == — 2irfLIr,i cos 6 volts 

= — 27rfLIm sin (^ + 90'') volts. 

This back voltage has to be overcome by the application of an equal 
and opposite forward voltage having a value 

e = 27r/L/„^siii(^ + 90°) volts. 

This voltage is seen to vary according to a sine law also, but it 
is not in phase with the current. When 6 is 0°, the current is zero ; 
but this voltage has its maximum value at thiai*f]nstant, since 
sin {6 + 90°) is equal to unity. This voltage is said to lead the 
current by 90", or the current is said to lag behind the voltage 
by 90°. The R.M.S. value of the applied voltage is obviously 
equal to E = 27rfLI, where I is the R.M.S. value of the current. 

When the circuit contains nothing but resistance, the voltage is 
given by the expression 

E^Rx I. 

If the circuit has no resistance, but is linked with a magnetic 
field, the applied voltage is given by the expression 

E = 2irfL X /. 

Thus the quantity 2TrfL can be considered as being in some 
respects analogous to resistance, inasmuch as the current has 
to be multiplied by it in order to obtain the voltage. Strictly 
speaking, it is more in the nature of an E.M.F. than a resistance, 
but owing to the similarity of the equations E ~ RI and E = 2irfLI^ 
it is usually considered as a kind of resistance. 

The quantity L is called the Inductance and is measured in 
henries, whilst the quantity 2irfL is called the Reactance ^ and is 
measured in apparent ohms. They are not true ohms, because 
they do not result in the production* of heat in the circuit, but 
have the appearance of being ohms because they are the ratio of 
the volts to the amperes. If the circuit contains nothing but 
reactance, the current is given by the expression 



and the way in which the current varies with each of these quantities 
is shown by the curves in Fig. 12. 

1 When a circuit possesses capacity as well as inductance, another term must 
be added to the expression for the reactance as shown on page 59. 

0 2 
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Very often the inductance is given in milli-henries, i.e. thousandths 
of a henry, in order to avoid deaKng with very small numbers. For 



Fig. 12. — Dependence of Curfcnt upon Voltage, Frequency and Inductance. 

example, if L = 10 milli-henries and / — 50 cycles per second, the 
reactance is equal to 

X == 27r X 60 X ,U(r 
= 3’ 14 apparent ohms. 

Circuit containing Resistance and Reactance. — The previous 
example has not taken into consideration the effect of resistance, 
but it must be borne in mind that it is theoretically impossible to 
have a circuit without resistance and also without reactance, since 
wherever there is a current of electricity there must always be a 
magnetic field set up linking with the circuit. The reactance may 
be negligible in a large number of cases, but in very few circuits 
will the effect of resistance be negligible in comparison with the 
reactance. It is therefore necessary to study the circuit when both 
are present in appreciable proportions. 

Consider a circuit consisting of an ordinary choking coil having 
a resistance R and an inductance L. In order to force an alternating 
current of I amperes through this circuit, a voltage must be applied 
in order to overcome the resistance {RI volts), and, in addition, a 
further voltage volts) must be applied in order to overcome 

the reactance. The former voltage is in phase with the current, 
whilst the latter leads it by 90'’. At any instant represented by 
the point P (Fig. 13) there will be required a voltage PQ to over- 
come the resistance and a voltage PR to overcome the reactance. 
The total voltage required at this instant is given by P8 — PQ -f PR, 
the current being PT. Repeating this for all other points through- 
out the cycle, a curve representing the resultant applied voltage is 
obtained as shown. The effect is just as if the reactance were 
concentrated at one part of the circuit and the resistance at another, 
the two being placed in series. The resultant voltage also follows 
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a sine law, since it is the sum of two sine waves. The maximum 
value is less than the sum of the iftaximum values of the two com- 
ponents, but is greater than either of them taken separately. 
Another point to notice is that the resultant voltage is neither 
exactly in phase with the current, nor does it lead by 90°, being 



Fia. 13. — Current and Voltage Curves in a Circuit containing Eesistance and Inductance. 


somewhere in between these two limiting values, the angle of lead 
of the voltage becoming greater the more the reactance predominates 
over the resistance, and approaching more and more nearly to zero 
as the resistance is increased. If the resistance and reactance were 
equal, the current would lag behind the voltage by IS"". 

Phase Difference between Current and Voltage. — The exact angle 
of phase difference between the current and voltage can be deter- 
mined in general terms by the application of a little trigonometry. 
The total voltage required to overcome the effects of resistance and 
reactance combined is equal to 

sin 6 + cos 6 

where X — 27rfL. 

Multipljdng and dividing by VW + we get 
Voltage required 

= ( VR^ + X^) X2 sin ^ cos .. y . 


Let 
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Then B = ( VB^ + X^) cos a 

and B^ — (B^ -f cos^ a 

= (B^ + A2) - (i ?2 + x^) sin2 a. 

Therefore {B^ + X^) vsin^ a = X^, 

• 2 _ 

Sin a - ^2 ^ 

A 

and ^‘“®^V^H-A^' 

Thus the voltage required 

= {VB^ X'^) {I,n sin 6 cos a + cos (? sin a) 
- (V 'R^ 'TX^) X 7™ sin (6 + a). 


Obviously the curve reprefenting this quantity is a sine curve, 
not in phase with the current, but leading it by an angle a the 
value of which can be determined in the following manner. 


and 


sin a — 


X 

Vb^^+x^ 


cos a = 


B 

Vb^T~x^' 


Therefore 


and 


tana = 


sin a 
cos a 


X ^ Vb^'+ A2 
VB^ + X^^~~~ B 


X 

B 


a 


tan 


- 1 : 


E 


Thus a can be calculated for every value of X and R and will always 
lie between the limits of 0° and 90"^. 

Instead of saying that the voltage leads the current, it is more 
usual to say that the current lags behind the voltage, the two 
statements being synonymous. 

Impedance. — The expression representing the current in a simple 
series circuit is 

i = sin 6. 

If nothing but resistance is present the voltage is 

e “ EL^ sin 0, 

If reactance only is present the voltage is 
e — Xl^y^ sin {0 + 90°). 
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If both resistance and reactance are present the voltage is 
e = {VR^ + X^)Im sin a). 

The quantity VR^ -h is called the Impedance and obviously 
depends on both the resistance and reactance of the circuit, although 
it must be borne in mind that it is not the arithmetic sum of the 
two. The impedance is the ratio of volts to amperes and will be 
denoted by the symbol Z. 

I ^ = ^/WT l^irfLY. 

Fig. 14 shows the way in which the impedance varies with the 
resistance, frequency and inductance for a particular circuit, and 
also how the angle of lag depends upon these quantities. 
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Fig. 14. — Effect of Resistance, Frequency and Inductance upon Impedance. 

Variable Inductance. — In a number of cases the inductance of a 
circuit will not renmin constant, but wall depend to some extent 
upon the value of the current flowing. This can easily be shown by 
means of a choking coil having an iron core. At first, as the current 
is gradually increased, the flux will be proportional to the current 
and the linkages per ampere will remain constant. When the iron 
becomes saturated, however, the flux increases at a slow^er and 
slower rate compared with the current and the linkages per ampere 
become less. Thus the inductance actually is reduced when the 
iron gets saturated. 

The true ohmic resistance is also considerably greater with 
alternating than with continuous currents in a number of cases due 
to what is called the skin effect. 
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Mutual Inductance. — Two circuits are frequently placed so that 
when a current is passed through one of them the flux set up by 
it becomes linked w^th the other. This alternating flux induces 
a voltage in the second circuit in the same way that a back E.M.F. 
is induced in an ordinary inductance. In the case of the two 
circuits, a voltage is induced in either one when the current changes 
in the other and the circuits are said to possess Mutual Inductance, 
This quantity is comparable with inductance, sometimes called 
Self -Inductance to distinguish it, and is measured in the same units. 

T wo coils are said to possess a mutual inductance of one h eary 
if 10® linkages are set up in one c o il due to aT current of on^mpere 
in the other’ IFTRe tvn coils have the same nuniber of turns, it is 
cleaFlTiat the same current in either coil will set up the same number 
of linkages with the other coil. If the two coils have different 
numbers of turns, the flux set up by one ampere in the coil having 
the smaller number of turnsVill be less than the flux set up by one 
ampere in the other. But this smaller flux will link with a pro- 
portionately larger number of turns in the second coil, so that the 
linkages set up per ampere will be the same, no matter which is the 
inducing coil. In considering the mutual inductance of a pair of 
coils, it is therefore immaterial which coil is supplied with current 
and which has the voltage induced in it, or, in other words, w'hich is 
the primary and which the secondary. 

In an ordinary inductance the induced voltage is 90® out of 
phase with the current, so that in a pure reactance the applied voltage 
leads the current by 90®, but in a circuit which possesses mutual 
inductance with respect to a second circuit, the voltage is 90® 
out of phase with the current in the second circuit. In a general 
case, the latter may have any phase whatsoever with respect to the 
current in the first, so that the voltage set up by mutual induct- 
ance may have any phase, and in certain cases it may therefore 
tend to neutralise the effects of self -inductance. 

Skin Effect. — When an alternating current passes through a 
conductor it does not distribute itself uniformly throughout the 
cross-section, but tends to concentrate itself in those portions of the 
conductor which are situated nearest the surface. This is called 
the shin effect, and in certain cases may be of very appreciable 
magnitude. In order to see the reason for this effect, consider the 
case of a solid conductor of circular cross-section, and imagine that 
it is replaced by a large number of small conductors in parallel, 
the total cross-sectional area being unchanged. This bundle of 
small conductors must be bunched together so that they occupy 
the same space as the or'iginal conductor, each one carrying a small 
fraction of the total current. The lines of force set up by a surface 
element of current will link with the whole conductor, but some of 
the lines of force set up by an internal element of current will not 
extend to the surface of the conductor. Thus the surface portions 
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f the conductor will be linked with less flux than the more central 
jortioiis and will , have less inductance per unit of cross-sectional 
-rea. This naturally leads to an unequal, distribution of the 
urrent, the density of which gradually diminishes as the distance 
rom the surface of the conductor increases. However, the watts 
Dst in a particular conductor for a given current are always greater 
or a non-uniform than for a uniform distribution of current. To 
lemonstrate this, take the case of a conductor having a resistance 
►f R ohms and carrying a current of 1 amperes and suppose that 
his conductor be divided up into n equal parallel filaments. The 
esistance of one of these filaments is nR ohms, and for a uniform 
[istribution of the current the total watts lost would be 


n X \ ~- ) nR = I^R watts. 


If 

^exty consider the case of a non-uniform distribution where each 
me of half the filaments carries a current of amperes, 

whilst each of t]je other half carries a current of amperes. 

riie total current is I amperes the same as before, but the total 
v^atts dissipated in the non-uniform case would be 


n 


X 






= I^B + n^l'^B watts. 


Thus the watts lost in a conductor due to ohmic resistance depend 
ipon the distribution of the current and are a minimum when the 
listribution is uniform. If no disturbing factors entered into the 
;ase the current would naturally distribute itself uniformly, but 
vhen this condition is destroyed an increased power is necessary 
;0 drive the current through a given conductor. But if the watts 
ire still considered as being equal to PR, then R must be given a 
ligher value, due to the lack of constancy of the current density. 
This effect is dependent on the frequency, the effective resistance 
ncreasing as the current goes up. It is very marked in the case 
)f iron and steel conductors, because a greater proportion of the 
lux set up actually confines itself to the conductor due to its magnetic 
properties. This is the reason why the voltage drop in steel rails is 
so much larger with alternating than with continuous currents. 

Analogy of Inductance and Inertia. — A self -induced E.M.F. always 
)pposes any change in the current which produces it. It is there- 
fore impossible for an instantaneous change to take place in the 
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strength of the current, all such changes being necessarily of a 
gradual character. It takes a definite time for the current to rise 
after the application of an and a definite time for it to die 

away after the has ceased to act. The analogy of the 

inductance of a circuit to the mechanical inertia of a body is sug- 
gested. A choking coil may be likened to a flywheel. Neglecting 
resistance on the one hand and friction on the other, it is seen that 
a certain amount of energy is required to start the current or the 
rotation as the case might be. When the full current is flowing or 
when full speed is attained, no further supply of energy is required 
to maintain the conditions. If a small amount of resistance or 
friction be present, a certain amount of power must be supplied to 
continually overcome these losses. When the flywheel stops, it 
gives out the whole of its kinetic energy. Similarly, when the 
current in the choking coil dies down to zero, it gives out all the 
energy Avhich had previously been supplied to it when the current 
was started. This effect is studied in detail on page 40. 

Starting a Continuous Current.— Suppose a circuit has a resist- 
ance of R ohms and an inductance of L henries, and that a 
continuous E.M.F. of E volts is suddenly applied. The current 

E , 

will rise up to a final value equal to ^ ; this will not occur instantly, 

but will take a quite definite time to accomplish. This time will 
usually be a small fraction of a second. 

The applied E.M.F. has to overcome the resistance and also 
the back E.M.F. set up due to the fact that the current is changing 
in an inductive circuit. The applied E.M.F. can be expressed as 

+ 1 

at ’ 


where i is the instantaneous value of the current. 
Therefore {E — iR)dt = Ldi 

jr 

and dt = ,, .„di. 

pj — %K 


Integrating both sides we get 

{''‘“Ira* 

^ ^ — iR) + K. 


When 


if = 0, i = 0. 


^ Students who are unable to follow the tnatheinatical reasoning given are 
requested to memorise the result. 
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Therefore 


and 


K = ^\ogj: 


L 

R 



Rl 

1 j 



{E 


e 


Rl 

L 


E 


E - iR 


Rt 

iR) 6^ = E 


fit 

E ~iR = Ee fj 

fit 

iR = A’{1 - e'i) 


i 


E 

R 


(1 


fit 

i). 


The value of e is approximately 2*718. 

As an example, take a circuit having a resistance of 10 ohms 
and an inductance of 1 henry. If the applied voltage is 100, the 
expression for the current becomes 

_iot 

i = (1 - e’ n 

- 10(1 

At the end of O’l second after the E.M.F. has been applied the value 
of the current becomes 

t = 10(1 -2-718-1) 

= 6-32 amperes. 

At the end of 1 second the valpe of the current becomes 

i = 10(1 - 2-718-10) 

= 9-999 amperes. 

The ratio ^ is called the time cnmtaid, and the larger this ratio 

is, the greater is the time taken by the current in rising to its final 
value. Theoretically it takes an infinite time to rise to the value 
E 

given by the ratio — , but as far as practical measurements are 
H 

concerned the final value is attained very soon. For instance, in 
the example quoted above, the current has risen to within 0*01 per 
cent, of its final value at the end of one second. 
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Stopping a Continuous Current. — The usual way of stopping a 
current is by the opening of a switch. What exactly goes on in the 
circuit during this operation is rather complicated, but considering 
the problem from the simplest point of view, it may be considered 
that an enormous resistance is very rapidly introduced into the 
circuit, this resistance being the air gap between the fixed and the 
moving contacts of the opening switch. The result of this is 
to bring the current rapidly to zero, although the presence of in- 
ductance in the circuit retards the fall of the current to some extent. 
This effect is seen when the field winding of a dynamo or motor is 
suddenly open circuited. The spark which ensues is much more 
vicious than would be the case if there were no inductance in the 
circuit. It must be remembered that inductance can be present 
in a continuous current circuit, just as in an alternating one, since 
inductance is due to the linkage of magnetic lines of force with 
ampere-turns. The effects of inductance, however, are onlj^ 
noticeable when the current is varying. Another way of looking 
at this question of the broken field winding is to consider the large 
E.M.F. which is suddenly introduced into the circuit at the moment 
of opening the switch, this E.M.F. being due to the rapid change 
of linkages in the circuit. This large E.M.F. will cause a spark to 
persist across the retreating switch contacts for a longer time 
than would be the case if only the normal E.M.F. of the circuit 
were acting. 

A particular case of the stoppage of a current is where the 
source of E.M.F. is suddenly removed without opening the circuit. 
Problems of this character arise in the study of the commutation 
of contin ous current machines, coils carrying current, but without 
any E.M.F. being induced in them, being .suddenly cut off from the 
E.M.F. of the remainder of the circuit by the short circuiting 
action of the brushes. Using the same symbols as in the case 
where the starting of a current was considered, the equation for 
the circuit can be written down 


Bi -j- L 


dr 


0,1 


since the applied E.M.F. is zero. 

Developing this equation in the same manner as before, we get 

I Ij d% 

R ^ 

Integrating both sides as before we get 

!'■ ^ 

and t = 


^ log, % + K. 


* JSee footnott?, page 2(i. 
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When t — 0, i = I the initial value of the current. 

# 

Therefore 0 — — ^ log, 1 K 

K 


and 


t = log, I 
L , / 


R 


log, i 


Rt 
L '' 

Rt 

€L * 


log,^ 

I 

i 

Rt 

: laJ^L, 


The shape of the curve showing the relation between current 
and time is the same as that for starting a current, except that the 



Time 

Fig. 15 — Current at Starting and Stopiiing. 


curve appears the otiier way up. l^^xamples of these two curves are 
shown in Fig. 15. 




CHAPTER IV 


VECTORS 

Vector Representation.— Imagine a point P moving with a 
circular motion around a point 0 called the origin, the distance OP 



being constant. Let PQ RO be the vertical height of the point P 
after an angle 6 has been swept out. Then 


PQ 

OP 


™ sin 9, 


and since OP is constant, PQ, is proportional to sin 6 and 

PQ ~ OP sin 0. 

Thus if OP is made equal to the maximum value of some quantity 
which is varying according to a sine law, PQ will represent its 
instantaneous value. 

In order to represent a sinusoidal quantity, it is only necessary 
to draw OP to a scale equal to the maximum value. Then as OP 
rotates round O as centre, the vertical height of the point P above 
the horizontal axis will trace out all the instantaneous values 
throughout the cycle for one complete revolution of OP. Thus in 
the case of an alternating voltage obeying the law 

c = P sin 9y 

E is made equal to OP, 9 is the angle made by OP with the horizontal, 
and e is the instantaneous voltage equal to PQ, The line OP is 
called a vector, and voltage is called a vector quantity. By means 

30 
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of this method of representation all that is necessary to specify a 
voltage fully is a line representing •to scale the maximum value. 
There is no necessity even to draw in the vertical and horizontal 
axes unless it be desired. Now imagine the vector to rotate in a 
counter-clockwise direction at such a speed that it makes one 
complete revolution for every cj^cle. The vertical projection of 
OP at any instant of time will represent the value of the voltage 
at the same instant, provided that the zero position of OP corre- 
sponds to the zero value of the voltage. If the whole diagram be 
imagined to rotate in the reverse direction with a speed of one 
revolution per cycle, or, if it be preferred, if the observer be imagined 
to rotate forward with the same speed, the line OP will appear to 
be fixed in position, whilst the axes will appear to be travelling in 
a clockwise direction at the rate of one revolution per cycle. Although 
OP is now apparently fixed in space, its actual position may be 
anywhere depending upon the relative times when OP and the axis 
pass the same point. The position of OP at any instant with 
respect to its zero position is called its phase. 

Any quantity which varies according to a sine law can be repre- 
sented in this way and is called a vector quantity, but there are 
only four of these with which the student need concern himself at 
present, viz., alternating voltage, current, M.M.F. and magnetic flux. 

Vector Diagram. — When the various quantities in a circuit are 
represented after this manner in one diagram, the latter is called 
a vector diagram, or, by some writers, a clock diagram. Since 
these are frequently drawn without the axes being put in, it is 
necessary to indicate which is the moving end and which the 
origin. For this purpose it is the convention to draw an arrow 
head on the moving end, which is always made to rotate in a counter- 
clockwise direction. In order to differentiate further between 
voltage, current, ampere-turn and flux vectors, different types of 
arrow head will be used throughout this book as indicated in Fig. 17. 


Voltage 

Current 

Flux 


( Ampere 
turn or 

M.M.F. 



I 


Fig. L7.~ Convention of 
Arrow Heads. 


Fig. L8."— Simple Vector 
niagram. 


Fig. 18 shows an example of a simple vector diagram where 
the current and voltage are represented simultaneously, the current 
lagging behind the voltage by an angle (f> which remains constant. 
01 is drawn to a scale of amperes and OE to a scale of volts. 

Vector Sum of Two Quantities. — Suppose that there are, in a 
particular instance, two alternating voltages acting in series, one 
leading the other by a fixed angle a [see Fig. 19 (a)]. When the 
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second vector has moved through 6^ from the start, the first will 
have moved through {0 + a)"".* At this moment the instantaneous 
value of El is the^ vertical projection ON, that of being the 



vertical projection OP. The resultant instantaneous value is 
ON + OP = OR. Similarly, the resultant horizontal projection is 
OM + OQ == OS. The vector giving OB and OS as its vertical 
and horizontal projections at this instant is OEr, which is obviously 
the diagonal of the parallelogram the sides of which consist of OEi 
and 0-^2 . The corresponding sine curves are drawn to the right 
of Fig. 19 (a) and serve to emphasise the relationship existing 
between the vector representation and the graphical representa- 
tion. A vector diagram of this kind is frequently drawn as shown 
in Fig. 19(6) for the sake of convenience, just as in drawing a 
diagram for the parallelogram of forces. Thus voltages, and, of 
course, currents and fiuxes, can be added vectorially just the same 
as forces or other vector quantities. 

Resolution of Vectors, — Vectors can be resolved along any two 
axes in a similar way to which they are compounded, the majority 
of cases where this is done requiring a resolution into two com- 
ponents mutually at right angles. Take, for example, the case 



Fig. 20. — Resolution of Vectors. 


shown in Fig. 20, where (a) the current and (6) the voltage is resolved 
into two components, one in phase with the voltage and current 
respectively and the other 90® out of phase. The component in 
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phase is called the power component, whilst that out of phase by 
90° is called the idle component because, as will be shown later, 
there is no net transference of power associated with it. All the 
power in the circuit must be associated, therefore, with the other 
component, which is consequently called the power component. 
Thus both currents and voltages can be split up into power and 
idle currents and voltages. Take, for example, the case shown in 
Fig. 20 (a). The total current is split up into a power current of 
magnitude I cos <f> and an idle current of magnitude I sin the 
angle <f> being fixed. It must be borne in mind that according to 
the definitions already given the expressions / cos ^ and / sin ^ 
are the maximum values of the respective components. At any 
angle d from the start the values of the two components are 
/ cos (f> sin 0 and I sin sin (0 — 90°). The resultant instantaneous 
value is therefore 

I cos (f) sin 0 + 1 sin (j) sin {0 — 90°) — I sin {0 — tj>), 

and this is represented by the vector 01. Thus the phase of the 
resultant can be determined by a knowledge of the magnitude of 
the two components. 

Since the scales to which the vectors are drawn are arbitrarily 
chosen, the lengths of the vectors may be made to represent the 
R.M.S. values of the current and voltage, instead of the maximum 
values ; it merely means a different scale. 

Vector Diagrams of Simple Series Circuit.^ — In the case of a circuit 
consisting of a simple resistance, the vector diagram would be as 
shown in Fig. 21 (a), the current being in phase with the voltage, 
whilst in the case of a simple reactance 
the vector diagram would be as shown 
in Fig. 21 (6), the current lagging 90° 
behind the voltage. The actual inclina- 
tion of the lines docs not matter ; it is 
the angle between the various com- 
ponents which is definite. It must be 
borne in mind that the voltage here 
represented is only the voltage overcoming resistance or reactance, 
as the ease may be, and does not in any way refer to the total 
E.M.F. acting in the circuit. 

In the case of a circuit containing resistance and reactance 
in series, the voltage over the combination must be sufficient to 
overcome both effects, i.e. the vectorial sum of RI and 2'nfLl as 
shown in Fig. 22. From this diagram it is obvious that 

E, = Vm^ -k (27r/Ll)2 
lVB^~+li27rjLy 

= IZ, 

where Z is the impedance and is equal to Vi?® -f- {^irfL)^. 


E 


— r*-E 0 7 

(a) (0) 

l^iG. 21. — Vector Diagram of 
Simple Senes Circuit. 
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Impedance Diagram.— In Pig. 22 we have a right-angled triangle 
the sides of which are equal to RI, XI and ZI, X being the reactance 
and equal to ‘Ztt/L. * The value of / is the same in all three expres- 
sions, since it is a series circuit, and thus another triangle can be 



constructed, similar to the first, by dividing each side by the current 
/. This new triangle is shown in Pig. 23 and is called the impedance 
diagram. It is not a vector diagram, since the lines do not represent 
vector quantities, but is called a scalar diagram. Since it is similar 
in shape to the vector diagram of voltages and currents, the angle <f> 

R 

also represents the angle of lag in the circuit. Thus „ — cos ^ 

X ^ 

and „ = tan 6. The angle of lag of the current behind the voltage 

It 

is therefore given by tan”^ ^ . 

Two Impedances in Series. — In the case where there are two im- 
pedances in series, each consisting of resistance and reactance in 
different proportions, the vector diagram takes the form shown 
in Pig. 24, the resultant voltage being given by Z^I. If every 
line in the diagram be divided by the current, a scalar impedance 
diagram is obtained, similar in every geometrical respect to the 
vector diagram. In order to determine the value of two impedances 
in series, it is necessary to know the relative amounts of resistance 
and reactance in each. The resultant impedance can also be calcu- 



Fig. 24. — Vector Diagram of Two 
Impedances in Series. 


Fig. 25 . — Vector Diagram of Two 
Impedances in Parallel. 


lated bj' means of the various trigonometrical relations, instead of 
using the graphical method adopted above. 

Two Impedances in Parallel. — In calculating the resultant value 
of two impedances in parallel, a vector diagram of currents is 
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drawn with reference to the applied voltage. In Fig. 25 each 
current is shown split up into its power and idle components, 
and being in phase with the v<jltage, whilst and /gi are 
lagging by 90"^, The resultant current is given by Z, the total 
power current by Iip + Zg^, and the total idle current by I^i + 

The angle of lag of the total current is given by 


(j) ~ tan“^ 


/2A . 

\Zip + J^p/ 


The resultant impedance is given by where I is the resultant 
current. 

The particular case of a resistance and a reactance in parallel 
is of interest. Referring to Fig. 26, it is seen that the resultant 
current is Z “ VZ^..^ + Zy^ and the joint impedance is therefore 





Fig. 26. — Vector Diagram of Eesistance and Reactance in Parallel. 



RX 

Vr^ + x^' 


Admittance. — The reciprocal of impedance is called admittance 
and hence 

Current = Admittance x Voltage. 

When dealing with a number of circuits in parallel, it is usually 
best to work from the point of view of the various admittances, 
adding them together to get the total admittance. This addition 
must be performed vectorially, bearing in mind, however, that 
admittance is not, strictly speaking, a vector, but only a scalar 
quantity. The rule for addition is, however, the same. Having 

D 2 
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R-60 X^15 


R^20 X-30 

f— AA/V — 'ZRRIS 



X’60 


determined the total admittan<je of the circuit, the joint impedance 
is found by taking the reciprocal. 

Summarising the above, in deter- 
mining the joint impedance of a 
circuit, the impedances are added for 
a .series and the admittances for a. 
parallel circuit. 

Numerical Example.— An example, 
containing both impedances in series 
and in parallel, is illustrated in Fig. 
27. The impedance of the R = 20, 
X — 30 branch is 36'0 apparent ohms, 
and its admittance is consequently 

1 30 

„ = 0-0278 whilst tana — and 

•>D*U juK) 

a = 56*3°. The impedance of the 
/? — 5, X = 60 branch is 60*2 appar- 
ent ohms and its admittance is 


60-2 


= 0-0166. 



60 


FIG. 27.- 


-Admittance and Impedance 
Diagrams. 


Tan^ — and j8 = 85-2°. The re- 
sultant horizontal component is 

0-0278 cos 56-3° -f 0-0166 cos 85-2° 
= 0-0167. 

The resultant 
ent is 


vertical compon- 


0-0278 sin 56-3° -f 0-0166 sin 85-2° 
= 0-0397. 


The joint admittance is therefore 

\/0^r67^2+lhW972 
= 0-0430, 

corresponding to an impedance of = 23-3 apparent ohms, 

whilst the angle y is 

^ , 0-0397 

**'' 0^ 

= 67-2“. 


Next consider the impedance diagraixi, adding the joint impedance 
already obtained to that in series with it. A line is drawn at 67-2° 
below the horizontal to represent the impedance of 23-3 apparent 
ohms. The impedance line, for the R — 60, X = 15 branch is 
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inclined at an angle S to the horizontal such that tan 8 ™ ; 

thus S ™ 14*0°. The resultant horizontal component in the 
impedance diagram is , 

23-3 cos 67*2'=^ + 60 
69-0. 

The resultant vertical component is 


23-3 sin 67-2^ + 15 
- 36*5. 


The joint impedance is therefore 

V69-02 + 36^2 

~ 78*1 apparent ohms. 

The angle e is 


tan " ^ 


30*5 

69*0 


== 27 * 9 ^ 


The equivalent resistance of the whole circuit is 

78-1 cos 27*9° 

— 69-0 ohms, 

whilst the equivalent reactance is 

78*1 sin 27*9° 

= 36‘5 apparent ohms. 

These results could, of course, have been obtained by scaling 
off the diagram, but unless great care is taken as to accuracy it is 
preferable to work out the figures by calculation. 

In most cases it is easier to work out problems by means of 
vector diagrams rather than by the more tedious method of drawing 
the various sine curves. It must be remembered, however, that 
the vector diagram is based upon the assumption that the various 
quantities concerned obey the simple sine law. 



CHAPTRR V 

POVVEli AND POWER FACTOR 

Power in a Circuit. TIp^ power developed io a eircuit at a 
given instant of time is equal to the product of tlie instantaneous 
values of the current and voltage. If the current and voltage are 
obeying a simple sine law, it follows that the magnitude of the 
power developed varies from instant to instant. The simplest 
ease to consider is that of a circuit containing nothing but resistance, 
the current being in phase with the voltage. The power curve 
(see Fig. 28) is obtained by multiplying the instantaneous values 
of current and voltage throughout the cycle. It will be noticed that 
this power curve never falls below the zero line, although it touches 
it at the moment when the current and voltage are zero. Further- 
more, the watt curve obeys a sine law with a displaced axis, the 
frequency being double that of the current or voltage. This can 
be shown mathematically as follows. Let the voltage and current 
at any instant be represenlfed by sin 6 and sin 6 respectively. 
The expression for the watts is therefore 

EJ[„ sin2 d = Emim (i — i cos 2$). 

Thus the power consists of two components, viz., i and 

— J cos 2^. The former component is independent of the 
particular instant of time, whilst the latter obviously obeys a sine 
law of double frequency. The watt curve is really a sine wave 
displaced from the original axis by an amount Since the 

average value of a sine or a cosine taken throughout a complete 
period is zero, the average value of the power is equal to | 

E^^ and 7^ being the maximum values of the voltage and current 
respectively, and since the maximum values are equal to 'V 2 times 
the R.M.S. values, the average power becomes 

^ {V2E X V2I) = El, 

thus obtaining the same expression as with continuous currents. 

Power in a Reactive Circuit. — When a circuit contains Loth 
resistance and reactance, the current lags behind the voltage by 



CH. V 


POWER AND POWER FACTOR 


39 


an angle <^, the value of which depends upon the relative magnitudes 
of the resistance and reactance. Figs. 29, 30 and 31 illustrate these 
conditions, the angle (f) having values of ^0° and 90° respec- 
tively. The watt curves are obtained in the same way as before, 
viz., by multipljring the instantane- 
ous values of current and voltage. 

Each of these curves cuts the zero 
line four times in every cycle, the 
points occurring when either the 
current or voltage is zero. Also, 
during those portions of the cycle 
where the current and applied vol- 
tage are acting in opposite direc- 
tions the power is negative, which 
means that during these intervals 
the circuit actually is sending energy 
back to the source of supply. 

The expression for the power is 



Fio. 28. — Power Cun'c, 


given by 


sin 0 X Im siiTL {0 — 4>)- 

Expanding this expression it 
becomes 



nf/r 


Fig. 29. — Power Curve, <^-30. 


E^J^^^Hin0 [sin 0 cos ^ — cos ^ sin (f>] 

= E^I [sin^ ^ cos ^ — sin ^ cos ^ sin (j)] 

~ j6J^/y^j[|cos^ — ^cos20cos<^ 

— ^ sin 2^ sin 

= E„J ^[^cos(f> — Ico 8{20 — <f>)]. 

Since the average value of a cosine, 

taken throughout a complete period, fiu. so.— Power Curve, 
is zero, the average value of the 
above expression is 

or El cos 

considering R.M.S. values. 

Power Factor. — Since the value 
of cos (j) can never be greater than 
unity, it follows that the power fig. 31.— Power Curve, (/j-90 \ 

developed in a circuit can never be 

greater than El, although it may be less. Obviously the amount 
of power developed, when the current and voltage are hxed, depends 
upon the angle of phase difference between the current and voltage. 
The factor by which the volt-amperes must be multiplied in order 
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to arrive at the watts is called the power factor, the value of which 
may be anything from unity to’^zero. Also, it is equal, numerically, 
to cos in the casce where the simple sine law is obeyed, but where 
this law is not obeyed it is impossible to speak of the angle of lag 
with an}^ definite meaning, since it may be different at various 

parts of the cycle. However, the ratio ' still is called 

^ volt-amperes 

the power factor, and an equivalent sine wave may be substituted 

for the actual wave, the angle of lag, being made such that cos cf) 

is equal to the power factor. The product of volts and amperes is 

termed the apparent power which is measured in volt-amperes. 

Power Curves for a Reactive Circuit. — Figs. 28-31 show the 
power curves for four circuits Avhere the current lags behind the 
voltage by 0°, 30°, 60° and 90° respectively, the maximum values 
of current and voltage being the same in each case, and the sine 
law obeyed throughout. It will be noticed that as the angle of lag 
increases the proportion of the watt curve below t|ie ze|o line 
increases, indicating that the circuit is returning to the souii^^pf 
supply a larger fraction of the energy supplied to it. It follows, 
therefore, that the net power absorbed by the circuit is less for the 
same volts and amperes. This is consistent with the fact that the 
power factors in the four cases are cos 0°, cos 30°, cos 60° and 
cos 90°, or, numerically, 1 *000, 0*866, 0*500 and zero. The particular 
case of Fig. 31 is worthy of note. The current hero is a purely idle 
one, lagging by 90°, the power factor is zero and the net amount of 
power suj)plied is zero. This does not mean that the value of the 
power at any instant is zero, but means that the circuit gives back 
to the source of supply as much energy as it receives, and therefore 
the net transference of power is zero. This is indicated in the watt 
curve by the portions below the zero line being equal to the portions 
above the zero line. 

The watt curve is the same shape and size for all values of 
but the amount by which the axis of the curve is displaced from 
the true zero line depends solely upon the value of cf). For example, 
when (f> is zero and the power factor consequently unity, the watt 
curve is wholly on one side of the true zero line, just touching it 
twice every cycle. When cf) is 60° and the power factor 0*5, the 
average height of the power curve is 

I cos 60" 

this being the amount by which the axis of the curve is displaced 
from the true zero line. The maximum height of the curve in this 
case is therefore 
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and the curve will fall below the true zero line by an amount 

Power Curves for Non-sinusoidal Wave Form— When the wave 
forms of the current and voltage are not sinusoidal the shape of 
the power curve reflects these irregularities, being obtained as before 
by the multiplication of the instantaneous values of current and 
voltage. The average height of this curve represents the average 
value of the power and can be obtained by drawing a horizontal 
line halfway between the highest and lowest points on the curve. 
When the voltage wave form contains irregularities the current 
wave form will usually differ in shape, as shown in Fig. 32, which 
illustrates a typical non-sinusoidal case. 



Fig. 32. — Power Curve for Non-siniisoidal Wave Form. 

Energy supplied throughout the Cycle. — It is interesting to study 
the amount of energy which is supplied during a complete cycle. 
The total amount of energy supplied per cycle is given by the 
expression 

El cos (h . , 

— f joules, 

where / is the frequency. This energy is not, however, supplied 
at a constant rate. Taking the instant when the current is zero as 
the starting point, divide the base line of the power curve into a 
number of equal divisions. For example, assuming a frequeticy 
of 50 cycles per second, the base line might be divided into twenty 
equal divisions, each repre.scuting O-OOl second. Measure the 
average power iti watts during the first interval and imiltijdy by 
0*001 to obtain the joules. This gives the total energy supplied 
up to the end of the first 0*001 second. Repeat this for the second 
interval of time and add the energy thus obtained to that already 
supplied, thus getting the total energy transferred uji to the eiid of 
0*002 second. Rej>eat this until the complete cycle has been gone 
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through. h"ig. 33 shows the curves thus obtained in the cases 
where <f> is 0°, 30°, 60° and 90°.' These curves emphasise the fact 
that Avhen a certaiij amount of reactance is present the circuit 
actually delivers energy back to the source of supply during a certain 
portion of the cycle. It is as well to inquire into the physical 
meaning of this. The alternating current sets up an alternating 
field in phase with it. When the field is being built up energy has 
to be supplied, this energy being transferred to the magnetic field 
and stored up in it. But the field is being created in the iiiterval 
between the instants when the current is zero and when it is a 
maximum, i.e. in the interval between the points a and b in Fig. 31. 
During this time the power < urve is solely on the positive side of 
the zero lino, indicating that ])ower is being .supplied to the field 
throughout. .Referring to the curve for a pure reactance (Fig. 31), 
it is seen that the amoimt of energy supplied to the circuit reaches 
a maximum at the end of a qtiarter of a period. During the next 
quarter of a period, represented in Fig. 31 by the interval between 



the points b and c, the current is decreasing from a maximum value 
down to zero. Since the current and voltage are now acting in 
opposite directions, the power is negative, which means that the 
circuit is sending energy back to the source of supply. Hence the 
power curve in Fig. 31 lies below the zero lino between b and c, 
whilst the energy curve in Fig. 33 drops from its maximum value 
down to zero again. This means that the field gives out just as 
much energy whilst it is being destroyed as was supplied to it whilst 
it was being biiilt up. Thus at the end of half a cycle the net amount 
of energy delivered is zero. During the next half-cycle the same 
process is repeated, the only difference being that the current is 
flowing in the opposite direction. 

When both resistance and reactance are present, the energy 
curve is the resultant of two components. One of these consists 
of the energy supplied to heat up the resistance, there being no 
feeding back to the supply at any portion of the cycle. The heat 
is, of course, produced at a rate proportional to the square of the 
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current. Tlie other component is the energy associated with the 
reactance which is constantly being Supplied to the circuit and then 
given back again to the source of supply. „ 

Measurements of Power by Means of a Wattmeter. — The simplest 
method of measuring power is by means of a wattmeter (see page 140). 
A wattmeter has two elements, one of which 
acts like, and is connected as, an ammeter, 
being called the cicrrent coily whilst the other acts 
like, and is connected as, a voltmeter, being 
called the volt coil or 'pressure coiL Fig. 34 
illustrates the method of connecting a watt- 
meter so as to measure the power in a circuit. Connectiong. 

The wattmeter, used in conjunction with an 
ammeter and a voltmeter, presents the simjilest method of 
measuring the power factor of a circuit, for 



power factor 


watts 

volts X amperes’ 


Three Voltmeter Method of Measuring Power. — This is an instructive 
method of measuring the power in a circuit without the use of a 
wattmeter. »Suppose that it is required to measure the power 
absorbed by a partially inductive resistance. A non-inductive 
resistance of somewhere about the same v^alue is chosen, connected 
in series with the unknown inductive resistance, and an alternating 
E.M.F. applied to the circuit. The voltage drop over each com- 
ponent part and over the whole circuit must be measured, and also 
the current flowing. Fig. 35 shows the diagram of connections of 




Fia. 35. — Three Voltmeter Method of Meaf^iiring Power. 


the circuit and explains the symbols used. It also shows a vector 
diagram of the circuit. The power absorbed in the unknown in- 
ductive resistance is obviously 


AV^ cos (f). 


(f> being the angle of lag in the inductive resistance. 
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From the geometry of the figure we have 

F 32 = ^ + 2 F 2 F, cos cf> 

Therefore ’ 1\ ~ (F.,^ - F^^ - F^^) 

Z ^2 

™ JL M/ 2 __ T 2 _ 7 2\ 

2^ Pa »2 )• 

If the value of the resistance M is known there is no necessity for 
the ammeter A, although usually it is desirable to have it in circuit 
to avoid overheating. The reason why the resistance B should 
be chosen so as to be of the same order of magnitude as the unknown 
resistance is to get the vectors and F 2 approximating to one 
another in magnitude and thereby getting the best experimental 
accuracy with given instruments. 

With the addition of a wattmeter to measure directly the 
power consumed by the luiknown inductive resistance, this forms 
a very valuable experiment for students to perform in the laboratory. 
By varying the value of the resistance B and adjusting the applied 
voltage so as to keep the current constant a numbbr of observations 
of the power absorbed by the unknown inductive resistance can 
be obtained. These should, of course, all agree Avith one another. 
The resistance of the unknown inductive resistance can be obtained 
by dividing the power absorbed by the square of the current. The 
value of the resistance obtaiued in this manner may be larger than 
the true ohmic resistance, since there may be an appreciable power 
expended due to iron loss consisting of hysteresis and eddy currents. 
The reactance can also be determined from the observations already 
made. Referring to the vector diagram in Fig. 35, it is seen that 
the voltage overcoming the reactance is given by 

AX = VF? - 

where r is tlie equivalent resistance determined as shown above. 
The reactance can therefore be determined as follows : 


V _ V/F,2 - 
A 



The power factor of the inductive circuit can be obtained without 
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the use of the ammeter at all, and without knowing the value of 
the resistance B, for 


p 

power factor = 

2F1F2 


1 

Jv, 


Three Ammeter Method of Measuring Power. — The principle involved 
in this method of measuring power is very similar to that in the 
three voltmeter method, the difference being that, instead of having 
two component voltages and their vector sum, there are two com- 
ponent currents and their vector sum. For this purpose it is 
necessary to have two parallel circuits and to measure the currents 
in the two branches as well as the total current. Fig. 36 shows a 




Fia. 36. — Three Ammeter Method of Measuring Power. 


diagram of the circuit and the necessary instruments, together with 
a vector diagram showing how the various quantities are related 
together. As before, L, r is an unknown inductive resistance, 
whilst is a non-inductive resistance, which, if its value is known, 
renders the voltmeter V unnecessary ; otherwise R must be deter- 
mined from observations of F and 

From the geometry of the vector diagram we get 

A^^ = A^^ “f* Aj^ -}- eos 

(f) being the angle of lag in the branch inductive circuit. The 
|)Ower ill the inductive resistance is given by 

Pi = ^4iF cos(f}. 

OA p 

Therefore A^^ - A^^ + A^^ + 
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4() 


whilst the power factor of the inductive circuit is given by 


Pi 






1 

Aj 


and may be determined without the use of the voltmeter at all. 

As in the previous case, it is desirable to have the magnitudes 
of Ai and Ag more or less of the same order. Knowing the watts, 
volts and amperes in the inductive resistance, it is a simple matter 
to determine the reactance and the equivalent resistance. 

The student can check this reasoning experimentally by inserting 
a wattmeter in the circuit so as to measure the current through 
and the volts across the inductive resistance. By keeping the voltage 
constant and varying the value of R, a number of observations can 
be made, all of which should, of course, give the same value for the 
power absorbed in the partially inductive resistance. If the watt- 
meter be connected so as to measure the power absorbed by the 
whole circuit, which would be the case if the current through A^ 
were measured instead of that through Aj, this also can be made to 
serve as a check on the voltmeter and ammeter readings. The total 
power in both branches is given by 


Pi A^Vcos(f> + A,,V 

= I (A32 + A,^ - A,^). 


The same reasoning can be applied to the case of the three 
voltmeters. 

A point of practical importance in carrying out either of these 
tests is that the instrument losses must be negligible, i.e. the volt- 
meter must take a negligible current and the ammeters must absorb 
a negligible voltage. A disadvantage of both methods is that the 
results depend upon the differences of the squares of the observed 
quantities and this tends to magnify the experimental errors. 

Wattful and Wattless Components. — ^Very frequently it is desirable 
to consider the current as split up into two components, one in 
phase with the voltage and the other 90° out of phase, or, as it is 
sometimes termed, in quadrature with the voltage. In certain cases 
it is the voltage which is thus resolved, but the method of treatment 
is just the same. 

Kg. 37 shows the vector diagram of a circuit where the current 
is lagging by an angle behind the voltage. The current is resolved 
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jnto two components as indicated above. The magnitude of that 
component of the current in phase with the voltage is / cos 
whilst the magnitude of the component in (Quadrature with the 
voltage is Ii — I sin <f>. When the former 
component is multiplied by the voltage 
it gives the total power in the circuit 
and is called" by various writers the 
‘‘energy/’ “power,” or “wattful” com- 
ponent, because all the watts in the 
circuit are associated with it. There is 
no net power associated with that com- 37.~-wattfui and wattless 
ponent of the current which is in quad- 
rature with the voltage, for the expression for the instantaneous 
value of the power, as far as this component is concerned, is, 

X ^„iSin^sin(0 — 90°) 

Since the average value of sin 20 is zero, there is no net power. 
This component of the current is therefore called the “ idle ” or 
“ wattless ” component. 

Energy Stored In the Magnetic Medium. — Whilst there is no con- 
tinued expenditure of energy involved in the passage of a current 
through an inductance, yet there is a quite definite, though small, 
amount of energy expended in building up the field, the whole of 
which is returned to the circuit when the field is destroyed. This 
energy is stored up in the magnetic medium and can be calculated 
in the following way. 

Consider a theoretical circuit having an inductance of L henries 
and absolutely no resistance, and that an E.M.F. is applied to it 
in such a manner that the current increases at a oon.stant rate. 
Then 

E=^Lr 



where E is the instantaneous value of the applied E.M.F. and /' 
is the rate of growth of the current measured in amperes per second 
(see page 17). Since both L and /' are assumed constant, the 
applied E.M.F. must also be constant. In other words, a constant 
voltage suddenly applied to a circuit containing only inductance 
would produce a uniformly increasing current, this going on in- 
definitely. Since the resistance cannot be eliminated in actual 

E 

practice, the current tends towards a limiting maximum value 

jtt 

as shown on page 26. Returning to the theoretical case with no 
resistance, suppose that the voltage be applied until the current 
reaches the value of I amperes. The time necessary for this is 
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seconds and the average ppwer expended during this interval 
of time is • E X ^1, 

since E is constant throughout and is the average current. 

The total energy supplied is 

\EI X 


= \Lri X j, 

~ joules.^ 

The total energy stored up in the magnetic field is independent 
of the rate at which the field was produced, and so it does not matter 
whether it was produced at a uniform rate or not. 

As an example, the energy stored up in the magnetic field of a 
circuit having an inductance of 0*2 henry, when a current of 5 amperes 
is flowing, is 

I X 0*2 X 5^ = 2*5 joules. 

The whole of this energy is restored to the circuit when the magnetic 
field is destroyed. 

If a sinusoidal E.M.F. be applied to a pure reactance having an 
inductance of L henries the resulting current will lag by 90°. The 
magnetic field is completely built up in the interval between the 
times when the current is zero and at its maximum value of 7^^ 
amperes. During this interval the voltage is decreasing from the 
maximum value of E^^ volts to zero. The expression for the power, 
taking the time when the current is zero as a starting point, is 

sin {0 + 90°) X I,m sin 0 
= 2TTfLIJ sin 0 sin {0 90°) 

^irfLIJ sin 20. 

The maximum value of the instantaneous power is, therefore, 

TrfLI^^ watts, 


^ This can be determined quite simply by the aid of the calculus, as 
follows : — 

. di 


El - P = LI 


jPdt== j 


di 

dt 


LIdi. 


Integrating between the limits 0 and I : — 

Knergy = \TAK 
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takenT^ interval 

2 ,. , 

- X 7r/Z//^2 (see page 11 ^ 

= 2/Lr/^2 watts. 

Since the duration of this interval of time is ~ seconds, the 
total energy supplied in building up the field is therefore 

2 fLIJ.X I 
= joule, s. 


E 
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Condensers. — When two conducting bodies are separated by a 
dielectric they are said to possess capacity and the combination is 
called a condenser. If a difference of potential be applied to the 
two conducting bodies, no current actually flows through the con- 
denser, unless the insulation be broken down, but the conducting 
plates become charged. This means that a certain definite quantity 
of electricity is stored up on the plates, one of w'hich is positively 
and the other negatively charged. The amount of charge which a 
condenser will take in given conditions depends upon its dimensions 
and the material of the dielectric, being proportional to the area of 
the conducting plates and inversely proportional to the thickness 
of the separating dielectric. If a number of condensers be taken, 
having equal dimensions but with various materials as the dielectric, 
it will be found that they take different charges for the same potential 
difference. This is due to a property of the dielectric known as 
its specific inductive capacity, or Dielectric Constant, corresponding 
in some ways to specific resistance in the case of a conductor. 
The specific inductive capacity of air is taken as unity and the 
following table gives the relative specific inductive capacities of 
various other dielectrics. 


Tabf.k of Spfx’ifkj Inductive Capacitif.n. 


(7 lass . , 

Paraffin wax 
Tndiarubber, pure 

,, vulcanised 

Shellac 
Mica 
Ebonite 


6-^10 

1 •7-2*3 

21 

2*7 

31 

5 

2 *2 —3 *2 


Thus a condenser having mica as its dielectric would take five 
times as much charge for a given potential difference as it would 
if air were substituted for the mica. 

Commercial Forms of Condensers. — ^From what has been shown 
above it will readily be seen that, in commercial forms of condensers, 
dielectrics such as mica, paraffin wax, and oiled paper will take the 
place of air, in so far as the use of such materials will reduce sub- 
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stantially the size of the condenser for a given duty. Furthermore, 
as such materials will stand greater electrical pressures for a given 
thickness, it enables condensers to be built for higher voltages 
without unreasonably adding to their dimensions. 

On account of the high cost of mica sheet suitable for this work, 
mica condensers are but little used. They will, however, stand a 
higher voltage than paper condensers for a given thickness of 
dielectric. Mica sheets about 2 mils thick are used in building up 
condensers of this type, care being taken to exclude all air-bubbles 
when assembling the sheets. 

Paper insulated condensers are now largely used, a familiar 
example of this type being the Mansbridge condenser. The latter 
is made of paper coated on one side with a thin metal layer like 
the so-called silver paper, and has the great advantage that if 
it is broken down by the application of too large a voltage the 
fault automatically heals itself. This is due to tlic fact that since 
the film of metal is exceedingly thin, it is readily disintegrated by 
the heating effect of a spark. Thus the tin coating is made dis- 
continuous in the near neighbourhood of the puncture and the short 
circuit is removed. 

Some condensers with an adjustable range have a small plug- 
board outside the case, arranged so as to connect the various sections 
of the condenser in parallel when so desired. Others have a layer 
of tin foil and paper which can be wound and unwound on a drum. 
Tn this manner, alternate layers of tin foil and paper are obtained 
on this drum, these being separately coiled up on other drums when 
they are unwound. 

A form of glass condenser which has a considerable application 
in the protection of high voltage overhead transmission lines is 
the Moscicki condenser illustrated in Fig. 38. This 
consists of a specially formed glass tube closed at 
one end and coated inside and out with chemically 
deposited silver, which is protected by a further 
deposit of copper. The glass tube is thickened in 
the neighbourhood of the neck and edge, experience 
having shown this to be necessary, as most of the 
breakdowns occur near the edge. This arrangement 
is immersed in a mixture of glycerine and water con- 
tained in an outer metal tube. An insulator is 
mounted upon the neck of the glass tube, and carries 

J- J J.W. OO. iMJLKfO- 

the terminal which is connected to the inner coating cicki condenser, 
of the condenser. 

Unit of Capacity. — The charge which a given condenser will store 
up is proportional to the charging voltage. Since the charge consists 
of a quantity of electricity, it is measured in coulombs on the practical 
system of units. Thus we have 

Q = CE, 
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where Q is the charge measured in coulombs, i? is the charging 
voltage, and C is some constanf. If a particular condenser takes a 
charge of one coulopib when a potential difference of one volt is 
applied, the value of the constant C is also unity. Such a condenser 
is said to possess unit capacity, and the name of the unit is the 
farad. Thus the capacity of any condenser is given by the expression 


or, expressed in words, the capacity of a condenser in farads is 
equal to the coulombs per volt. Since it would require a condenser 
of enormous size to take a charge of one coiilomb for a difference of 
potential of one volt, a very much smaller unit must be devised 
for practical purposes. Such a unit is the micro-farad, which is 
one-millionth of a farad — 

I micro-farad — lO'*® farad. 

The condensers which are met with in practice usually range 
from anything up to, say, 10 mfds. (micro-farads). 

Analogy between Condenser and Gas Globe. — A condenser may be 
considered analogous to a globe filled with gas, the gas in the globe 
corresponding to the charge in the condenser. The weight of gas 
which can be stored in the globe is proportional to the gas pressure : 
similarly, the amount of charge in the condenser is proportional to 
the electrical pressure. If the gas be changed from, say, h3^drogen 
to oxygen, the weight of gas which can be stored in the globe at a 
given pressure is increased : similarly, if the dielectric in the con- 
denser be changed from, say, air to mica, the charge for a given 
difference of potential is increased. A change in the material of 
the globe docs not affect the weight of gas stored up ; similaTly, a 
change in the material of the plates of the condenser does not affect 
the electrical charge. 

Analogy of Rubber Diaphragm in a Tube. — Another analog}^ juay 
be drawn between a condenser and a tube in the middle of v hich a 
rubber diaphragm separates the two ends. Water cannot flow 
straight through the tube because there is no through passage : 
similarlj^ a current cannot flow straight through the condenser 
because of the layer of insulation between the two plates. If a 
difference of water pressure be set up between the two ends of the 
tube, the rubber diaphragm will be distended in one direction. 
One side of the tube will admit a little water ; the other side will 
lose a little. When an electrical pressure is applied to a condenser, 
one plate receives a little extra electricity, i,e. becomes positively 
charged, whilst the other plate loses a little electricity, i.e. becomes 
negatively charged. If the water pressure be continually increased, 
there comes a time when the rubber diaphragm bursts and allows 
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a through passage of the water. If the electrical pressure be 
continually increased, there comes a time when the insulation breaks 
down and forms a conducting path right thi*ough the condenser. 
If an alternating water pressure be applied to the tube, the dia- 
phragm is distended in each direction alternately and there is a 
continual slight flow of water into and out of the tube. If an alter- 
nating electrical pressure be applied to the condenser, there is a 
continual flow of electricity into and out of the condenser which 
makes it appear as if an alternating current were flowing through 
the condenser. 

Condenser on Alternating Voltage. — Since the coulombs stored 
up in the condenser are proportional to the charging voltage, any 
change in the latter produces a corresponding change in the former. 
This means that some coulombs must flow into or out of the con^ 
denser and corresponds to a current the magnitude of which is 
proportional to the rate of change of the voltage. For example 
if a condenser of one farad capacity be connected to a difference of 
potential of 10 volts, there will be 10 coulombs stored up in the 
plates. If the voltage is uniformly decreased to 4 volts in one second, 
the voltage is changing at the rate of 6 volts per second, resulting 
in a change of charge of 6 coulombs per second. It will appear, 
as far as an ammeter is concerned, as if a current of 6 amperes were 
flowing through the condenser, but it must be remembered that 
there is no passage of the current from one plate to another of 
opposite polarity, although it is usually spoken of as a current in 
the ordinary sense of the word. Strictly speaking, it is simply a 
case of the charge flowing into or out of the condenser as the case 
may be. 

The effect of an alternating E.M.F. on a condenser will now be 
discussed, a sinusoidal wave form being assumed. 

Let the applied E.M.F. be represented by 

sill 6, 

As shown on page 17, the maximum rate of change of voltage is 

volts per radian or volts per second, and is positive when 

the actual value of the voltage is zero and increasing. But since 

Q - CE, 

Current = rate of change of Q 

== C X rate of change of E. 

Therefore 

== O X maximum rate of change of E 

^Gx 2-nfE,,. 
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Considering R M.S. values 

I = 2TTfCE,^ 

On examining the curves in Fig. 39, which represents the condi- 
tions in a capacity circuit, it is seen that the charging current leads 
the voltage by 90^, being exactly opposite in this respect to an in- 
ductance. The reason for this is that, in an inductance, the applied 
voltage is equal and opposite to the back voltage set up, this being 
])roportional to the rate of change of the current, whilst, in a 
(condenser, the current is prof)ortional to the rate of change of 
voltage. 

Physical Meaning of Charging Current.— At the commencement of 
the cycle, when the value of the voltage is zero, the rate at which 



Fig. 39.— Power and Energy Curves for a Condenser Circuit. 


the voltage is increasing is a maximum, and consequently the rate 
at which the charge is increasing is a maximum. The current 
flowing into the positive plate is, therefore, a maximum at this 
instant. During the progress of the next quarter of a cycle the 


* Tlie current can be calciilated by means of the calculus, thus : — 
T~^ 

di 



__ f^d(E„ sin e) 

^ dt 

^d{ame) d0 
de dt 

- CE,n. COS e X 2irf 
27tfCE„i sin (t? ~h 90"^). 

This shows that the current leads the voltage by 90^. 
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rate at which the voltage is increasing continually diminisheB and 
the current flowing into the positive plate continually decreases 
until, at the moment when the voltage is no linger increasing, the 
current falls to zero. All this time current has been flowing into 
the positive plate of the condenser which contains its maximum 
charge at the moment when the current ceases to flow in. Thus, 
at the moment of maximum voltage, the charge on the plates is a 
maximum, but the current is zero. As the voltage begins to 
decrease, the charge also begins to decrease, and this results in an 
apparent current flowing the other way through the condenser. 
Really it is the charge flowing out of the plates. The voltage 
continues to decrease at a greater and greater rate and, conse- 
quently, the current continues to increase. This goes on until the 
voltage has fallen to zero and the condenser is completely dis- 
charged, The voltage now begins to rise in the other direction and 
the complete chain of events is repeated in the next half-cycle. 
In a complete cycle, the condenser is twice charged and discharged, 
once in each direction. 

Power and Power Factor of Capacity Circuit. — It has been shown 
that the current leads the voltage by 90°, and if the voltage is repre- 
sented by the expression 

e == sin 6 

the current will be represented by the expression 

% ~ /^sin(^ -f 90°). 

The instantaneous value of the power will be represented, 
therefore, by the expression 

ei = E^J^^ sin 6 sin {6 -f 90°) 


Since the average value of sin 26, taken throughout a complete 
cycle, is zero, it follows that the average power supplied to the 
condenser is zero. The power factor of a circuit containing only 
capacity is, therefore, also zero. This can be realised when it is 
remembered that no heat is produced and no work done. As a 
matter of fact, in commercial condensers, there is a slight energy 
loss in the dielectric, but the mechanism of this action is somewhat 
complicated and lies outside the scope of this book. There is also 
a minute DR loss, due to the fact that the current has to flow over 


the plates which have a definite ohmic resistance. The result oi 
these two actions is to raise the power factor from zero to a va^ 
which usually lies between 0'003 and O'Ol. For ordinary pura^^s^/ 
the power factor can be taken as zero. 

As in the case of an inductance, although the aveurep^o^^ 
supplied is zero, yet the power at a given instant a 

definite value. The power curve of a condenser 39. 
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It is seen that the condenser is receiving charge up to the moment 
when the voltage attains a maximum and that it is being supplied 
with energy during, this interval. During the next quarter of a 
period, the voltage falls to zero and the condenser is discharged. 
The power curve shows that during this interval the condenser 
delivers back to the line the same amount of energy that it previously 
received, and this chain of events is continually repeated. The 
fourth curve in Fig. 39 shows the amount of energy stored up in 
the condenser at different moments throughout the cycle. 

Energy of Charge. — In order to determine the energy associated 
with the charge, assume that a uniformly increasing voltage is 
applied at the rate of E' volts per second for a period of t seconds. 
The total voltage applied, E, is equal to E't. If the capacity of 
the condenser be G farads, then the charge on the plates is equal 
to CE coulombs. Since the rate of change of voltage is constant 
the current will be constant and equal to 

, Q CE 
I =z - — ~ amperes. 
t * 


The average power supplied is 

UJ X I 


kEx watts. 


The total energy supplied is 

z 

= joules.^ 

In Fig. 39 the height of the energy curve at the end of a quarter 
of a period is equal to WE,y^ joules. It is immaterial whether the 


1 Taking the case when a sinusoidal E.M.F. is applied, this can be proved by 
means of the calculus as follows : — 

Instantaneous power — ei — ^Emlm sin 2d 

= iE.uIm sin 2pt 

where p = 2itj and i = time in seconds. 

Energy supplietl during a quarter of a cycle 

IT TT 

i'lp l"2p 

= I ^ eidt — I ^ hE„,l,a sin 2pt dt 

TT 

SlrnJm ^ 

~ 2p 

Irn =* === pCEm* 

- WE^^. 


But 

Therefore energy 
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voltage is applied at a uniform rate or not, the energy associated 
with a given charge being dependent only on the magnitude of the 
applied voltage and independent of the rate at which it is applied. 

When the applied voltage obeys a sine law the instantaneous 
value of the power is given by 

ei = ^EJ[^s\n2d 

— lE^ X 2'7rfGEmSm2d 
= irfGE^ sin 26 watts. 

The maximum value of the power is, therefore, 

TrfGE,^^ watts 

and the average value, taken over a quarter-peiiod, is 

- X TrfGE,,n^ watts. 

IT 

The total energy supplied in a quarter of a eycle is 

I X X i 

Dependence of Current on Voltage, Capacity and Frequency. — If any 

two of these quantities be kept constant and the third one varied, 
the current will be directly proportional to the quantity which is 
varied. Fig, 40 shows the relations which exist in a particular 
circuit, the data being given in the diagram. 



0 

25 

50 

75 

0 
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5-0 

7*5 

0 

12-5 

25 

37*6 


100 Volts for/- 50. 0 = 10 Mfds. 

10 Mfds. for/=50, j57=100 Volts. 

50 Cycles per Second for i^=100 Volts 
and 0=10 Mfds. 


Fig. 40. — Dependence of Current on Voltage, Capacity and Frequency. 


The capacity of a number of condensers in parallel is the sum 
of their individual capacities, but condensers in series, or in cascade, 
as it is sometimes called, obey a law of the following type : — 


JL 

joint capacity 


1 + i + 

0, ^ C?, ^ • • • 
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Impedance of a Capacity Circuit. — ^The relation between current 
and voltage in a capacity circttit is given by 


7 - 27rfGE, 


and since the impedance of a circuit is given by the ratio of volts 
to amperes, it follows that 


Z 


E _ 1 

7 27r/(7* 

The formula is similar to the corresponding one for a purely in-’ 
diictive circuit with the important exception that 27r/(7 comes in 
the denominator whilst 27rfL comes in the numerator of the respective 


expressions. The quantity is called the capaciUj reactance. 

This relationship enables us to calculate the capacity of the 
circuit if the voltage, current and frequency are known ; for accurate 
measurements, however, this method is not to be commended, as 
the presence of a condenser in the circuit has the effect of magnifying 
any distortion of the current wave form, and the factor 27r is only 
correct in the case of a sine wave. ^ 

Circuit containing Resistance and Capacity. — In order to force 
a current through a circuit containing both resistance and capacity 



Fig. 41. — Voltage Curves for Circuit containing Resistance and Capacity. 


in series, a voltage must be applied capable of overcoming both 
the ohmic resistance and the impedance of the condenser. The 
magnitude of the former component is 77? volts and is in phase with 
the current, whilst the magnitude of the latter component is 


27r/(7 


X 7 and lags behind the current by 90"^. The resultant 


voltage which has to be applied is the vector sum of these two 
components and will lag behind the current by some angle less 
than 90®. 
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Fig. 41 shows graphs of these various quantities and also a 
vector diagram of the circuit. It is seen that the resultant voltage 
E is equal to 



The impedance Z is equal to 



As an example, take the case of a circuit consisting of a resistance 
of 40 ohms in series with an adjustable condenser, the voltage being 
100 and the frequency 50. \^en the value of the condenser is 
60 mfds. the current is 

I _ 

= 1'507 amperes. 

The voltage across the resistance is 

Eu = 40 X 1-507 
== 60-3 volts. 


The voltage across the condenser is 




10 « 

2 it X 50"x 60 


X 1-507 


== 79-9 volts. 


The values of the current and impedance for various values of 
the capacity are shown graphically in Fig. 42. 

Circuit containing Resistance, Inductance and Capacity. — When 
a circuit contains all these three quantities, peculiar conditions are 
set up due to the various phase relationships. In the case of an 
inductance the current lags by 90° behind the voltage, whilst in 
the case of a capacity the current leads by 90°. If these two are 
in series the current must have the same phase throughout, and 
consequently the voltage must have a phase difference of 180° 
over these two portions of the circuit. This means that the two 
voltages are diametrically opposite and the combined voltage over 
the two is their arithmetic difference. It is quite possible for 
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each of these component voltages to be considerably in excess of 
the impressed E.M.F. Fig. 43 shows the vector diagram and also 
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Fig. 42. — Variation of Current and Impedance with Capacity. 


the various sine curves for a simpleseriescircuitcontaining resistance, 
inductance and capacity. The resultant voltage may lead or lag 



Fig. 43. — Voltage Curve.s for Circuit containing lle.sistance, Inductance and Capacity. 


behind the current, this depending on whetlier the inductance or the 
capacity predominates. The magnitude of the voltage absorbed 
by the inductance plus the capacity is given by 


= 27rfLl 
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Combining this with the voltage absorbed by the resistance, 
we get, for the total applied voltage. 


M 


727J2 /2 (^27rfL 



- X + (Mi - 

The impedaaco of the circuit is therefore given by 


Z 



.vy. 

27r/C/ 


If is greater than 27rfL, the quantity inside the bracket is 

ZTr/C 

negative and this signifies a leading current. However, the square 
of this quantity is always positive, so that the impedance can 
never be less than R, no matter what may be the values of 27rfL 


Resonance. — When a circuit contains both inductance and 
capacity it is said to possess resonance. The effects may be likened 
to those produced on a pendulum in which considerable vibrations 
can be set up by the successive application of very small blows, 
providing these blows are timed correctly. The frequency of the 
blows corresponds to the frequency of the applied voltage. In the 
case of the pendulum, if the blows are applied at a different rate 
the resulting swing will be considerably less, even though the 
impulses may be of greater magnitude. Similarly, in the electrical 
case, if the frequency be changed, the current will be considerably 
reduced. 

It is obvious from the expression for the impedance that its 
minimum value occurs when 


27r/L- 


1 

2TrfC 


-0. 


Of course, a decrease in the resistance will always lower the impe- 
dance, and vice versa. The resonance is only affected by the induc- 
tive and capacity portions of the circuit. With a given amount 
of inductance and capacity there is one particular value of the 
frequency which will give maximum resonance. This is obtained 
when 


2nfL - 


27r/(7 
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Then 


-2^0’ 

iMf - la 


and 


/ = 


I 

'i'rT\/LC 


Resonance of a lesser amount will occur at other frequencies. 

If a circuit contains a fixed amount of inductance and the 
frequency is kept constant, then maximuni resonance can be 
obtained by varying the capacity in the circuit. The necessary 
conditions arc obtained when 

As an cxainple, take the case of a series circuit containing a 
capacity of 50 mfds., an inductance of 0*2 henry and a resistance of 
5 ohms. The frequency for maximum resonance is 

/== 1 

27r\/0-2 X 50 X iO-^ 

= 50’33 cycles per second. 

At this frequency the impedance is exactly 5 ohms, so that if the 
voltage were 100 the current would be 20 amperes. 

The voltage across the condenser is given by 


F.r 


I 

2-rrJC 

20 X 10“ 

27r x" 5^¥ x“50 


-- 1268 volt.s 


The voltage across the inductance is given by 
E,^ = 2TrfLI 

= 2'rr X 50-33 x 0-2 x 20 
= 1268 volts 

If the frequency falls to 49, then the impedance would be 

z J 52 + (277 X 49 X 0-2 - 

V \ 277 X 49 X 50/ 

— 6-02 apparent ohms. 
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The current would be 
E 

^ “ Z 6 02 


16'6 amperes 
1 


E,, 


and would lead the voltage since is now greater than ^irfL. 

ZtTjU 

The voltage now across the condenser is 

16-6 X 10« 

27 r X 49 X 50 
= 1078 volts, 

and the voltage across the inductance is 

Et, 27r X 49 X 0-2 x 16-C 
— 1022 volts. 

The voltage across the two combined is 

1078 - 1022 
= 56 volts. 


The voltage across the resistance is 16-6 x 5 — 83 volts. 

If the frequency were raised to 61 the impedance would be 


= 5-28 apparent ohms. 


The current would be _ -- 18-94 ami)eres. 

5-28 ^ 

A variation of the frequency in either direction brings about a 



Fig. 44. — Effect of Frequency in Resonating Circuit. 


reduction in the current. Fig. 44 shows the current at various fre* 
quencies and also the voltages across the condenser and inductance. 
A remarkable point about these curves is the sharpness of the peaks 
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exhibited, this being accentuated by the fact that the resistance islow. 
If the resistance had been only 1 ohm instead of 5 ohms, the current 
would rise to a mayimum of 100 amperes and the maximum voltage 
across the condenser or* the choking coil would be 6340 volts, thus 
making the peak more pronounced. The term “ maximum ” 
used above does not refer to the peak value of the wave, but to the 
maximum value of the R.M.S. voltage obtained by varying the 
frequency. 

Current Resonance. — The above example serves as an illustration 
of voltage resonance in a series circuit. When, however, a condenser 
is placetl in parallel with a choking coil, with a fixed voltage across 
each, a local circulating current is set up producing what is known 
as “current re.sonance.” Fig. 45 illustrates such a circuit. A 



voltage, E, applied to the circuit produces, through the inductance, 
L, a current 

1 = ^ 

2^fL’ 

lagging 90° behind the voltage, and, through the condenser, C, a 
current 

= 2TTfCE, 

leading the voltage by 90°. The resultant current is the numerical 
difference of these two components and is given by 

1 = 


^{2irfL 

If perfect resonance takes place in an ideal resistanceless circuit, 
then / 0. 


Therefore 

and 

as before. 


24 ’i-WC =.0 

f = — 

27rV LC 
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If only partial resonance takes place, i,e. if the above equation 
is not fulfilled, then the current supplied from the source is the 
difference of the currents in the two branches. Assuming that 
the current in the inductive branch is the largdr, then the difference 
between this and the main current is 


Ir- 


The conditions correspond to a circulating current equal to that 
in the weaker branch, together with a current from the supply 
to make up the current in the stronger branch. This external 
current will lead or lag by 90"^ ; the former if the current in the 
condenser predominates, and the latter if the current in the choking 
coil predominates. 

In practice there will be usually an appreciable amount of 
resistance in the inductive circuit, and an example will be worked 
out in order to illustrate the procedure in this case. The circuit 
in the example on series resonance will be chosen for this purpose, 
the condenser being in one branch and the inductance and resistance 
in series in the other branch. At a frequency of 50*33 the current 
through the condenser is 


- 27r X 50*33 X 50 X 10" « X 100 
= 1*581 amperes. 


The current through the inductive circuit is 
^ 100 

« + (27r'’x'l%^ x'(>2j'^ 

— l‘57() amperes. 


Blit the voltage over the resistance is 


R 

Z 


X 


K 


B 




K. 


The jiower wasted in the lesistanee is 


R 


X El 




The same result would be attained if tlie current were split up 
into a power and an idle component. The magnitude of the former 
is 

R j 

^ - , - X 1-576 

\/52 + (27r X' 60-33 x 0-2)^ 

= 0*124 ampere. 
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The idle component of the current is 
Vr5762 - 6^242 
= l'57l amperes. 

This balances an equivalent current in the condenser, the latter also 
taking an additional current of 1'581 — 1-571 = 0-010 ampere from 
the supply. The total current flowing through the main ammeter is 

V'0^242 + 0-0102 
— 0-124 ampere 


and leads the voltage by an angle 

tan~^ 


0-010 

0-124 


4-6° 


Physical Meaning of Resonance. — At first sight it appears as if the 
phenomenon of resonance destroys the principle of the conserva- 
tion of energy, but this is not so. Considering the case of current 
resonance, the condenser contains its maximum charge and has 
the maximum amount of energy stored up in it at the instant when 
the voltage is a maximum. But at this moment the current in the 
inductance is zero, and hence the magnetic field is zero and has no 
energy stored up in it. A quarter of a period later the field has 
reached its maximum value and has its maximum amount of energy 
stored up in it. But now the voltage across the condenser has 
dropped to zero and it is discharged. If perfect resonance is taking 
place, these two maximum amounts of energy are equal, for 


27r/A = 


1 

27r/6’' 


Multiplying each side by I^, 

27rfLrj 


7)1 

27r/C 

(27r/6^J2 

~27rfC 


= 27rfCEJ. 

Therefore | LIJ = J CEJ. 


At intermediate points in the cycle there is energy present in 
both magnetic and electrostatic form, but the total quantity is 
always the same. For instance, when the voltage has the instan- 
taneous value of 

e = E^ sin 9, 


the energy stored up in the condenser is 
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The current in the inductance is 

i ~ sin {6 -—90°), 

and the energy stored up in the inductance is 

= kLIJ sin2 ((9 - 90°) 

= 

But since = \CE^ 

and the total energy stored up in both condenser and inductance 
is, therefore, 

\GEJ sin2 d + \GEJ cos^ 0 

= ^GEJ^ (sin^ 0 -(- cos2 0) 

After the currents have been once started there is no further 
supply of power necessary. The condenser in discharging liberates 
sufficient energy. to build up the magnetic field, and this in turn, 
on its destruction, provides the necessary energy to charge the 
condenser. If resistance is present in the local circuit, energy is 
being continually frittered away due to the PB loss, and this has 
to be made up from the external source of supply. 

Resonance with Harmonics. — In cases where the wave form of the 
applied E.M.F. is not a simple sine wave it can be resolved into a 
number of sine waves of various frequencies, and it may be possible 
for one of the higher harmonics, as they are termed, to produce 
resonance in a very marked degree, resulting in an increased distor- 
tion of the current wave form. This effect is dealt with in greater 
detail on page 102. 

Distributed Capacity. — When a pair of insulated mains are laid 
side by side and there is a difference of potential between them, a 
condenser action takes place. The system may be represented dia- 
grammatically in the way shown in Fig. 46. Due to the appreciable 


Generator^ I- ~X. 1. JLT^IL .^L j,. J., -LT 

E nd y y 


Load 

’End 


no. 46. — Distributed Capacity. 


resistance and inductive reactance of the line, there is not a imiform 
voltage across all these hypothetical condensers, but as a first 
approximation they may be considered as being supplied with the 
full generator voltage. 

F 2 
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The capacity of a concentric cable is given by the formula 


0 


0-0388 feZ 


log 


(f) 


10 


mfd, 


where k is the specific inductive capacity, 

I is the length in miles, 

D is the inner diameter of the outer conductor, 
and d is the outer diameter of the inner conductor. 

The capacity of two parallel bare conductors is given by the 
formula 


6 ^- 


0*0194 X I 



mfd, 


in this case D being the distance between the centres of the con- 
ductors and d being the diameter of the wires. The unit used is 

immaterial, since it is only the ratio which is required. The ratio ^ 

must be at least 10, otherwise the formula will not give correct 
results. 

In addition to the capacity current which the cables take, there, 
is also a small power current due to the leakage through the insula- 
tion, this being quite a distinct effect. 

Various types of windings on alternating current apparatus 
also exhibit this condenser effect, since insulated conductors at 
different potentials are separated by dielectrics. 

Uses of Condensers. — Condensers arc very largely used in wireless 
telegraphy, where they are employed to '' tune ’’ the circuits, i.e. 
to bring them into perfect resonance, for which purpose variable 
condensers are used. 

Condensers are also occasionally employed to protect high 
tension overhead transmission lines, one sot of plates being con- 
nected to the line whilst the other set is earthed. 

It has been suggested that condensers be put at the receiving 
end of transmission lines for the purpose of improving the power 
factor and thereby reducing the current in the mains. That this 
is so is seen from the fact that most transmission schemes operate 
with a lagging current due to motors and other apparatus which is 
connected to the line. The condensers take a leading current and 
tend to neutralise the wattless component of the line current. 

It has been suggested also that condensers may be used as regu- 
lators in series with lamps on alternating current circuits. Instead 
of the usual parallel arrangement, the series system is adopted, each 
circuit consisting of a number of lamps all in series with each other 
and with a condenser. The lamps arc put out by means of short- 
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circuiting switches and are lit when the switch is opened. Fig. 47 
shows a diagram of connections of such a circuit. Not more than 
35 to 40 per cent, of the supply » 

voltage should be used on the lamps, S S S S 

otherwise the voltage regulation on . r^~\ 

the lamps becomes poor. Although L (Z) ( Z) (D ( D 

a very large percentage of the supply ^ 

voltage is absorbed by the con- 
denser, yet the power loss is negli- C^'Conden^r 

gible, since the power factor of the /, lamp 

condenser is practically zero. S ’’Switch 

As an example, consider the Fm. 47. — Condensers in Lighting Circuit, 
case illustrated in Fig. 47. The 

supply voltage is 220 at a frequency of 50, and there arc four 
20 volt lamps, each having a resistance of 20 ohms. If the lamps 
are each to have 20 volts when they are all in, the voltage across 
the condenser is 

V2^2 _ ‘^"^O) 2 
= 204*9 volts. 

The current being one ampere, the capacity of the condenser is 


2TTfE 


farad 


27r X 50 X 204-9 
= 15-53 micro-farads. 

When only one lamp is lit the current is 


V + \ 27 r X 50 X 15-53/ 

— 1-07 amperes. 

The voltage across the single lamp is now 21-4 volts. The 
maximum variation of voltage in the extreme cases of all the 
lamps lit and only one lit is only 7 per cent., and this figure is 
reduced if a smaller percentage of the supply voltage is used 
actually on the lamps. 

Two important points in connection with this scheme are 
(1) the simplification of the wiring, and (2) the fact that the condenser 
acts as a current limiting device in the event of a short circuit. 
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Simple Circle Diagram. — If a constant voltage be applied to a 
circuit consisting of a resistance and a reactance in series, the 
voltages over the two component parts of the circuit will always be 
90° out of phase with each other, this being independent of the 
magnitudes of the resistance and reactance. Fig. 48 shows a vector 
diagram of the circuit, the applied voltage, AB, being constant. A 
semicircle is erected on AB, this passing through the point G, since 
the angle in a semicircle is a right angle. If the relative values of 
the resistance and reactance be altered, the angle ^ is altered, but 
the angle AGB remains a right angle. If, however, the diagram be 
drawn as shown in Fig. 48 {h), AB is fixed in position, whilst the 




FiQ. 48. — Simple Circle Diagram. 


point C moves round the semicircle. The angle of lag of the current 
still is given by the angle ABC, since AB is the phase of the applied 
voltage and GB is the phase of the current. 

Circuit with Constant Reactance. — If a circuit consists of a constant 
reactance and a variable resistance, the magnitude of the current 
will be proportional to the voltage across the reactance, whilst the 
phase of the current will be the phase of the voltage across the 
resistance. Fig. 49 illustrates this circuit, AG being proportional 
to the voltage across the reactance and to the current, to a scale 
of volts and amperes respectively. The power absorbed by the 
circuit is P = El cos (f>, 
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and this is represented, to scale, by 

AB X AG X cos<j6. 

But the angle ACD is also equal to CD being a vertical line 
dropped from C on to AB, Thus 

AC X cos (f) = CD 

and the power becomes proportional to 

AB X CD, 

Since AB is constant, the power absorbed by the circuit is given by 
the vertical line CD to a suitable scale of watts. This scale having 
been determined experimentally for one value of the resistance, 
the power absorbed for aU other values of the resistance can be 
scaled off from the diagram. This power becomes a maximum 



when the point D is situated at D" midway along AB, the height 
being equal to the radius of the circle. Moreover, at this 
point the angle of lag is 45° and the power factor is, therefore, 

or 0*707. If the current and the voltage be measured under 

these conditions the power will be given by 

El X 0*707, 


and this will enable the scale of watts to be settled. The power 
CB 

factor is given by and since AB is constant, CB is pro- 

portional to the power factor. The scale can be ascertained from 
the fact that at 0" the angle of lag is 45°, and consequently 

E 

is 0'707. The total impedance is equal to j, and hence is pro- 


portional to . 

If a wattmeter be included in the circuit, and the value of the 
resistance gradually reduced, the power will first be seen to increase, 
then attain a maximum value, and finally decrease again, even 
though the current is increasing throughout. The reason for this 
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is that as the resistance is decreased the current goes up, but the 
power factor is reduced since the ratio of resistance to reactance 
is getting less. At fiist, the current increases at a greater rate than 
the power factor decreases, the power increasing, whilst beyond a 
certain point this is reversed and the power begins to decrease 
again. At the commencement, the current is small, but the power 
factor is high, whilst later ,on the current is large, but the power factor 
is low. Looking at it from the point of view that the power is 
equal to PJg, R is reduced whilst I goes up, so that PR may go 
up or down as R is varied, depending upon which alteration 
predominates. 

One point worthy of note is that when the power has attained 
its maximum value, the angle of lag of the current is 4*5° and the 
resistance is equal to the reactance. This forms a method of 
measuring the reactance by means of a wattmeter and a known 
variable resistance. The wattmeter is connected so as to measure 
the total power in the circuit and the resistance is gradually cut 
out. When the wattmeter arrives at its maximum deflection, the 
resistance is equal to the reactance. 

Effect o! Resistance in Choking Coil,^ — In most choking coils met 
with in practice tlie ohmic resistance is not negligible, and in this 
case the circle diagram assumes the form shown in Fig. 50. The 
resistance and reactance of the choking coil bear a constant ratio 




^ V over ^ ^ Vouer^ 
ChohingCoil Resistance 


^ Constant 


Fig. .jU. — Effect of Resistance in Choking Coil. 


to each other and consequently the angles AEG and AEB remain 
constant, independent of the position of G, The triangle AEG 
varies in size, but remains similar in shape throughout. Thus, 
wherever the point G may be on the semicircle the angle AEB 
is fixed and the locus of E lies on an arc of a circle of which AB 
is a chord. The centre of this circle will be on the diameter of the 
original circle at right angles to AB. The power consumed by the 
resistance external to the choking coil is measured by EF and the 
power wasted in the choking coil itself is given by GD — EF. It 
will be observed that the maximum power in the external resistance 
does not occur at the same point as the maximum power in the 
whole circuit, but occurs shortly after the total power has begun to 
decrease. In measuring the magnitude of the reactance by the 
method shown in the last paragraph, a modification is necessary. 
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When the circuit is absorbing the maximum power, the reactance 
is equal to the external resistance plus the equivalent resistance of 
the choking coil itself, or 


But 

AC = GE -{■ EB. 

AC = AE .sin a 

and 

CE — AE cos a. 

Therefore 

AE sin a — AE cos a + EB 

and 

EB 

sm a — cos a — . 

Again, 

AC ~ AE cos a d- EB 


= EH X . “ + EB 

sm a — cos a 

^eb( . -i-i) 

\sm a — cos a / 

= EB X . - - 

Sin a — cos a 


whore 


EB X k, 


k^ 


sin a 
sin a — cos a 


AC 

EB' 



0 I i 1-1 1 I 1 1 — 1 — 1 — » 

0 0-2 0*4 0-6 0*8 1*0 


EB 

AE 


Fig. 51. — Values ol 


k - 


Bln a 

sma - cos a* 


The (uiiuititv k = ( -. — ) can be determined from tht5 

^ \sm a — cos a/ 

EB 

voltage ratio and this relationship is shown in Fig. 51. The 
reactance of the choking coil, therefore, is equal to the external 
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resistance multiplied by the constant 1c which depends upon the 
ratio of the voltages over the resistance and choking coQ. The 
observations must, ^of course, be taken at the point where the 
wattmeter reading is a maximum. 

Circuit containing Capacity and Besistance. — The circle diagram in 
this case is similar to the previous ones, with the exception that the 
voltage over the resistance leads the applied voltage and conse- 
quently is drawn from the left end of the semicircle as shown in 
Fig. 52. Otherwise, this case can be treated in the same way as a 
pure inductance, since the energy losses in the condenser will be 
negligible. 



r-A/\/\ivW^ 

A C 


B 


Vouer ^ ^^over 
ResisTance Cond 


Constant 


Fig. 52.-"Circuit contaiuinK Capacity and Tle.sistanco. 


Two Impedances in Series. — If a constant impedance be connected 
in series with a variable impedance, the latter being varied by 
means of its resistance only, the example resolves itself into a case 
of two constant reactances, a constant resistance and a variable 
resistance in series. The circle diagram for this circnit is illus- 
trated in Fig. 63. AB^ on which the semicircle ACB is erected 



Fig. 53. — Two Impedances in Series. 


represents the constant applied voltage. The base AB is divided 
AD X 

at D so that where and X 2 are the reactances of the 

two impedances, and a semicircle AED is erected on the base 
AD. Now any line drawn from A, such as AC, will be divided at 
AE X 

E so that . This can be seen from a consideration of the 

similar triangles AED and ACB. A vertical line BF is next 

BE R 

erected at the point B, its length being such that -j-=r == A ^ where 
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J?i is the constant resistance of the first impedance. A semicircle 
BGF is erected on BF intersecting the line CB at O. Since the 
angle OBF = a, therefore * 


and 

Therefore 


OB = BF cos a 
AE — AD cos a. 
OB 

AE AD X, 


Since it is a series circuit and AE represents the voltage across Aj, 
OB will represent the voltage across R^, and consequently CO will 
represent the voltage across the variable resistance R^. The 
voltage across the variable impedance is given by EO and the 
voltage across the constant impedance by the vector sum of AE 
and OB. 

Circle Diagram for Two Parallel Circuits. — If a circuit be built up 
of two parallel branches, each consisting of a resistance and a 



Fig. 54. — Circle Diagnuii for 1’wo Parallel Circuits. 


reactance, but connected so that the resistance of one branch is 
opposite to the reactance of the other, then a complete circle diagram 
can be drawn as shown in Fig. 54. 

The voltage across the two points C and D is given by the vector 
CD, its maximum value being equal to the applied voltage and 
occurring whenever C and D are at opposite ends of a diameter. 
The conditions necessary to make the voltage CD a maximum are 
that 


and 

or 


R, 


=^hR 


2 


12-^2 


^2’ 


The phase difference between the voltage CD and the applied 
voltage can be adjusted to any value by regulating the amounts of 
resistance and reactance in the circuit. In order to obtain a phase 
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difference of 90°, the resistance of each branch must be made equal 
to the corresponding reactance. 

A similar circle diagram can be constructed for a circuit in which 
the choking coils have been replaced by condensers, the only 
difference being that the idle voltage is drawn to the right in the 
top half of the diagram, and to the left in the bottom half, since 
the current leads the voltage in a condenser. 

A further case of parallel circuits which may be considered is 
that wherein one branch consists of a choking coil and a resistance 
whilst the other consists of a condenser and a resistance. The 
circle diagram for such a circuit is illustrated in Fig. 55. A point 
to be noted is that this time the two resistances are opposite to one 
another, instead of being opposite to the choking coils. In this 




Fig. 55. — C'irtle for T wo oilier Uarallel (Jirciiil^ 


case, the conditions necessary to make the voltage CD a maximum 
are that 


and 

or 


tti 

^1 


~ /2R2 

B,- 


If, in addition, Rj = Aj and, consequently, Rg X^, the figure 
ACBD becomes a square and the voltage across CD is 90° out of 
phase with that across AB. 

Again, if and Aj are made equal to VS x and V3 x B^ 
respectively, the angles GAB and DAB will each be 30°, the triangle 
ACD will become equilateral, and the three voltages AC, CD and 
DA will all be 120° out of phase with each other. 

If, however, additional circuits arc connected to these various 
points and current taken off, the relative phases of the voltages 
will be affected and the above relations will no longer hold good. 
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Magnetic Induction. — When a specimen of iron is magnetised by 
means of an electric current, a certain magnetic flux is set up, which 
increases with the current, although not proportionally. Since the 
cross section of the iron remains constant, the flux density B is 
proportional to the total flux 4>, whilst the magnetic force H is 
proportional to the ampere-turns of the solenoid enclosing the 
specimen. The relationship between B and if is a most important 
one, since it tells us what magnetic force is necessary to produce a 
given flux density in a certain specimen, and the curve connecting 
these two quantities is a characteristic of that particular brand of 
iron or steel. 

The ratio 

Flux densitv B 

o 

Magnetic force H 

is termed the pernieabilily and is denoted by fi. It is therefore 
evident that a good brand of iron from the magnetic point of view 
must have a liigh value for the permeability, although this is not 
the only criterion, as will be seen later. Different brands of iron 
and steel have different B-H curves, the shapes of which are 
affected l)y the composition and treatment of the material, such as 
the degree of hardness. A number of typical examples are shown 
in Fig. 5(). At first, the flux density is roughly proportional to 
the magnetic force, but after a time this proportionality falls off 
and the iron is said to be saturated, that portion of the curve where 
the bend occurs being called the knee. It is, however, important 
to note that this knee is not a definite point, since it will appear 
at quite a different place if the curve is drawn to a different scale, 
so that the term saturation is only a relative one. When a B — H 
curve is plotted so as to give information at high flux densities, the 
knee appears further up the curve, as illustrated in Fig. 57, which 
curve is useful when calculations on the flux density in armature 
teeth are required. 
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Hysteresis. — The induction density which results, in a specimen 
of iron, from the application of a given magnetic force depends 
upon the previous magnetic history of the specimen. The B — H 
curve lies higher when taken with descending than with ascending 
values of H, and if the magnetic force be reversed the induction 
density appears to lag behind the magnetic force. In fact, if the 



magnetic force be carried through some cycle, finally returning to 
the starting point, the curve connecting the induction density with 
the magnetic force will describe a figure which may or may not 
be a closed loop. If the specimen be taken through the same cycle 
of events a number of times it will eventually come into what is 
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termed a cyclical state, and the complete B — H curve will then be 
a closed figure known as the Hysteresis loop. It is usually deter- 
mined by magnetising the iron to equal extents in either direction 



Fro. 57. — Magnetisation Curve for Armature Stampings at High Flux Densities. 


SO that the hysteresis loop is symmetrical about the origin of the 
curve. This really amounts to an alternating flux with the same 
maximum in either direction. 

In changing the state of magnetisation of the iron, some of the 
molecular magnets are displaced relatively to one another, and this 
results in a kind of molecular friction, heat being engendered. 
Hence energy must be supplied to the iron to provide for this 
wastage. It has been ^hown that a certain definite quantity of 
energy must be supplied in building up the magnetic field, but in 
the case of materials exhibiting hysteresis the whole of this energy 
is not given back to the source of supply, for when the magnetising 
current has dropped to zero some magnetic flux still remains, retaining 
a certain amount of energy. Hence, during the 
complete cycle there is a net amount of energy 
supplied to the specimen, this energy being con- 
verted into heat, and it can be shown that the 
amount thus lost is proportional to the area of 
the hysteresis loop. 

In order to get the iron into a cyclical state 
so as to obtain a normal hysteresis loop, it is 
necessary to take the specimen through the com- ^ ^ 

plete cycle about fifty times, always taking care Loops, 

to travel round the loop in the same direction. 

Fig. 68 shows a typical example of a hysteresis loop when the 
specimen has been carried through a symmetrical and an 
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unsymmetrical cycle. The hysteresis loss increases appreciably 
when the cycle is changed from a symmetrical to an unsym- 
metrical one, indicated by an increase in the area of the loop, 
although the maxir&um vertical height remains unaltered. 

Steinmetz’s Law. — Steinmetz enunciated the law, based on experi- 
mental observation, that the area of the hysteresis loop is pro- 
portional to the l'6th power of the maximum induction density, 
although more modern determinations of this index give the value 
as being more nearly l-T. This figure is known as the Steinmetz 
index. For very accurate work, a slight correction has to be made, 
since the hysteresis loop has no appreciable area if the maximum 
induction density is not carried beyond about 100 lines per sq. cm., 
and the corrected expression takes the form (B — 100)*, the index x 
being very slightly modified. The value of this correction becomes 
apparent when measurements at low induction densities are made, 
although for most practical purposes it may be neglected. This 
variation is sometimes allowed for by using different values of the 
index for different maximum values of the flux density. 

The hysteresis loss per cycle is proportional to the volume of 
the iron or steel used, but it has been found that over very wide 
ranges the loss of energy per cycle is unaffected by change of 
frequency, from which it follows that the power loss in watts is 
directly proportional to the frequency. The final expression for 
the power wasted in hysteresis is 

Pi, = h X V X f X X 10"’ watts, 

where h is a constant known as the hysteretic constant and usually 
has a value ranging from 0-0005 to 0-001 in the case of soft annealed 
plates. The volume v is measured in c.c. 

In determining the area of the hysteresis loop, a first approxima- 
tion (!an be made by replacing the loop with a rectangle of equal 
width and height to the actual loop, as shown in 
Fig. 59. This is allowable, since the horizontal 
width of the loop is approximately constant 
throughout. The area of this rectangle is 2Bw, 
and is proportional to B^-’’, from which it follows 
that w is proportional to B^ '^. This is useful 
when it is desired to predetermine a particular 
loop, the loop at another induction density being 
Fig. 69.— Approxim- known. For example, if the maximum value of 
ate Area o^^^ystere- jg increased by 10 per cent, the horizontal 
width of the loop is increased in the ratio 

1.10.7— i.()7 oj, ijy 7 pgj. cejji; 

The hysteresis loss measured in watts per c.c. is shown graphi- 
cally in Fig. 60, the bounding lines of the shaded portion representing 
good and bad specimens of soft annealed iron plates. In order to 
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determine the loss at other frequencies, the values obtained from 
the curve must be changed in the direct ratio of the frequencies. 



Ordinary 

sheet 

iron 


Lohys 


Stalloy 


Kilolines per sq. cm. 


J’la. 6U. — Hysteresis I.oss in Iron. 


Rotating Hysteresis. — ^When the induced flux in the iron is of a 
rotating instead of an alternating character, the curves of hysteresis 
are modified to a very considerable extent as illustrated in Fig. 61. 
A striking peculiarity about rotating hysteresis is that as the induction 
density is gradually raised the hysteresis suddenly disappears in 



Kilolines per s(j. cm. 


Fig. G1. — Alternatinii ami Rotating Hysteresis. 


the neighbourhood of R = 20,000. In certain cases it may therefore 
be desirable actually to increase the flux density in order to bring 

G 
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about a reduction of the hysteresis loss, although the exciting 
ampere-turns may be considerably increased thereby. 

Ageing of Iron.-i-It has been determined experimentally that the 
hysteresis loss in annealed iron stampings increases with lapse of 
time, this increase being as much as 50 per cent, in some cases of 
very old iron. The temperature at which the iron is worked is a 
very important factor, since this ageing, as it is called, only becomes 
of such a magnitude if the working temperature is allowed to exceed 
about 86° C. Consequently, in modern apparatus efforts are made 
to avoid higher temperatures than this. A suggested comparison 
of different brands of iron with respect to their ageing properties is 
the percentage increase of hysteresis loss caused by keeping the 
sample at a temperature of 100° C. for a period of 600 hours. With 
ordinary iron stampings, the ageing, measured on this basis, should 
be below 16 per cent. It can be reduced by suddenly cooling the 
plates from a red heat, whilst unannealed iron plates show scarcely 
any signs of ageing at all. 

A special silicon-iron alloy containing about 3| per cent, of 
silicon, known as stalloy, has a very much lower hysteresis loss 
than pure iron, but its high cost militates against its more general 
adoption. 

It has been observed that mechanical pressure also increases 
the hysteresis loss to an appreciable extent, so that it is desirable 
that excessive pressures should not be used in the building up of 
iron cores, although a certain amount is absolutely indispensable 
from the constructional point of view. 

Eddy Currents. — ^When an alternating magnetic flux follows an 
iron path, small but definite E.M.F.’s are set up in the iron itself, 
due to the fact that it is an electrical conductor being cut by lines 
of force. These E.M.F.’s act upon closed electrical circuits in the 
iron, and set up local circulating currents known as Foucault or 
Eddy Currents and give rise to a loss of power, since these currents 
flow through paths of definite resistance. The energy thus dissi- 
pated reappears as heat in the same way as the hysteresis loss, but 
must be supplied from an external source in the first place. 

The lamination of the iron should be carried out in such a plane 
that the thickness of the plate corresponds to the length of the 
conductor which is having an E.M.F. induced in it, this being 
proportional to the thickness of the laminations. But the resistance 
of the mean path of the eddy currents is inversely proportional to 
the thickness of the plates as well, so that the watts lost per lamina- 



are proportional to the cube of the thickness. However, 


the total number of laminations in a given volume of iron is inversely 
proportional to the thickness, so that finally the watts per c.c. are 
proportional to the square of the thickness. They are obviously 
proportional also to the total volume of iron used. 
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The induced E.M.F. is j)roportional to the maximum value of 

the flux density, and since the watts are givej^ by the power 

loss is proportional to the square of the naaximum flux density. 
In the same way, the loss is seen to be proportional to the square 
of the frequency. 

Combining all these factors together, the eddy current loss can 
be represented by a formula of the type 

Pe = kt^B^Pv watts, 

where k has a value of about 1’4 x 10“^^, all the dimensions being 
in cm. 

The eddy current loss in the case of stalloy is about half what is 
given by the above formula. 

If the iron were not laminated the eddy currents would be so 
powerful that they would react to an enormous extent upon the 
field which produces them, diverting the flux from the interior of 
the metal. Thus a mass of iron, or indeed of any metal, exerts a 
shielding effect on that which lies behind it, in so far as it keeps 
back the magnetic flux and forces it into other paths. In the case 
of armoured cables having a continuous metal sheath the con- 
ductors are arranged so that their magnetic effects neutralise one 
another, th\is avoiding large eddy current losses in the sheath. 

Flux Measurement. — Measurements of the flux density in an 
iron specimen can be carried out by a number of methods, but the 
following is one in which an alternating current is employed. The 
specimen is made up in the form of a choking coil having a winding 
which consists of a known number of turns, T. When specimens are 
specially prepared the cores are usually built up in the form of a 
rectangle or a circle, a number of laminations being bunched together. 
The winding is supplied with ^.n alternating pressure which will be, 
for the present, assumed to be sinusoidal. Further, assuming that 
the IB drop in the winding is negligible, the whole of this voltage 
is used up in overcoming the back E.M.F. which is due to the 
inductance. This back voltage is proportional to minus the rate 
of change of the magnetic flux and will lag behind it by 90° (see p. 16), 
and hence the applied pressure will lead the flux by 90°. Further, 
since the rate of change curve of a sine function also obeys a sine 
law, it follows that a sinusoidal flux is produced by a sinusoidal 
E.M.F. 

During a complete cycle of magnetic flux each turn is cut by 
the total maximum flux set up four times, viz., once each time it 
rises and once each time it falls. If the maximum flux be denoted 
by the total lines cut per turn per cycle are 4^>, and the total 
lines cut per turn per second are 4<I>/, where / is the frequency. 
The average E.M.F. induced per turn is therefore 44>/ X 10~* 
volts, and since the E.M.F. is sinusoidal, this corresponds to an 
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R.M.S. voltage of Ml X 4<I>/ x lO'® volts, for the form factor of a 
sine wave is 1-11. The total R.M.S voltage induced in the whole 

winding is o 

K ~ 4-44 X 4>fT X 10'® volts, 

and, neglecting the IB drop, this is equal to the applied pressure. 
If the wave form is not sinusoidal the R.M.S voltage is equal to 


E ^ 4k^fT X 10-8 volts, 

where k is the form factor. Kjiowing the number of turns, 
frequency and voltage, the flux can be calculated as follows : — 


(b = 


E X 10® 

4:UfT 


lines. 


In cases where the IB drop is not negligible, it must be subtracted 
vectorially from the applied voltage. 

By applying different voltages different fluxes are obtained, 
and the corresponding densities can be determined by dividing by 
the cross section of the iron. The values obtained really constitute 
the tips of successive hysteresis loops. If the B — H curve were a 
straight line, the magnetising ampere-turns would be proportional 
to the flux density at any instant and the wave form of the magne- 
tising current would be similar to that of the flux and voltage, but 
this is not so in the case of iron and steel, and hence the current and 
voltage wave forms are not similar. The actual determination 
of the current wave form Avill be dealt with in Chapter IX. 

In order to make accurate determinations of the B — H curve, 
the maximum values of the current and voltage should be obtained, 
since these correspond to the maximum value of the flux density, 
this being rendered necessary by the change of wave form. 

Measurement of Iron Loss. — In order to measure the iron loss in a 
specimen, all that is necessary is to measure the input to such a 
ring or square as is described above. This is done most con- 
veniently by means of a wattmeter (see p. 43). The magnetising 
component of the current does not cause any loss of power, since it is 
in quadrature with the voltage, and the PB and instrument losses 
can be allowed for. Since the power faetor will be very low, care 
should be taken to obtain a wattmeter which will read accurately 
on a low power factor. It is also desirable that the E.M.F. wave 
form should be as nearly as possible a sine wave. 

The great disadvantage of the ring-shaped specimen is the fact 
that it must be hand wound, but on the other hand any shape which 
allows a former wound coil to be slipped into position must contain 
one or more magnetic joints and these exert a considerable effect 
upon the magnetic reluctance. If, however, it is the core loss 
which it is desired to measure, this will not be of much moment, 
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since, although the magnetising current will be increased, the watts 
lost will remain the same. For this reason, therefore, straight 
specimens built up into the form of a square are largely used. 

Epstein’s Iron Testing Apparatus. — In this apparatus, the sample 
laminations are built up into four cores, which are arranged in the 
form of a square, as shown in Fig. 62. The dimensions of the 
laminations are 500 mm. by 30 mm., whilst the cores are built up 
to a thickness of about 25 mm., having a mass of 2’5 kilogrammes 
each. The individual laminations are insulated from each other 
by thin sheets of paper, whilst at each corner, where a butt joint is 
formed, a thin layer of paper or press-spahn is placed so as to avoid 
any additional eddy current loss which might be caused by the 
short-circuiting of adjacent stampings. The four cores are held in 
position by means of wooden clamps, one of which is placed at 
each corner. 

Each core carries a winding which consists of 150 turns in series, 
the total cross section of the wire being 14 mm.®. This is wound 
upon a press-spahn tube having a bore of 38 mm. and a length of 
435 mm. These four coils, connected in series, have a total 
resistance of about 0-18 ohm. 



Fig. 62. — Epstein Iron Testing Apparatus. 


In making a measurement of the total iron loss, the wattmeter 
reading is observed, whilst the flux density is calculated after the 
manner shown on p. 84. Since the total power absorbed is very 
small, the voltmeter should be disconnected whilst taking the watt- 
meter reading and the other instrument losses allowed for if neces- 
sary, as well as the copper loss of the magnetic square itself. 

The loss is usually stated in watts per kilogramme or per lb. 
at a stated induction density and frequency. A basis of com- 
parison for different grades of iron, adopted in German practice, 
is the power lost in watts per kilogramme at a flux density of 
] 0,000 lines per cm.^ and a frequency of 50. This is termed the 
Figure of Loss. The curves in Fig. 63 show the iron losses in 
ordinary sheet iron and in the special alloyed iron stampings 
already referred to. The figure of loss comes out at 3-3 and 1'6 
watts per kilogramme respectively. 

Sometimes a rectangular core with a removable fourth limb is 
built up so that different samples of iron can be tested in succession. 
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The losses in the other three limbs must be measured and allowed 
Xor in measurements on different samples. 







pfljoss 


'-'D. 


Kilolines per sq. cm. 
Fia. 03. Total Iron Losses. 


Separation of Hysteresis and Eddy Current Loss.— In order tc 
separate the total iron loss into the hysteresis and eddy current 
components, a series of observations is made at constant flus 
density, but with varying frequency. To maintain constant flus 

density, all that is necessary is to keep the ratio , - 

frequency 

constant, for 

^ =444 X lO-ScbT. 

Since T is constant for a given winding, the flux <i> is solely 

E 

dependent upon the ratio The voltage must therefore be 

varied proportionally to the frequency. 

In these conditions, the only variable quantity in the expression 
for the iron loss is the frequency, and the hysteresis and eddy 
current losses can be represented by the expressions P* = af and 
P« = hp respectively, a and h being constants. The total iron loss 
is therefore equal to 


Pa Pc 

P 


af + hf^ 


a + hf. 


Jl 

[f the quantity — be plotted against frequency, the resulting curve 

J • 

should be a straight line [sec Fig. 64 (a)], the value at zero frequency 
giving the constant a and the slope of the curve determining b. 
The hysteresis loss at any frequency is given by af, whilst the 
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remaining poWer is due to eddy currents. Let a horizontal line be 
drawn through h [Fig. 64 (a)] and a vertical line Imn at any chosen 
frequency. The area olmh — a/ represents the hysteresis loss, whilst 
the area hmn is proportional to {kmf = and represents the eddy 
current loss. 

Another way of arriAring at this result is to plot the total watts 
lost against the frequency, drawing a tangent to the curve at the 



(a) 



(b) 


Fig. 64. — Separation of Iron Losses. 


origin. At any frequency / [see Fig. 64 (6)] the height pq represents 
the hysteresis loss, since this height is proportional to the frequency. 
The remaining height, qr, represents the eddy current loss. The 
reason why the tangent at the origin is chosen is that at very low 
frequencies the eddy current loss is negligible, since it is proportional 
to the square of the frequency. It is important to get some experi- 
mental observations at low frequencies in order to determine the 
position of the tangent with accuracy. 

Expression for Total Iron Loss. — ^From the foregoing it is seen that, 
for a constant frequency, part of the iron loss is proportional to 
whilst the remainder is proportional to J^, and efforts have 
been made to obtain an empirical expression of the form IcB^ for 
the total iron loss. The index of B will lie between the limits of 
1-7 and 2 in the case of ordinary transformer iron, and between 
1-66 and 2 in the case of stalloy, 1-66 being the value of the Steinmetz 
index for this latter material. The result of experiment shows that 
for flux densities between 4,000 and 10,000 lines per square centi- 
metre, and for frequencies between 25 and 60, the value of n lies 
between 1-68 and 1-77 for stalloy (0*5 mm. plates), whilst for ordinary 
iron (1 mm. plates) it lies between 1'76 and 1-83, the error being 
within 1*6 per cent. Also for Lohys, another type of alloyed iron 
(0-37 mm. plates), the value of n varies from 1-73 to 1'82 for flux 
densities between 5,000 and 10,000, and for frequencies between 
25 and 60, the error being within 2*6 per cent.^ 

Effect of Iron Loss on Impedance. — In the case of a choking coil 
having an iron core, the total power losses occurring in it will consist 

^ McLachlan ; “Representation of the Magnetisation Losses of Iron,” Journ 
LE,E, vol. 53, p. 350, 1915. 
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of a copper loss due to its ohmic resistance and an iron loss due to 
hj^steresis and eddy currents. Such a choking coil could be replaced 
by an equivalent ope having no iron loss at all, but an increased 
copper loss to make the total the same in the two cases. This 
results in an apparent increase in the ohmic resistance, and the 
choking coil can be considered to have an equivalent resistance 
higher than its true ohmic resistance so as to take into account the 
whole of the losses occurring in the choking coil. Thus iron loss 
has the effect of increasing the impedance of a choking coil. 

Circuit Equivalent to an Actual Choking Coil. — When a voltage is 
applied to a choking coil, part of it is absorbed in overcoming the 
ohmic resistance, whilst the remainder, considered vectorially, is 
used for overcoming the back E.M.F. set up, due to the change of 
magnetic flux. In other words, the circuit may be considered as a 
pure resistance connected in series with a resistanceless choking 
coil. But, due to the iron loss in the latter, the current will not lag 


behind its volts by exactly 90^, since there must be a power com- 
ponent. The current may therefore be resolved into two com- 
ponents, one in phase and the other in quadrature with the voltage 
acting on this part of the circuit, which may, consequently, be 
considered as a pure reactance, L, in parallel with a pure resistance, r. 


The value of r is such that 


is the total iron loss, where Ej^ 


r 


is the voltage remaining after the IB drop has been subtracted 
vectorially. Fig. 65 shows the final equivalent circuit. 



Flux Distribution. — In most cases in practice the flux is more or 
less non-uniformly distributed. This is due to the fact that the 
flux endeavours to choose the shortest path and hence it tends to 
crowd together in certain parts of the magnetic circuit. This effect 
is counterbalanced by the repelling action of the lines on one another 
resulting in a tendency to cover as largo a cross section as possible. 
In the case of a ring or a rectangular specimen, the former effect 
tends to make the lines crowd about the inside edge, whilst the 
latter effect forces some of them towards the outside into longer 
paths. The flux densities over different paths will be inversely 
proportional to the relative reluctances of these paths, and hence 
the density gradually increases as the inner edge is approached. 

The actual iron losses as determined by experiment are frequently 
in excess of the calculated losses, this being accounted for by the 
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non-uniform distribution of the flux, which always results in an 
increase in the losses. This can be illustrated by means of an 
example. Imagine a ring-shaped specimen jvith an iron cross 
section of 2 cm the flux density being 10,000. Taking the 
hysteretic constant as 0*001 and the frequency as 50, the watts 
lost per c.c. would be 

0*001 X 50 X 100001*7 X 10-7 == 0-0315 watt. 

Now imagine that over one half of the cross section the flux 
density is 11000, whilst over the other half it is 9000. The watts 
lost per c.c. will be 

0*001 X 50 X 110001*7 X 10-7 0*0371 watt 

and 0-001 X 50 x 9000i*7 x 10-7 0-0263 watt 


respectivelj^ giving an average value of 0-0317 watt per c.c., 
showing a slight increase. 

In a number of cases of machines of different types, the flux 
crosses an air gap and then has to traverse a path which consists 
of a number of iron teeth in parallel with a number of slots. In a 
case like this, the major portion of the flux passes down the teeth, 
but some of the lines must pass down the slots since they have a 
definite finite reluctance. The actual distribution of the flux is 
somewhat complicated, but lends itself to mathematical treatment. 

Calculation of Magnetising Ampere-turns. — The simplest case is 
that of a ring specimen without any magnetic joints. Knowing 
the magnetisation curve of the material, the maximum value of H 
can be determined for a given maximum value of JS, and the total 
maximum ampere-turns required are given by the formula 


TT T ^TT 

^ vJ' JQ ^ 


I T 


Knowing the number of turns in the winding, the maximum and 
R.M.S. values of the current can be obtained. 

Let the total maximum flux be <I> = where a is the cross 

sectional area. Then 




ajjL 


and 


ijr 


10 

47r afjL 


T - V f ^ 

' “ 47rV2 


assuming sinusoidal wave forms. 

This is a purely idle current lagging by 90°, but there is also 
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a power component due to the iron losses. This can be deter- 
mined by dividing the watts lost by the voltage. The resultant 
current is the vectorial sum of the two. 

The effect of magnetic joints is quite appreciable, and is equiva- 
lent to adding a small air gap, thus resulting in a considerable 
increase in the magnetising current. 

Where composite magnetic circuits are in question, the problem 
is more complicated and is dealt with by the method of determining 
the ampere-turns necessary to force the flux through each part of 
the magnetic circuit in succession. The sum total of these ampere- 
turns enables the magnetising current to be determined. 



CHAPTER IX 

WAVE FORM 

Non-sinusoidal Wave Form. — All wave forms act ually obtained in 
practice differ more or less from the standard sine wave, and in 
cases where the difference is considerable it is necessary to take 
account of it. Whether sinusoidal or not, the wave form is periodic 
in its character, each cycle being similar to the preceding one. It 
can be demonstrated mathematically that any periodic curve can 
be split up into a number of pure sine waves of different frequencies 
and amplitudes superposed on one another. One of these com- 
ponent curves, called the fundamental, will have the same frequency 
as the resultant complex curve. The other components will have 
frequencies which are exact multiples of the fundamental frequency. 
If the frequency of one of these other components bore a fractional 



Fig. 66. — Effect of Fractional Harmonic. 


ratio to that of the fundamental, it is easy to see that the second 
cycle would not be a repetition of the first as illustrated in Fig. 66, 
where the ratio of the frequencies is chosen as 1*6. 

These various ^components are known as harmonics, and are 
distinguished by means of a number. For example, the third 
harmonic is that component sine Avave which has a frequency three 
times that of the fundamental. The maximum values of these 
varioLS harmonics may be anything, but usually they get smaller 
the higher the frequency, although special circumstances may 
result in a particular one being well developed. The relative phase 
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of the different harmonics may also be anything ; it is not necessary 
for them to pass through the zero values at the same instant. 

The three things ^yhich specify the harmonic are ( 1 ) the frequency , 
(2) the amplitude or maximum value of the component, and (3) the 
relative phase. Thus the instantaneous value of a complex wave 
may be expressed as 

e = sin -i” etj) ^2 (2^ d" 012 ) ^3 {SO Ug) A* • • • > 

where etc., are the maximum values of the fundamental 

and the various harmonics respectively, 6 is the angle, measured 
at fundamental frequency, moved through since the commence- 
ment, and Oj, ttj, ttg, etc., are angles representing the phase of 
the various quantities at the instant from which the effects are 
measured. For example, at the instant of commencement the 
instantaneous value of the fundamental may have been half the 



Fig. 67. — Etfect of Second Harmonic. 


maximum value. Then sin {d + Ui) ™ 0*5, and since 6 is zero, 
by hypothesis must be 30°. Again, at the end of a given time 
imagine that the fundamental has advanced by 40°. Then the instan- 
taneous value of the fundamental is sin (40° + 30°) ™ 0*94Ej 
or 0*94 times its maximum value. 

Even Harmonics. — An even harmonic is one the frequency of 
Avhich is an even number of times the fundamental frequency. One 
of the effects of an even harmonic is to make the two halves of the 
wave dissimilar, and this is not possible with the ordinary types of 
A.C. generators having a constant speed, for whatever occurs under 
one pole is repeated under the next which is of opposite polarity. 
Thus the two halves of the wave must be similar. Fig. 97 repre- 
sents a wave with a 50 per cent, second harmonic passing through 
the zero 60° later than the fundamental, and it is seen that not only 
are the + and — portions dissimilar, but that one occupies a larger 
proportion of the base line than the other. All the even harmonics, 
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therefore, are absent in the wave forms obtained from the ordinary 
types of generators. 

Odd Harmonics. — The presence of odd harmpnics does not render 
the two halves of the wave dissimilar, for when the fundamental 
has advanced through half a period the odd harmonics have advanced 
through a number of complete periods plus half a period, and hence 



Fia. 68. — Effect of Third Harmonic. 


their instantaneous values are in the same direction relative to the 
instantaneous value of the fundamental. There is therefore no 
inherent reason why odd harmonics should not be present in E.M.F. 
and current waves, and they are, indeed, found there. 

Phase of Harmonics. — The various harmonics may go through their 
zero values at any moment relative to the zero of the fundamental, 
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and this question of the relative phase alters the resulting character 
of the wave to a very large extent. "Fig. 68 shows a series of curves 
illustrating the effecf. of a 26 per cent, third harmonic, i.e. a third 
harmonic the maximum value of which is 25 per cent, that of the 



maximum value of the fundamental. The different curves result 
from the application of different values to the angle a in the 
expression 

e — El sin 6 -j- E^ sin (30 + a). 
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There is no need to consider an angle in the first term corresponding 
to o, for this would simply mean drawing the curve from a different 
starting point. Fig. 69 shows a similar series of curves for a 
26 per cent, fifth harmonic. 

Curve V in Fig. 68 and curve I in Fig. 69 are termed peaked 
waves, whilst cmrve I in Fig. 68 and curve V in Fig. 69 are examples 
of what are termed dimpled waves. These two terms are merely 
indicative of the general character of the wave, there being no 
rigid demarcation between the two. 

R.M.S. Value of a Complex Wave.— Taking an E.M.F. wave as 
an example, let the instantaneous value be represented by 

e — E^ sin 6 E^ sin {Zd + a) + ^6 sin (50 + jS) + . . . . 

Then the instantaneous value of is given by 

e® — E^ sin^ 9 -f E^^ sin® (30 + a) -j- E^^ sin® (50 -|- jS) + . • • 

+ (a number of terms containing the products of two sines). 

It can be shown mathematically that the average product of 
two sines of different frequencies is zero.^ Consequently the 
average value of e® is equal to the average value of 

A\® siii®0 + E.^^ sin® (30 -(- a) + E^^ sin® (50 + j8) + • • • • 

But the average value of sin®0, or sin® (30 + a), etc., is ^.® 


^ Average value of product of two sines 
, . 

0 


I / wTT , 

= / sin (iQ sin hddi^ 

J 0 

1 /’-'rr ( "I 

I { COS {a6 — 60) — cos (a0 bB) dO 

l-Tr (I I ‘ 

j j^cos (rr — 6) 0 — cos (d + 6) 0| f/0 

I r 1 1 “ 1 -^ 

sin (a - 6) 0 - -- . sin (a b) 9 

ATr[_a b ^ ^ a h ^ ^ ^ J„ 


47r 

1 

47r 


I 7 


0 - 0. 


“ This follows from the following reasoning :~ 
1 

Average value of sin® 0 I sin®0ff0 

^ 27rjo 

1 r-irr/l 1 \ 


1 r' 
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Therefore the average value of is equal to 


2 2 ' 2 


and the R.M.S value is 




+ ■■ ■ 


In a similar manner, the RM.S. value of a complex current 
wave is found to be 




2 + . . . 


Effect of Magnetic Saturation on Current Wave Form. — In the case of 
a clicking coil having an iron core, the current wave form is distorted 
when magnetic saturation occurs, this being due to the fact that 
the B~—H curve is not a straight line. The simplest case to take is 
that of a choking coil having no ohmic resistance at all. The applied 
Volts must therefore be balanced at every instant by the induced 
back E.M.F. If the wave form of the applied voltage is sinusoidal, 
it follows that the wave form of the back E.M.F. must also be 
sinusoidal, and since tliis latter is proportional to the rate of change 
of flux, it follows that the flux itself must be sinusoidal as well, 
although displaced by 90° in phase. The problem resolves itself, 
therefore, into determining the current wave form necessary to 
produce a sine wave of flux. If the flux were proportional to the 
current, no distortion would occur, but this is not so. As the 
B — H curve bends over, each additional ampere of magnetising 
current produces a smaller and smaller amount of flux, and conse- 
quently each increment of flux requires a larger and larger increase 
in the current. The actual wave form can be determined by means 
of the following graphical construction. 

Let the left-hand diagram in Fig. 70 represent the B — H curve 
of the iron used, or, preferably, let it represent the relation between 
the total flux and the magnetising current, the total flux being 
obtained by multiplying the density by the cross sectional area 
and the magnetising current from the formula 

4:7r 

H ~ Yq X ampere-turns per cm. 

The sinusoidal flux wave is drawn to the right. In order to obtain 
the current required at any instant to produce a given flux, such as 
aby a projection is drawn on to the left-hand diagram, the necessary 
current being given by oc. The point d is then obtained by making 
ad equal to oc, and d is then a point on the required current wave.' 
This is repeated until a sufficient number of points is obtained 
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enabling the current wave to be drawn in, a characteristic example 
of which is shown in the figure. The outstanding feature of the 
curve is the fact that it is more peaked than the sine wave and 
usually contains a prominent third harmonic. It is a purely idle 
current, since it passes through the zero at the same instant as 



the flux which lags behind the applied voltage by 90^^, and, more- 
over, botli halves of the wave are equal. The resulting power curve 
is a double frequency one, but is not sinusoidal in character, although 
the average value is zero. Thus it is seen that magnetic saturation 
in the iron causes a distortion in the current wave, but does not 
result in any loss of power. 

Effect of Hysteresis on Current Wave Form. — In the preceding 
paragraph the same B — H curve was taken for ascending and 
descending values, with the result that the current wave was 
symmetrical about its maximum value and was purely idle. When 
the effect of hysteresis is considered, the value of the magnetising 
current required to produce a given flux is less when the current 
is decreasing than when it is increasing, and since the flux dies 
away at the same rate that it is built up, it follows that the current 
falls away at a greater rate, resulting, in general, in the downward 
part of the current wave being steeper than the upward portion. 
The current wave thus loses its symmetry, with the result that more 
energy is supplied to the circuit in building up the field than is 
returned on its destruction. Consequently, a power component 
has been introduced into the current wave which was to be expected, 
since hysteresis results in a loss of power. 

In order actually to determine the current wave, the graphical 
construction explained in the last paragraph is again employed, 

H 
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using a hysteresis loop instead of a simple B — H curve (see Fig. 71). 
The maximum value of B in the hysteresis loop is made equal to 
the maximum valne of the flux density in the iron. Care must be 
exercised in order that the correct portion of the hysteresis loop 



shall be u.sed. When the flux is zero and about to take a positive 
value, the necessary magnetising current is given by ah, which 
length is transferred to a'b' in the right-hand diagram. When the 
flux has a value ac in the positive direction, the corresponding 
magnetising current is cd, which is reproduced at c'd'. Similarly, 




Fig. 72. — Separation of Hysteresis and Magnetising Oiirreiits. 

is reproduced at e / . After the maximurQ value has been passed 
the flux follows the upper curve in the hysteresis loop, and when it 
has decreased to a value ag the magnetising current is gh, from which 
g'W is plotted. When the flux has dropped to ai the magnetising 
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current has dropped to zero, after which it commences to rise in 
the opposite direction before the flux has changed sign. It is thus 
seen that the current wave leads the flux wave to a certain extent 
and hence is less than 90^ behind the voltage wave. On this account, 
therefore, the average value of the power assumes a positive value, 
representing the hysteresis loss. 

The component of the current which refers to the hysteresis loss 
can be separated from the component which refers solely to the 
magnetisation in the following manner. The hysteresis loop is 
plotted and a mean B — H curve drawn representing the conditions 
which would obtain if the hysteresis loop were to shrink to a line 
enclosing no area (see Fig. 72). For a given flux, the magnetising 
current can be considered as the mean of the two values obtained 
from the curve. A current wave can be obtained as described 
above from the mean B — H curve, and another current wave can 
be obtained by the use of the actual hysteresis loop. The first 
represents the purely magnetising current, whilst the second repre- 
sents the sum of the currents necessary for the magnetisation and 
for supplying the hysteresis loss. By taking the difference of these 
two curves, a third one may be obtained representing the current 
supplied solely to make up for the hysteresis loss. This will not 
be a sine wave, and may, in certain cases, take up a very irregular 
form ; but if a power curve is drawn by multiplying the instan- 
taneous values of this current and the applied voltage, the result 
will show an average positive value wliich will represent the hysteresis 
loss. This component of the current can therefore be considered as 
a power component. 

Effect of Harmonics on Inductive Reactance. — When the wave form 
of the applied E.M.F. is not sinusoidal, it can be split up into a 
number of component sinusoidal E.M.F. ’s of different frequencies, the 
fundamental frequency being the same as that of the complex wave. 
These different E.M.F. ’s can be considered as acting independently 
of each other, each producing its own current. But the reactance 
of a given choking coil is proportional to the frequency of supply, 
and if the frequency is raised the reactance increases. Conse- 
quently, the reactance, as far as the third harmonic is concerned, 
is three times what it is to the fundamental, and the amperes pro- 
duced per volt of the third harmonic will only be one-third of the 
amperes produced per volt of the fundamental. With the higher 
harmonics this effect is accentuated still more. In other words, 
the circuit offers a higher impedance to the harmonics than it does 
to the fundamental, with the result that the corresponding harmonics 
in the current wave will be diminished in magnitude and the 
current wave will be a closer approximation to the ideal than the 
voltage wave. Thus reactance has the effect of damping out the 
harmonics in the current wave, and the higher the harmonic the 
greater is the damping effect. 

H 2 
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Consider a circuit having an inductance L and an applied voltage 
obeying the law 

e = sin 0 *+ sin (3^ + a) -f -Ej sin (56> + • • ■ • 

The R.M.jS. value of the voltage is 






and the fundamental E.M.F. produces a maximum current of 

w 

\ : amperes, whilst the third and fifth harmonics produce maxi- 
27rfL 

E E 

mum currents of _ y and ^ r amperes respec- 

2ir X if X L 2tt X 5f X L 

tively, and so on. The R.M.S. value of all these currents com- 
bined is 




2irfJZ 


X 


2 18 50 ' 


The I'enctauce, considered with respect to the complex wave, is 
given by 


+ E,^ + . . 


A ^ 

2nfL 


X 


27rfL X 


V 2 18 50 ^ ' 

l E^E^ + AV H- . . : 

/ EJ Er^ 

Vv+ ^ +2i + --- 


Thus another effect of harmonics in the E.M.F. wave form is to 
increase the reactance in the ratio 






^ 25 ^ 


The relative phases of the various harmonics do not affect 
the value of this ratio, which is onlj^ dependent upon the relative 
magnitudes of the various harmonics. 

As an example, consider the case where there is a 20 per cent, 
third harmonic, a 10 per cent, fifth harmonic and a 5 per cent. 
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seventh harmonic in the E.M.F. wave form. This voltage is applied 
to a circuit having an inductance L. The reactance corresponding 
to this on a sine wave would be 2TrfL, but on the complex wave in 
question it is 


2'TrfL X 


/ 1 2 + 0-22 + 0-12 + O-OS* 

V + - 9 - + ^^ + 


25 


49 


^ 2'irfL X 1-023. 


Thus the inductance would appear to be 2-3 per cent, higher on this 
particular wave form than on a pure sine wave. Strictly speaking, 
the factor 27 r is only correct on the sine wave hypothesis, and for 
other wave forms a slightly different constant should be used. 

If resistance is also present in the circuit the conditions are some- 
what modified. The current produced by each component of the 
E.M.F. is calculated from a knowledge of the impedance corre- 
sponding to the particular frequency, whilst the angle of lag for 
each component is calculated from the formula 


6^^ 


tan~^ 


X 

R' 


This angle will be different for the various harmonics on account 
of the change in X. The sum of these component currents gives 
the resultant from which the wave may be plotted. 

Effect of Harmonics on Capacity Reactance. — In the case of a 
circuit containing nothing but condensers, the impedance is inversely 
proportional to the frequency, and treating a complex wave in 
the same way as in the previous paragraph, it is seen that each 
harmonic produces a proportionally greater current than the 
fundamental. Thus the third harmonic produces three times 
the current per volt that the fundamental does, and so on. Conse- 
quently, the circuit appears to possess a reduced impedance when 
the E.M.F. wave contains harmonics. 

If the circuit contains a capacity of G farads the fundamental 
E.M. F. will produce a maximum current of 2TrfCEi amperes where 
Ej is the maximum value of the fundamental E.M.F. The third 
harmonic will produce a current of 27r X (3/) X CE.;^ amperes, and 
so on. The R.M.S. value of the resultant current will be 


{2irfGE^)^ + {QirfGE^)^ + (lO^fGE,)^ + . . , 


2nfG X 


+ 9E^^ + 25E^^ + ... 
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The impedance is therefore given by 


. . . . . 

E _ 2 

1 lE,^ + E,^ + E,^ + . . . . 

“ 217/(7 V E^^ + 9032 + 25^5^ + . . 

The impedance is therefore reduced in the ratio 


IE^^ + E^^ + E^^ + • • • 

y Ey^ + QE^^ + 25Er/ + . r . ■ 


Considering the same E.M.F. wave form as in the example in 
previous paragraph, this ratio works out to be 

/p + 0-22 + 0-12 + 0-052 
\ 12 + 9 X 0-2* + 25“x 0-”r2 + 49 X 0-052 
= 0-779. 


This example serves to show the magnitude of the errors which 
are liable to creep in when measuring the capacity of a condenser 
by determinations of the current, voltage and frequency. The 
higher harmonics are particularly objectionable in such a case. 
Even a 1 per cent, seventh harmonic results in a decrease in the 
impedance by 0-25 per cent. 

Any variation from the ideal sine wave of E.M.F. results in an 
increase in the current taken by a condenser, and this shows why 
it is desirable to obtain in practice as near an approximation as 
possible to a .sinusoidal wave form in order that the capacity current 
in the circuit, which is undesirable, shall be reduced to a minimum. 

If the circuit also contains resistance, the problem is further 
complicated as in the case of an inductance, the relative phase 
angles of the various harmonics being considerably modified. 

In Fig. 73 are showir the current waves obtained by the applica- 
tion of an E.M.F. given by the expression 


e = 100 sin ^ 25 sin (3^ -f 180) 

to (o) a pure choking coil and (6) a condenser. 

Resonance with Harmonics. — Ther.e is for every circuit a particu- 
lar frequency at which the effects of resonance reach a maximum. 
This critical frequency may be a multiple of the frequency of supply 
and may coincide more or less with that of one of the harmonics. 
The effect of resonance is to produce a very large current per volt 
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and to render the impedance very small over a certain limited range 
of frequency. Thus the current due to a particular harmonic in 
the E.M.F. wave may be greatly magnified whep it appears in the 
current wave, resulting in an extraordinary distortion. In fact, 
in some extreme cases it appears at first sight as if the frequency of 
the complex wave were that of the resonating harmonic, but this is 
not so. 

The conditions which arise in such a circuit are very well illus- 
trated by means of a concrete example. Consider the case of an 
E.M.F. wave represented by 

e = loosing + 10 sin (3^ + 180°). 

The circuit consists of a resistance of 2 ohms, an inductance of 0'02 
henry, and a capacity of 55 mfds., all connected in scries, the 
frequency being 50 cycles per second. 



The maximum value of the fundamental current is 

100 

\/2* + (2- X «• X O-OS - x-5 J 

=== 1*94 ampeics. 

The maxiiuum value of the third harmonic current is 


10 

.^22 -f (^TT X 160 X 0-02 


10 « 


27r X 150 X 
4*88 amperes. . 


55 / 
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The angle of lead of the fundamental current over the fundamental 
voltage is 


tan' 


273* X 50 X 0-02 


10 « 


27r X 50 X 55 


88 ° 


The angle of lead of the harmonic current over the harmonic 
voltage is 


tan ' 


27r X 150 X 0-02 


10 « 

27r X 150 X 55 


2 


= 13 ° 


Strictly speaking, these angles are negative angles of lag. 

The expression for the current is therefore 

1-94 sin {6 + 88°) + 4-88 .sin (3^ + 193°). 

Both the voltage and the current waves are represented in Fig. 74, 
which shows the effect of resonance with the third harmonic. 



Fio. 74. — Effect of Resonance with Third Harmonic. 


When a length of alternating current mains is switched into 
circuit, a capacity or charging current w'ill flow even on open circuit, 
since the two mains, being separated by a dielectric, constitute a 
condenser. The line will also possess a certain amount of inductance, 
and hence there is a definite frequency at which maximum resonance 
will occur. If there is a harmonic of this frequency in the E.M.h\ 
wave it will be reproduced to an enormously exaggerated extent in 
the current wave, resulting in a considerable increase in the R.M.S. 
value of the charging current. It is very rare that resonance occurs 
with the fundamental in cases like this ; but it is not at all out of 
the limits of possibility that trouble should be experienced with 
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harmonics. This forms an additional argnment in favour of 
obtaining as close an approximation to a sine wave as possible. 

Power resulting from a Complex Wave. — In determining the power 
in a circuit due to a complex E.M.F. wave, every component voltage 
must be considered with respect to every component current. But 
the average value of the power resulting from a voltage of one 
frequency and a current of another is zero, and thus the problem 
is greatly simplified. Each voltage, therefore, need only be con- 
sidered with respect to the current of the same frequency which it 
produces. The total power is the sum of the powers resulting from 
each harmonic separately in addition to that due to the fundamental, 
the frequency of the power in each case being dquble that of the 
current and voltage of which it is the result. The power factor 
of these various components will be different, the resultant power 
factor being obtained by dividing the total power by the product 
of the R-.M.S. current and the R.M.S. voltage. 

As an example, consider the case of a circuit consisting of a 
resistance of 10 ohms and an inductance of 0*2 henry. The expres- 
sion for the applied E.M.F. is 

e = 100 sin ^ + 20 sin (3^ + 60^) + 10 sin (5^ + 150°) 

+ 5 sin {10 + 300°) 

and the frequency is 60. 

The impedance with respect to the various components is 

Fundamental VlO^ + (27r X 50 X 0*02)2=: 11-8 apparent ohms. 
3rd Harmonic VlO^ + (27r X 150 X 0*02)2=: 21*3 ,, ,, 

5th „ Vl02“+ (27r x“250“x 0-02) 

7th „ Vl02T(27r X 350“x 0*0^^^ „ 


The angles of lag of the currents behind their respective 
voltages are 

Fundamental tan - 1 = 32-1° 

3rd Harmonic tan'i^-^ 62-0° 


5th 


7th 




The varioxis power factors arc 


Fundamental cos 32- 1° = 0-85 
3rd Harmonic cos 62-0° = 0-47 
5th „ cos 72-3° = 0-30 

7th „ cos 77-2° =5= 0-22. 
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The expression for the current is 
i == sin — 32°) + sin (3^ + 60° ~ 62°) 

+ sin (50 + 150° - 72°) + sin (70 -f 300° - 77°) 

= 8-48 sin (0 + 328°) + 0-94 sin (3^ + 358°) 

+ 0*30 sin (50 + 78°) + 0*11 sin (70 223°). 

The R.M.S. value of the current is 

* /8-482 + 0*942 0*302 + q.] 12 

V 2 ^ ^ 


™ 6*02 amperes. 

The R.M.S. value of the voltage is 


V 


1002 + 202 + 102 + 52 
2 


= 72*5 volts. 


The total power is 


100 8*48 , 20 ^ 0*94 ^ 

X , X 0*85 + X 7 .-- X 0-47 

\/2 V2 V2 V2 


+ X "'f X 0-30 
V2 a/2 

360 + 4*4 + 0*45 + 0*06 
365 watts say. 


5 ^ O il 

+2 ^ V 2 


0*22 


The resultant power factor is given by 

Total Average Power 
R.M.S. Voltage X R^.“S7 Current 

_ 365 

~ 72*5 X 6*02 

0*84. 


P.D. and Current Waves in the Case of an Are. — In the case of 
an arc supplied from an A.C. source, with a steadying resistance in 
series, a peculiar distortion is brought about in both the current 
wave and that of the p.d. across the arc terminals. To commence 
with, the supply voltage must rise to a certain value before the 
arc is struck, and thus the current wave is flat during this interval. 
When the arc is struck the current increases rapidly, and this 
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current, flowing through the series steadying resistance, causes a 
considerable drop in voltage which has the effect of suddenly 
lowering the p.d. across the arc itself. This sudden peak is shown 
in Fig. 75, which represents a typical case. As the current rises 
the voltage drop in the series resistance increases so that the wave 
form of the p.d. across the arc shows a broad hollow wliich continues 
until the arc suddenly goes out. The current then drops to zero, 
whilst another smaller peak is obtained in the p.d. wave. The arc 
is then built up in the opposite direction and the operations are 
repeated. 

This striking distortion of the current wave gives rise to a 
peculiar state of affairs with regard to the power consumed. The 
power curve can be constructed in the usual way from the current 
and voltage waves, but when its average value is measured the 
result is very much lower than the product of the R.M.S. current 
and the R.M.S. volts. Therefore, notwithstanding the fact that 



Kiu. 75. — Current and Voltage Waves for an Arc. 


the current is in phase with the voltage, as far as this can be said 
of two waves so widely dissimilar, the power factor of the arc is 
considerably less than unity and may fall as low as 0-6 in certain 
cases where hard carbons are used. 

The measurement of the amperes, volts and watts consumed by 
an A.C. arc forms an instructive experiment, a power factor of less 
than unity being obtained in spite of the absence of inductance and 
capacity. 

The horned appearance of the p.d. wave is very much accentuated 
if the arc is struck in coal gas, the tip of the initial peak representing 
a voltage many times as great as is obtained throughout the 
remainder of the time. 

Other Causes of Wave Distortion. — Ordinary resistances are often 
the cause of a slight distortion of the current wave form on account 
of their variation of temperature throughout the cycle. In the 
case of an ordinary metal filament glow lamp, the temperature of 
the filament varies to a considerable extent throughout the cycle, 
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and since it cannot get rid of its heat instantaneously it follows that 
the resistance when the voltage is decreasing is on the whole higher 
than when the voltage is increasing. Consequently, the current in 
the second quarter of the cycle is slightly less than it is in the first 
quarter. This results in a small distortion of the wave form, which 
is thrown slightly forward. The angle of lead obtained in this manner 
is of the order of 2° or 3° resulting in a drop in the power factor of 
approximately 0*1 per cent. In all ordinary measurements this is, 
of course, negligible. 

Another prolific source of wave distortion is the variation of the 
inductance of certain machines in different positions, certain cases 
of which will be dealt with later. 

Equivalent Sine Wave. — In the case of a distorted wave form the 
power factor is no longer equal to cos cf), for this is based on the 
assumption of a sinusoidal wave form. Indeed, ^ will probably 
vary throughout the cycle. In some cases it may be simpler to 
treat problems by substituting an equivalent sine wave for the actual 
one in question. The R.M.S. value of this equivalent sine wave 
will be the same as that of the actual wave, and consequently the 
maximum value of the sine wave will be V2 times the R.M.S. 
value of the actual wave. The phase of the equivalent sine wave 
can be determined from the power factor. The angle of lag, (f>\ 
is chosen so that cos is equal to the actual power factor. In the 
case of an A.C. arc, the equivalent current would be taken to be in 
phase with the voltage, its magnitude being reduced so as to get 
the right power. 

A warning is issued against a too promiscuous use of the equiva- 
lent sine wave, as it is only an approximation, and often only a very 
rough one at that. 

Effect of Wave Form on Insulation Testing. — When insulation is 
subjected to an alternating electrical stress it is the maximum 
voltage which causes the greatest effect. The application of a 
peaky wave form is a severer test than if a flat wave form is used, 
assuming the two R.M.S. values to be equal. On the other hand, 
the breakdown of the insulation is not solely due to the maximum 
voltage, but depends to some extent upon the rapidity of its growth 
in the near neighbourhood of the maximum point. 

Harmonic Analysis. — A number of different methods of analysing 
complex periodic waves have been devised, but it is not expedient 
to discuss them at this juncture. One method, due to Perry, ^ 
will be here described, not because it is the best, but because it is 
one of the simplest to understand. 

Perry^s Method. — Commencing from any point, the wave may be 
represented by 

e = sin (ff + a^) + sin (3^ + Ug) + sin (50 ^s) + • • • 

^ E/ectririan, 1898, vol. xxviii. p. ^62, 
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This can be expanded as follows ; — 

e — E-^ sin 6 cos cos d sin 

+ sin Zd cos aj + E^ cos 3^ sin 03 
+ E^ sin 50 cos - 1 - E^ cos 50 sin 
+ 

Since a^, ag, a^, etc., are constants, this can be written 
e — sin ^ + ^3 sin 3^ + Aj sin 50 . 

+ Bj cos 0 + jBg cos 30 + Bj cos 50 , 

where = E^ cos 

and Bi = E^ sin a^, etc. 

To determine A^, multiply both sides of the equation by sin 0 
and find the average value over half a cycle. Then 

e sin 0 = Aj^ sin^ 0 sin 30 sin 0 A- sin 50 sin 0 • 

+ cos 0 sin ^ + jBg cos 3^ sin 0 B^ cos 5^ sin ^ . 

The average value of all the terms on the right-hand side of 
the equation with the exception of the first is zero, and the average 
value of sin^ 0 is J. Hence is equal to twice the average value 
of e sin ^ taken throughout the half -period. 

In a similar manner, by multiplying throughout by sin 3^, 
sin 50 and by cos 0, cos 30, cos 50, etc., the other co-efficients 
Ag, Ag, £ 3 , B^, etc., are determined as follows : — 

-- twice the average value of e sin 9, 

-- „ „ „ e sin 3^, 

A^ ^ „ „ e sin 5^, 

>? jy >) ^ COS 9^ 

„ „ „ e cos 39, 

^ „ „ „ e cos 5^, 

etc. 


It is now required to cast the terms of the expression in the 
form sin [9 + a^) instead of A^ sin 9 and cos 9. 


We have E^ sin {9 + a^) ^ sin 0 cos 9, 

Also E^ sin {9 -|- a^) ~ E^ cos sin 9 ^ B^ sin cos 9, 
Therefore A^ ~ cos 

and B^ = E^ vsin a^. 

Again = E^^ (cos‘^ + sin^ a^) ™ 

and E, ^ VA^^ VBi^. 


B\ _ E^ sin a, 
A I E^ cos 


= tan a^. 


Also 
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= V A + ^3^ 

Ag = etc., 

= tan ‘ ' 

ttg =tan -i 

-^3 

T> 

ttfi == tan^^ ® , etc. 

The results are best drawn up in the form of a table as shown 
on page 111. The columns in the table are filled in with obser- 
vations taken from Fig. 76, from which the following results are 
obtained : — 

120 
100 
80 
60 
40 
20 
0 

-20 
-40 
-60 
~80 
-100 
-120 

2 X 50 - 100 As = 2 X 7-1 -- 14;2 2 x 0 = 0 

==2x0 = 0 B, = 2x7A= 14-2 ==2 x(~5)= ~10 


E^ = Vioo2 + 0‘" 

E 3 =\/l4-22 + 14-22 

jS5=V02 + {- 10)2 

= 100 

= 20 

= 10 

1 0 

, 14-2 

. 1 - 10 

100 

a3 = tan-ij^2 

ag = tan'i 

= 0° 

= 45“ 

= 270°. 


The final expression is 

e = 100 sin (0 + 0^) + 20 sin (30 -f 45^^) + 10 sin (6^ -f 270^), 



riQ. 76. — Wave Form Analysed on page 111. 


Summarising 
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This method involves some very tedious calculations, particu- 
larly if the higher harmonics are to be determined, for the above 
example is only worked out up to the fifth harmonic. 

Author’s Method. — Most of the methods of analysing periodic wave 
forms at present in use are rather tedious to carry out and necessitate 
a good deal of time being spent on the evaluation of the various 
constants. The method here outlined is an effort to expedite 
calculations of this kind and to provide a ready method, by means of 
a simple series of equations, for the analysis of periodic wave forms. 

The method consists in taking a series of pairs of points on the 
wave to be analysed, equidistantly spaced on either side of the 
point chosen as the zero. The algebraic sum of each pair of 
readings is equal to a series of terms of the type 2E sin a cos 6, since 
they are the sum of two sines. Here, 6 is equal to some known 
angle, determined by the position of the points chosen, and E and 
a are constants depending upon the composition of the wave. 
In a similar manner, the algebraic differences of the same pairs of 
points give rise to a series of terms of the type 2E cos a sin 6, the 
symbols having the same meaning as before. When a sufficient 
number of such equations are obtained, they can be solved in 
terms of the quantities E sin a and E cos a. 

In solving up to, say, the seventeenth harmonic there are 
eighteen unknown quantities to be determined, namely, the 
amplitudes and phase angles of the fundamental and the eight 
harmonics. Thus eighteen simultaneous equations are required, 
the necessary data being "obtained from eighteen chosen ordinates. 
Ill order to minimise errors due to the incorrect drawing of the 
curve, those ordinates are chosen at equal distances apart, viz., 
at 5°, 15°, 25°, . . . 165° and 175° after the point which it is desired 
to regard as zero. The values of these various ordinates will be 
represented by V^, Fjj, Fjs, . . . Figg and F^g. 

Let the wave be represented by the expression : — ■ 

sin (0 -j- o-i) !' Eq sin (3^ -|- a.j) -!-••. + Ej^~ sin (1 7^ F 
Then Fgg = E^ sin (85° F Uj) F E^ sin (2.5^° F * 3 ) 

F sin (42.5° F Us) F • ■ • F ^17 sin (1445° 4“ Uiv)^ 
and F-gj = E^ sin ( — 85° F «i) + E^ sin ( — 2.55° F Us) 

F ^6 sin ( — 425° F Ug) F • • • + E^^ sin ( — 144.5° F Uj-) 

= -Fgg. 

f"85 F Fgg Fgg - F_gg 

— 2Ei cos sin 85° F ^E.^ cos Uj sin 25.5° 

4' 2^(5 cos ttg sin 425° F • • • f" cos sin 144.5°. 

Similarly, IF 5 F Fj^g = F 75 - F ..75 

— 2Ei cos ttj sin 75° F ^E^ cos sin 22.5° 

F 2®5 cos ttg sin 375° F • • • F ^E^j cos sin 127.5°. 
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I 

Other r ladings are taken every 10° until Fg and are 
reached, l^en the resulting nine simultaneous equations are 
solved, thus obtaining cos a^, E^ cos a^, (jtc., in terms of 

(^85 + ^95)-^ (^75 + ^los)^ • • • (^^6 + ^175)* 

A second series of calculations must now be made as follows : — 


^85 ~ V,, ^ Fsg + F_,g 

“ 2E^ sin ai cos 85° + 2E^ sin cos 255° 

+ 2E^ sin ug cos 425° + . . . + sin cos 1445°. 

^75 "" Fjos == F 75 + F _75 

~ 2 JS/j sin cos 75° + 2Eq sin cos 225° 

+ 2E^ sin ug cos 375° + . . . + 2E^^ sin cos 1275°. 

In this way another nine simultaneous equations are obtained 
and sin a^, E^ sin Ug, etc., are evaluated in terms of (Fgg — - F 95 ), 

(^75 ~ ^ 105)5 • • • (Fg — F 175 ). 


Then 


E-^ — V {E^ sin + {E-^ cos 


ai 


tan-^ 


j&i sin 

E-j^ cos 0Lj„. 


and similarly for the various harmonics. 

Care must be taken to observe the signs of E sin a and E cos a, 
as these enable the quadrant in which a is situated to be deter- 
mined. 

The initial labour in solving the above equations is considerable, 
but this having been accomplished once and for all, the problem 
resolves itself into simply multiplying the various chosen ordinates 
by certain known constants, and the analysis becomes much less 
tedious an operation than it is by many of the other methods in 
common use. 

In order further to facilitate the actual calculations, a schedule 
has been drawn up as shown in Table I. This table is self- 
explanatory ; in fact it is not even necessary to be familiar with 
the underlying principles in order to work out an example. 

If so desired, the fundamental or any particular harmonic may 
be determined by itself without carrying out the analysis any further. 

A modified set of constants, for use in connection with the 
approximate analysis of a wave up to the fifth harmonic, may be of 
value in some cases. For this purpose six readings from the curve 
are necessary and they may be taken conveniently at 16°, 45°, 
76°, 105°, 136° and 166° after the zero. 

It will be found convenient for quickness in working to arrange 
these approximate calculations also in the form of a schedule, an 
example of which is shown in Table II. 

If no harmonics higher than the fifth are present, the constants 
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enumerated in this table will give correct results, but, course, the 
more pronounced the higher harmonics are, the larger the error 
will h6 in the determination of the equation to the wavt-, by means of 
this second set of constants. 

Experimental Determination of Wave Form. — A number of different 
types of instruments have been devised for the purpose of deter- 
mining wave forms experimentally, and some of these will be 
described in Chapter XII. One method which does not involve the 
use of any special type of measuring instrument, except an 
electrostatic voltmeter, will be described now. 

Joubert’s Contact Method. — The special piece of apparatus used 
consists of an arrangement whereby momentary contact is made 
once per cycle to an electrostatic voltmeter (see 
p. 138), which consequently gives a deflection 
which is an indication of the instantaneous value 
rather than the R.M.S. value. By shifting the 
point of contact, the instantaneous values can be 
determined at other points of the wave, thus 
enabling it to be plotted. 

One form of the Joubert contact consists of 
an insulated disc mounted on a metal hub, the 
whole being directly driven by means of a shaft 
extension of the machine supplying the power. 
At one portion of the rim a little strip of brass is 
let in so that two copper brushes placed side by side and insulated 
from each other will be connected together every time the strip of 
brass comes under them. One of these brushes is capable of being 
given a certain amount of lead b}^ means of an adjustment, this 
regulating the duration of the interval of time over which contact 
is made. This affects the steadiness and magnitude of the volt- 
meter reading and the best position is obtained by trial. 

The two brushes are supported from a movable arm the position 
of which is indicated by means of a pointer moving over a scale. 
Assuming that the machine supplying the circuit has four poles, a 
displacement of 10° of the brushes corresponds to a phase displace- 
ment of 20°. If the brushes are moved round in the direction of 
rotation the instant of contact is deferred and the point obtained 
comes later in the wave, whilst if the brushes are moved in the 
opposite direction the reverse is the case. 

In making a determination of the voltage wave the circuit is 
connected according to Fig. 78 (a), the electrostatic voltmeter 
measuring directly the instantaneous pressure across the mains, 
whilst the connections shown in Fig. 78 (b) are used when it is 
desired to make a determination of the current wave. Here the 
instantaneous voltage drop across a known non-inductive resistance 
is obtained, enabling the instantaneous current to be calculated. 
The other instruments indicated in the diagram serve to measure 



Fig. 77. — Joubert 
Contact. 
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the R.M.S. values of the quantities concerned. An alternative 
method of doing this is to connect a short-circuiting switch across 
the two brushes and use one voltmeter throughcnt. A condenser 
is also placed in parallel with the voltmeter in order to maintain 
the deflection diuring the period when no electrical connection is 
made at the contact. The magnitude of the condenser should be 
determined by trial, but the best value will in most cases be found 
to be somewhere under a microfarad. By means of a change-over 
switch it can be arranged to take readings on the voltage and current 
waves together as indicated in Fig. 78 (c). 



(a) (i) («) 

For Volt Wave. For Current Wave. For Volt and Current Waves. 

Fio. 78. — Connections for Joubert Contact. 


For the purpose of current wave form determinations, it is 
better to have a low reading electrostatic voltmeter such as the 
Ayrton and Mather type, or else to set up the voltage by the addition 
of a constant voltage. This latter must be very constant, as other- 
wise the accuracy of the measurement is vitiated. A convenient 
piece of apparatus for this purpose is a battery of 100 cadmium 
cells arranged so that they can be switched in ten at a time. 





CHAPTER X 


POLYPHASE OURKENTS 

y" Production of Two Phase Currents.— The simple elementary alter- 
nating current dynamo consists of a single turn rotating with uniform 
speed in a bipolar magnetic field. Such a turn has a sinusoidal 
E.M.F. induced in it if certain conditions are fulfilled, and a sin{jle 



Fig. 79. - Simple Two Phase A C. Dynamo. 


'phase current is the result if the circuit is closed. Now imagine a 
second turn rigidly fixed to the first, the planes of the two coils 
being at right angles (see Fig. 79). This second turn will also 
produce a sinusoidal E.M.F. of the same magnitude as the first, 
the only difference being that when one coil has 
its maximum E.M.F. induced, the E.M.F. in 
the second is zero. In other words, there is a 
phase difference of 90° between the two E.M.F. ’s 
induced in the two coils. The two E.M.F. ’s 
are represented graphically in Fig. 80. Each 
coil may be connected across a non-inductive 
resistance producing a current, and these two 
currents will also have a phase difference of 
90°, since they are in phase with their respective 
E.M.F.’s. Such a circuit is termed a two phase circuit. If reactance 
is included in equal amounts in each circuit so that the magnitudes 
and phases of the two currents are equal, the two currents will still 
be 90° out of phase with each other. Such a combined circuit is 

116 
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E.M.F/8. 



CH. X 


POLYPHASE CUERENTS 


117 


termed balanced, i^hich term implies quadrature of phase and equal 
magnitudes of tl.e two currents. Fig. 81 shows a vector diagram 
of a two phase circuit where each current > 

lags behind its E.M.F. by an angle (f>. a ‘ 

This circuit requires four wires to transmit 

the power, the two circuits being separated f 

from each other and completely insulated. / 

In actual practice it is usual to con- / 

nect the two phases together at one point 7 \ 

so as to avoid the possibility of a great ^ 
potential difference between the two coils. 

The two phases are then said to be linked 
together. This linking is very often ac- 

complished by connecting the centre points ,, .... ^ , 

or each phase together as illustrated Two Chase circuit, 
diagrammatically in Fig. 82. Such a 

system is sometimes called by the alternative name of quarter 
■phase. 

Instead of linking the two phases together at their centres, 
they may be connected together at the extreme end of the coils, 




WvWVV 


Fig. 82.'~Tvro Phase IJnked 
Circuit. 


Fig. 83. — Two Phase Tlireo 
Wire Circuit. 


ill which case they would be represented diagrammatically as in 
Fig. 83. This system of connections results in the reduction of the 



Fig. 84. — ^ Vector Diagram for Two Phase 
Three Wire System. 


wires necessary for transmission 
from four to three, but labours 
under certain disadvantages from 
which the four wire transmission 
is free. The third wire serves as 
the return for both phases and 
hence carries a current which is 
the vector sum of the two phase 
currents. iSince these two currents 
are in quadrature, their vector 
sum is a/2 times the value of 
either of them, and hence the third 
wire must be made larger in cross- 
section to allow for this. 


The vector diagram for a two phase three wire system is illus- 
trated in Fig. 84. The current flowing Inwards in the third wire 
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is the vector sum of the currents in the other two /wires ; therefore 
the current flowing outwards is represented by the v ?ctor 01 r, which 
is minus the current flowing inwards, since a rwersal of the current 
is equivalent to changing its phase by 180°. |rhe phase difference 
between the current in the third wire and either of the other two is 
135°. In one case it is a lead and in the other a lag. v 
^ Power in a Two Phase Circuit. — ^The power developed in a two phase 

circuit is the sum of the powers developed in each phase separately 



Fig. 85. — Measurement of Power in a Two Phase Circuit. 


and can be determined by two wattmeters connected so that each 
measures the power in one phase, as shown in Fig. 85. Sometimes 
these two wattmeters are combined in one instrument, both tending 
to deflect the pointer in the same direction, so that the resultant 
deflection is proportional to the total power. In measuring the 
power in this manner, it is not necessary to have the circuits 
balanced. 

If the circuits are balanced, the power factor of each phase will 
be the same, but if the circuits are unbalanced the resultant power 
factor will be given by 

Total Watts 

Volt-amperes of phase I + Volt-amperes of phase 11. Y- 

Production of Three Phase Currents. — If, instead of placing two 
coils at right angles on the ^elementary alternating current dynamo. 



Fig. 86.' Simple Three Phase A.C. Dynamo. 

||iree coils had been placed on it mutually inclined at 120° to each 
ibther, as in Fig. 86, then the R.M.S. voltage induced in all three 
would be the same, but there would be a phase difference of 120° 
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between each pair of coils. Such a combination is termed a three 
phase system, and the three E.M.P.’s are graphically represented in 
Fig. 87 both in curve form and in a vector di.igram. 

A three phase circuit may be represented diagrammaticaUy in 


12 3 



FiO. 87. — Three PJiase JO.M.F.’s. 


the way shown in Fig. 88, where the three coils of the simple A.C. 
dynamo are independently connected to three equal re.sistances. 
According to this method of connection, six wires are required for 
the transmission of the power, but all the return leads can be 
combined in one without upsetting the electrical conditions, since 
they are only joined on one pole. Thus the six wires can be reduced 


A CDi/namo 
Co:I [ 


L oadJ Resistance 




Fig. 88. — Tliree Phase Circuits. 


to four. The current returning through this fourth wire is the 
vector sum of all the currents flowing outwards in the other three 
wires. Assuming that the system is balanced, these three currents 
will be equal and will have a phase displacement of 120° with each 
other. Thus the current returning by the fourth wire can be repre- 
sented by the expression 

i = J sin ^ / sin ^ 120°) -f / sin (0 - 240°). 

This can be expanded with the following result : — 

i =: I [sin 9 + sin 9 cos 120° — cos 9 sin 120° 

+ sin 9 cos 240° — cos 9 sin 240°] 

r r • ^ * z) ^ ^ ^ * Zl I ^ ^ z)i 

— I [sin ^ ” Sin ^ ^ cos & — - sin ^ + — cos 9\ 

2 2 zS 

- 0 . 
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Thus at every instant the current returning by way of the fourth 
wire is zero, and conseqxiently this wire can be dispensed with. 

' In this way, the important result 

is arrived at thatfcnly three wires 
are necessary to 'transmit power 
by means of a three phase system. 
In certain cases in practice, how- 
ever, where unbalanced circuits 
-- are dealt with, four conductors are 
used, the earth being commonly 
used for the fourth conductor. 

|The three line wires may also 
be regarded from the point of view 
that each in turn serves as the 

Fia. 89.-Vector DiaKram of Throe Phase 

it is seen that the instantaneous 
current flowing outwards in any 
one is always equal and opposite to the vector sum of the instan- 
taneous currents flowing outwards in the other two. This can 
also be seen from the vector diagram shown in Fig. 89, where, con- 
sidering the vertical components, ab + cd is equal to ef and, con- 
sidering the horizontal components, oa is equal to oc oe, \/ 

Star System of Connection. — In developing the circuits shown in 
Fig. 88, the first operation was to join all the inner ends together 


ACDynamo LoadResislance 




Fia. 90. — Three Phase Star Connections. 


into what is known as a star point and then to omit the fourth 
wire. The resulting system of connections, shown in Fig. 90, is 
known as a star connected circuit, or sometimes as a Y-connected 
circuit. 

An important relationship to be established is that existing 
between the volts per coil, or the phase volts, and the volts between 
any two line wires, or the line volts. Referring to the vector 
diagram (see Fig. 91), it is seen that [the voltage between lines is 
equal to the vector difference of the two phase voltages concerned, 
for the vectors represent the E.M.F.’s acting away from the star 
point. Reversing therefore, and adding the voltage thus 
obtained to the vector E^ is obtained, and it is seen that tliere 
is a phase difference of 30° between E^ and E,^. By dropping a 
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perpendicular from on to OEi, it is seen that 


Er, 

2 


is equal to 


E^ cos 30° = ^-Ei, and therefore Ef, is equal to VSE^. j The 

important fact is therefore established that the line voltage is 
Vs times the volts per coil or per phase, and that there is a 
difference of phase of 30° in each case, 

If the load at the receiving end of the line consists of three 
non-inductive resistances arranged in star, then the current through 
each resistance will be in phase with the voltage across it, and the 





E. 



Fig. 91. — Line and Plia«ie Volts for 
Star Connection. 


Fig. 92. — Vector Diagram showing (Currents 
in Star Connected System. 


same will hold good at the generator end of the line. But since 
there is a phase difference of 30° between the coil volts and the 
line volts, it follows that in a non-inductive load there is a phase 
difference of 30° between the line current and the line voltage. 
The voltage across lines I and II will lead the current in I by 30°, 
whilst the voltage across lines I and III will lag behind the current 
in I by 30°, as can be seen from Fig. 91. If the load circuit contains 
reactance as well as resistance, the current will lag behind the coil 
voltage by an angle <f>, as shown in the vector diagram in Fig. 92. 
The angle of phase difference between current and line voltages 
will be 30° -f- ^ and 30° — 

Mesh System of Connection. — An alternative method of connecting 
the three coils of the simple alternating current dynamo is to connect 
the rear end of I to the front end of II, the rear end of II to the 
front end of III, and the rear end of III to the front end of I, thus 
making a closed local circuit. The three line wires are connected to 
the three joining points (see Fig. 93). Such a system is called 
a me<ih connected or delta (from the Greek letter A) connected system. 
At first sight it appears as if there is a short circuit formed by the 
three coils, since they are all connected in series with one another 
and the circuit is closed. But if the three E.M.F.’s are added 
together at any instant it will be found that they always add up to 
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zero. In other words, the sum of the E.M.F.’s of any two coils is 
always equal and opposite to the E.M.F. of the third. Here the 
line voltage is obvious!^ equal to the phase voltage, but the current 
in each line wire is the sum of the currents in two coils. Again, it 



Fia. 93. — Three Phase Mesh or Delta Connections. 


will be seen that the current flowing out of line A is the vector 
difference of the currents in coils I and III. In order to determine 
what this is, reverse I.j and add it to when the resulting line current 
will be found to be equal to V 3/j in the same way that the line 
voltage was found to be equal to -v/S times the coil voltage for a 
star connected system. If three non-inductive resistances are 
connected up in the same manner at the receiving end, they will 
each take a current which is in phase with the voltage across their 
respective terminals. If reactance is present in equal amounts in 
the three circuits the current will lag behind the voltage by an 

angle and combining each pair of 
phase currents the three line currents 
are obtained, the resulting vector dia- 
gram being shown in Fig. 94. 

The two systems of connection de- 
scribed above are interchangeable and 
it is possible to have a star-connected 
g generator with a mesh -connected load 
and vice versa. 

Power in a Star-connected Circuit. — 

The power given out by the simple 
alternating current dynamo when star- 
connected is the sum of the powers 
System. given out by the three coils. Assuming 

that both resistance and reactance are 
present so as to make the current lag by an single <f> behind the coil 
voltage, it is seen that the power output of each coil is EpI p cos <f>, 
where Ep is the phase voltage and Ip is the phase current, which is 



also equal to I p, the line current. 


But Ep — where Ep is 


the line voltage, and therefore 
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P-3 X 


cos ( f ) 


— 'V^SPjr^JTj^ cos (j). 


It is to be remembered that the power factor is the cosine of the 
angle of phase difference between the coil voltage and the current, 
not the line voltage and the current. 

Power in a Mesh-connected System. — Here again the total power is 
the sum of the powers in the three separate phases and is therefore 
equal to 

p cos (j)» 


But the line current is equal to VSIp and consequently the total 
power can be rewritten 

cos (f) 
a/3 ^ 

= Y 3Pjr/j^ COS (f>, 

the same as before. 

Thus the power in a three phase system is the same for both 
star and mesh if the line voltage, line current, and power factor are 
the same. In the one case the line voltage is VS times the phase 
voltage, whilst in the other the line current is \/3 times the phase 
current. 

Measurement of Power in a Three Phase System. — The first obvious 
method of measuring the power in a three phase system is to use 
three wattmeters so that each measures 
the power developed or absorbed by 
one phase. The connections for doing 
this in the case of a star system are 
shown in Fig. 95, and at first sight it 
appears as if it is necessary to bring 
out a fourth wire from the star point. 

But the three ends of the volt coils of 
the wattmeters form a star point in 
themselves, and, considering them as a 
very small load, it is seen that no current flows through the fourth 
wire, so that it may be omitted. In other words, the potential 
of the star point formed by the wattmeter volt coils is the same 
as that at the generator or load ends. 

If the system were balanced one wattmeter would be sufficient 
if the star point were available, the reading being multiplied by 3. 
If a lead is brought out from the generator star point the connec- 
tions would be those shown in Fig. 96 (a). But forming an auxiliary 
star point by means of three high resistances the connections shown 
in Fig. 96 (ft) could be adopted. This bbviates the necessity of 



Fig. 95. — Power Measurement in 
Star System. 
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Fig. 96. — Wattmeter Connections 
for Balanced Three Phase System. 


bringing a fourth wire out from the generator. But since the 
resistance of the volt coil will be comparable with each of these 
; ^ fine wire resistances, the value of the 

^ resistance in parallel with the volt coil 

(«) f VpiP must be chosen higher than the other 

§ two, so that when placed in parallel 

with the volt coil the joint resistance 

j is equal to each of the other two. A 

farther simplification can be made as 

— — showm in Fig. 96 (c). Here the volt 

' ^ ^ coil is itself used as one of the three 

I resistances, the values of the other two 

I i each being made equal to it. 

I I Wattmeters are sometimes provided 

with these two extra resistances so that 

(0^ they can measure directly the power in 

^ ^ balanced three phase circuit. 

Mu ^ mesh-connected 

■■ 1 1 system three wattmeters could be used 

I as in the previous case, but this would 

r. ^ i. ^ necessitate opening the three branches 

for Balanced Three Phase System. 01 the mesh lor the purpose OI intro- 
ducing the three current coils as shown 
in Fig. 97, and this would be very inconvenient, apart from the 
fact that it could only be done at either the generator or the load 
end of the line. But since the power in a 
mesh system is the same as that in a star 

system, there is no need to resort to this 

arrangement, and the other more convenient ^ 
methods can be adopted. 

Two Wattmeter Method of Measuring Power. — < 

By far the most commonly used method of > 

measuring the power in a three phase system 

is that knoAvn as the two ivattmeter method. 

Each wattmeter has its 

current coil in a differ- ^ ^ ’ 

> ' . 1 I 1 -1 . . lUG. 9/. — Power Meaaiire- 

ir lead, WiUJst the two ment ill a Mesh System. 

^ ^ volt coils are connected 

their respective current coils, 

^ the other ends being connected to the third 

lead, which has no current coil in it, as shown 

in Fig. 98. It will now be shown that the 
oTn^sur^ wattmeter readings gives the 

Power. total power, and that this measurement is 

independent of balance and wave form if 
the wattmeters are themselves accurate. 

Let the instantaneous volts measured from the star point to 


Fig. 97. — Power Measure- 
ment ill a Mesh System. 
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the three line wires be e^, and eg respectively and let the 
currents flowing outwards in the three arms be ij, and ig 
respectively. Then wattmeter measures (cj — Cg) and watt- 
meter measures (eg — eg) The sum of the two readings is 
therefore 

^2) H “b (^3 ^2) *3 

— ejij Cg (ij -j- ig) -f- Cgig. 

But ig == - ('t\ + ig). 

Therefore the sura of the two readings is 

which is the total power at that instant, and the wattmeters will 
indicate the average value of this quantity, in which no assumption 
as to balance or wave form is made 

W 



The same reasoning holds good for a mesh connection, for it 
does not matter, as far as the wattmeters are concerned, whether 
the power is generated in a mesh or star system. 

By the use of a specially designed change-over switch one 
wattmeter can be used for making the necessary measxirements. 
The function of this switch is to change over the current coil from 
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one lead to the other without opening the circuit even momentarily. 
One end of the volt coil is attached to the current coil and is changed 
over with it, whilst the other end of the volt coil remains untouched. 
Fig. 99 shows a diagrammatical sketch of the switch and its connec- 
tions, together with the five successive stages in the operation, all 
of which are performed in the one movement of the switch. 

Vector Diagram for Two Wattmeter Method. — It is interesting to 
observe what each wattmeter is really doing in this measurement, 
and this can be seen by a reference to the vector diagram in Fig. 100. 



Fia. 100. — Vector Diagram for Two Wattmeter Method. 


Assuming again a balanced circuit and sinusoidal wave forms, it 
is seen that wattmeter Wj measures the product of Er,^ and the 
cosine of the angle of phase difference between them. If Ei^ had 
been drawn in exactly the opposite direction, it would have been 
more than 90° out of phase with and would correspond to 
a negative power and a backward reading of the wattmeter. 
Similarly wattmeter measures the product of L^, Ei„ and the 
cosine of the angle of phase difference between them. The 
quantities which the wattmeters record are shown separately in 
Fig. 100, where it is seen that 

Wi = El cos {<f> + 30°) 
and IFj = El cos {<f> — 30°). 

Therefore 

+ El {cos {(j> + 30°) -[- cos - 30°)! 

= El X 2 cos (f> cos 30° 

= VSEI cos (f), 

which is again equal to the total power. 

When <f) attains a value of over 60°, cos + 30°) becomes 
negative and wattmeter commences to read backwards. In 
order to make the measurement, therefore, either the current coil 
or the volt coil must be reversed, and the forward reading thus 
obtained must be subtracted from that of the other wattmeter in 
order to obtain the total power. In the same way, when the 
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angle of lead becomes greater than 60° the wattmeter W.^ com- 
mences to read backwards and the same procedure must be 
adopted. 

Measurement of Power Factor from Wattmeter Readings. — On a 

sine wave hypothesis the measurement of the power factor devolves 
into a determination of cos <f), and this can be obtained from the 
two wattmeter readings mentioned above, for 


Wi-W 2 = El {cos + 30°) — cos {<f> — 30°) } 
= — El X 2 sin (f> sin 30° 

= — El sin <l>. 

Therefore ITi -- If 2 ^ - El sin (}> 

+ If 2 V3 El cos 

— sin (f> 


Vs 


W\ - If 2 
W^'+ If 2 


If 2V 


1 + 3 


W 2 V 


Wi 
w\ + If 2 


V 3 cos <f> 

= — tan 

=== tan^ (f), 

~ 1 -f tan^ <!> - sec^ (f>, 


and 



ill the round brackets by W2 we get 



It is convenient to divide by the larger reading so that 


Ex 

If, 


is always less than unity. 

Another way of stating this relationship is obtained by multi- 
plying top and bottom of the above equation by (r -f 1). Then 
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/ / -p X 

cos 6 = 

— ^ “ 1 “ ^ 

V(r + 1)^+ 3 (f — 1)2 

r + 1 

2 y '^2 _ 1 

When the angle of lag is 60° the wattmeter is measuring 
i?/cos(60° + 30°)-0, 

and thus, when the j)ower factor falls to 0*5 cos 60°, the indica- 
tion of the first wattmeter is zero. This result is also obtained by 
putting r equal to zero in the last equation. If the power factor 
is less than 0*5 it follows, from the same equation, that r must 
have a negative value, indicating that one wattmeter is reading 
backwards. 

Again, when the angle of lead is 60° the wattmeter measures 
J5;/cos(--60°-30°)=0, 

and for power factors of less than 0-5 with the current leading the 
second wattmeter gives a negative indication. 
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Fig. 101 shows in curve form the relation between the power 
fac^tor and the ratio of the two wattmeter readings, this ratio always 
havitig a fractional value. The power factors under which the two 
wattmeters themselves are working are also showji, it being seen 
that each of them reverses in sign over a portion of the range. 

Three Phase Load. — ^The conditions necessary for a three phase 
load to be balanced are that the resistances of the three arms must 
be all equal, the inductive reactances 
must be all equal and the capacity 
reactances must be all equal. It is 
not sufficient that the impedances 
should be equal, as this result might 
be attained with different proportions 
of resistance and reactance. 

The same impedances arranged in 
mesh produce a larger current for a 
given E.M.F. than when arranged 
in star, for consider the general case where the impedance of each 
branch is Z and the line volts are B (see Fig. 102). 

E 

When arranged in star, the voltage across each branch is 

V3 
E 

, but when they are arranged in mesh the 



Star 


Mesh 


FlO. 102.- 


-Impedances in Star and 
Mesh. 


and the current is 


E — E 

current per branch is „ . so that the line current is \/3 ^ , or three 
/j Zi 


times the previous value. Thus the equivalent impedance of the 
system is reduced to one-third of its original value by changing 
over from star to mesh. 

Unbalanced Three Phase Circuit. — An unbalanced system is pro- 
duced when the impedances in the different branches are unequal. 
The three currents may be of different magnitude and may also lag 
behind their respective E.M.F. ’s by different amounts, but the 
vector sum of all the currents flowing outwards must add up to 
zero if there are only three wires. In order that this condition may 
be brought about, the voltage is usually distributed in an unsym- 
mctrical manner over the three branches, the general effect being 
to reduce the voltage on the heavily loaded side. One result of 
this is that the potential of the unsymmetrical star point is different 
from what it woiild be if the system were balanced. 

The average power factor is a term which has rather a dubious 
meaning, but it may be defined as the 

Total power 

Sum of the volt-amperes for all phases 


This will not necessarily be the same as the average of the three 
individual power factors. 



130 


ALTERNATING CURRENTS 


OH. 


Effect of Third Harmonic. — All the harmonics which are divisible 
by 3 are absent in a balanced three phase system, providine; 
no fourth conductor is used. The voltage between any two lines 
is the vector difference of two phase voltages acting away from the 
star point, and these voltages differ in phase by a third of a period. 
But if a third harmonic is present in the E.M.F. wave, there will 
be a phase difference of one complete period between these harmonic 
voltages in the two phases, and hence they will always be equal 
and opposite. This can be graphically demonstrated by subtracting 
two equal voltages containing third harmonics, as in Fig. 103, the 
phase difference being 120'^. The resulting curve shows no third 
harmonic. 



Fig. 103. — Oisnppenrnnce of Tliird TTarinonic in Three Plmsc System. 


Tt can also be seen by adding together the voltages as follows - 
Cj --= sin 6 + E^ sin (W a) 

62 = Ej sin {$ - 120°) + i/g sin {:} {0 - J20°) h a| 

E^ sin {9 — 120°) + E.^ sin {S9 + a -- 360°) 

E^ sin {9 — 120°) -f ■ E^ sin (3^ -|- a) 

^•1 — ^2 — sin(^ — 120°)} + E.^ | sin (3(9 + a) - sin (3^ + a)J 

= Isin 9 - sin {9 - 120°)) 

— 2Ei cos {9 ~ 00°) sin 00° 

= V3}E?iCOs(^ -60°) 

= VSEi sin (^ + 30°). 

The third harmonic lias obviously disappeared. 

In a similar manner, the ninth, fifteenth, etc., harmonics dis- 
appear, so that the only ones possible in a three phase system are 
the fifth, seventh, eleventh, thirteenth, etc. 

This is not necessarily the case when a fourth wire is employed 
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to join the star points, for altlioiigh no third iiarmonic can exist in 
the voltage between lines, yet it can exist between any line wire 
and the fourth conductor, and its jjresence may produce a harmonic 
current flowing round the circuit consisting of the line wire and the 
fourth conductor together with the apparatus joining them. 

Six Phase Currents, — Six phase currents can be obtained in the 
same way as two and three phase currents by having six coils 
spaced 60° apart on the simple alternating current dynamo. But 
coil No. 4 is exactly the same as coil No. 1, with the exception that 
it is reversed, and thus six separate phases can be obtained from a 
three phase source provided they are kept insulated. ' By means 
of transformers (see Chapters XITI-XV) it is possible to produce 
six connected phases from a three phase supply, and in most cases 
in practice where six phase currents are employed they are obtained 
from a three phase source. They are used in connection with certain 
types of apparatus (e.g, rotary converters, see Chapter XXIIT) the 
operation of which is improved by the use of a large number of 
phases. 

Nine and twelve phase currents are also occasionally met with 
in practice, but here again their application is limited to certain 
particular tyjjes of apparatus. 
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ALTERNATING CXJRKENT INSTRUMENTS 

Moving Iron Ammeters and Voltmeters. — This large class of am- 
meters is divided into two main groups, (1) where there is only 
one iron which is attracted into a solenoid carrying the current 
to be measured, and (2) where there are two irons, one fixed and 
the other movable, both of them being magnetised by the current 
to be measured. 

The genera] action can be understood, by considering a simple 
case of the second type. The two irons lie jjarallel to the axis of 
the coil, and, assuming their permeabilities to be constant, the pole 
strengths will be proportional to the current. The force of rei^uh 
sion will therefore be proportional to the instantaneous square of 
the current and will always be in the same direction. The square 
root of the deflecting torque will be proportional to the R.M.S. 
value, so that these instruments will work all right on A.C. circuits. 
Unfortunately, the assumption of the constancy of the permeability 
cannot by any means be justified in practice, and this introduces 
modifications. When the iron gets highly saturated the deflecting 
torque falls away from the square law and becomes more nearly 
proportional to the first power of the current. The result of this 
is that the indications of the instruments are considerably affected 
by wave form and they should be calibrated on a wave form similar 
to that on which they are to be used. A badly designed instrument 
may show a difference of 10 per cent, in extreme cases, whereas a 
Avell designed instrument should not show a 
greater difference than 1 per cent. 

An example of the single iron type is 
shown in diagrainuiatic form in Fig. 104. 
It consists, in brief, of an iron disc pivoted 
eccentrically and fixed at one end of the 
magnetising coil. When a current flows the 
iron is attracted into the coil, causing a rotation of the spindle. 

The second class is indicated in diagrammatic form in Fig. 105. 
A fixed rod of soft iron repels another rod attached to the moving 
system. Wl^en the needle is deflected the distance between the 

132 



Fig. 104. — Single Iron Type 
of Moving Iron Instrument. 
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irons is increased and the square law no longer holds. This has 
the effect of improving the scale, the contracted nature of which 
in the lower parts is one of the disadvantages of the moving iron 
instrument. 

The irons are often shaped in a particular fashion so as to improve 
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I he she [)c of the scialo, and in a good modern instrument this should 
lie moderately uniform from about onc-fifth to full scale deflection. 

These instruments operate equally well cither as ammeters or 
voltmeters. It is only a case of varying the tramber of turns and 
the size of the wire in the magnetising coil, the ampere-turns being 
ke]it the same. They can also be used for both continuous and 
alternating currents. The contraction of the lower part of the 
scale is not so important in the case of voltmeters, since only the 
voltage in the region of the normal is of great importance in the 
majority of cases, and the instrument can be designed so that this 
comes in the open part of the scale. 

In the majority of moving iron instruments a gravity control is 
adopted, the moving system being balanced on the zero by means 
of two counterpoise weights. These 
weights consist of small nuts which 
travel on two screwed rods at right 
angles, as shown in Fig. 106. When 
the pointer is on the zero the nut B 
lies vertically underneath the centre 
and its movement docs not affect the 
position of the pointer. The zero 
adjustment, therefore, is obtained by 
means of A. In order to vary the 
magnitude of the reading, an adjust- fio. toe.— Gravity control, 
ment of B is made, since this will 

have an effect when the pointer is deflected. A must not bo 
touched now, as this would alter the zero. If B is moved nearer 
to the centre, the deflection for a given c.urrent will be increased. 
T^he control is not uniform, since the centre of gravity is raised by 




Moving 
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different amounts for equal deflections at different parts of the 
scale. The controlling torque is, in fact, proportional to the sine 
of the angle of deflection. 

Moving iron ammeters and voltmeters suffer from the dis- 
advantage of a comparatively large power consumption, and unless 
shielded they are affecited by stray fields. The temperature error 
in low range voltmeters is also considerable. 

Air damping is usually provided either by a piston working in 
a cylinder or simply by means of a vane attached to the moving 
system. 

Dynamometer Ammeters and Voltmeters.— In these instruments 
there arc two coils connected in series carrying tlic whole or a propor- 
tional part of the current. Those two coils are set with their axes 
inclined to one another, one being fixed and the other movable. The 
instantaneous torque is proportional to the square of the instan- 
taneous current and the average torque is therefore proportional 
to the mean square of the current. Owing to the variation 
of the distance between the two coils, however, the scale does not 

r 



Fia. 107. — CoiinectioiH for Dynuinomotor Tyi>e Ammeter. 


obey a strict square law, but is usually a little contracted at the 
top end as well as being very contracted at the beginning. 

In the ease of ammeters, the whole current cannot be led into 
and out of the moving system by means of the controlling springs, 
and to get over this difiiculty the connections shown in Fig. 1()7 
are sometijiies used. The two fixed coils, G, (7, are j)laced in series 
with one another and a resistance, R, across the terminals, T^, ^ 3 . 
The moving coil, 31. C,, is connected in series with the resistance, r, 
also across the terminals, T 2 . The ratio of resistance to reactance 
in each branch circuit 3 mist be the same, so that the phase relation- 
ships are not disturbed. 

They are affected by stray magnetic fields, but to counteract 
this they can be effectivel}^ screened ands if necessary, they can be 
wound astatically. 

Most instruments of this type are provided with a spring control 
and an air damping device. 

The spring control produces a restoring torque proportional to 
the angle of deflection, and is similar to that used on moving coil 
instruments, wliilst the various air damping devices adopted aro 
similar to those used on moving iron instruments. 
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The Kelvin Balance and the Siemens Dynamometer are examples 
of instruments of this type which are suitable for use on continuous 
as well as alternating currents. » 

High-class dynamometer instruments are only aflPected to a 
very small degree by changes of wave form and frequency and 
sometimes not at all. 

Induction Ammeters and Voltmeters. — The main class of induction 
instruments are designed upon the shielded pole principle and were 
originally due to Ferraris. 

A specially shaped aluminium disc, D (see Fig. 108), is arranged 
to rotate between the poles of an electromagnet, M, energised by 
the current to be measured. Two 


copper discs, G, G, partially shield the 
l)oles, so that part of the flux goes 
straight across the aluminium disc, 
and part goes through the copper discs 
on the way. Due to the fact that the 
flux is alternating, eddy currents are 
set up in both copper and aluminium 
discs, and since these currents are 
flowing in the same direction at any 
given instant of time, they will 
attract each other. A clockwise ro- 
tation of the movable disc is therefore 
set up, this being opposed by a spiral 
spring. By suitably shaping the alu- 
minium disc,, a deflection of 300° can 
be obtained, the long scale being one 
of the distinctive features of the in- 



Fig. 108. — rrinclple of Iiiductiou 
Instrument. 


strument. The deflecting torque at aity instant is proportional 
to the square of the instantaneous current, and consequently the 
instruments will indicate R.M.S. values, but owing to the action 
of the eddy currents they are very sensitive to changes of frequency 
unless this is compensated for. The indications are practically 
independent of wave form, but temperature errors are considerable 
unless these are also compensated for. 

Another type of induction ammeter or voltmeter is the split 
phase instrument. This splitting is done by making one phase 
non-inductive and the other highly inductive, the instrument actmg 


after the manner of the induction wattmeter. 


Iron Cored Ammeters and Voltmeters. — ^This class of instrument, in 


which shunt electromagnets are used, has been developed by Dr. 
Sumpner. The voltmeter consists of an electromagnet, iff, with a 
laminated iron core shaped as shown in Fig. 109. This is excited 
by means of the E.M.F. to be measured, whilst the moving coil, 
M.G., is connected in series with a condenspr, (7, across the same two 
points as the shunt coil. The instantaneous value of the deflecting 
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torque is proportional to the product of the instantaneous values of 
the flux and the current in the moving coil. On the assumption 
• that the resistance drops in the two coils 

K I !«—/•/ negligible, the flux lags behind the 

X^__x ^ — 1-, impressed E.M.F. by 90°, and the current 

c ^ in the moving coil leads the E.M.F. by 

^ — j 90° on account of the condenser. These 

vV/O N.C therefore have a phase differ- 

■ ence of 180°, or by reversing one of 

them they can be considered as being 
^ [ in phase. Moreover, both the current 
f in the moving coil and the flux arc pro- 

Fio. 109.-lron Cored Voltn>eter. POrtional to the p.d., SO that their 

product is proportional to the instan- 
taneous square of the voltage, and the instrument can be calibrated 
to read the R.M.S. value without being affected by wave form or 
frequency. 

Hotwire Ammeters and Voltmeters. These instruments depend 
uf)on the elongation of a wire tlic temperature of Avhich is raised, 
due to the passage of the current to be measured. The wire rises 
in temperature until the heat radiated per second is equal to the 
heat produced per second, the resulting sag of the hot wire which 
is stretched between two fixed points being used to actuate the 
pointer. Since the rate of production of heat is proportional to 
the square of the current, the instrument tends to obey, with slight 
modifications, the square law common to all alternating ammeters 
and voltmeters, and consequently indicates R.M.S. values. In 
fact the A.C. ampere is defined as being that alternating current 
which produces the same heating effect as one ampere of continuous 
current. Obviously, wave form, frequency and stray magnetic 
fields have absolutely no effect on the indications, but the instru- 
ments suffer from other inherent disadvantages which render them 
not so accurate as some of the other types described. 

The construction of ammeters and voltmeters is practically 
the same, the voltmeters having a large non-inductive resistance 
placed in series with the hot wire, whilst the ammeters are shunted 
for currents more than a few amperes. 

The general arrangement is shown in Fig. 110, the hot wire being 
made of platinum-iridium or platinum-silver, and in some cases 
even of eureka. This is maintained in a state of tension between 
the two supports, one of which is made adjustable in order 

to give a zero adjustment which is performed by means of the 
screw, Z. Attached to the point A is a second wire of phosphor- 
bronze held rigidly at the other end, B. This second wire is kept 
in tension by means of a fine silk fibre one end of which is attached 
bo the phosphor-bronze wire at C, whilst the other end is carried 
round a small bone pulley, P, and is attached to the end of a flat 
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steel spring, S, which has the effect of keeping the whole system in 
tension. When the hot wire expands a certain amount of sag is 
produced at A, which causes a sag of greater amount»in the phosphor- 
bronze wire. This action is repeated by the silk fibre, which, by 
its movement, causes the pulley to rotate, producing a deflection 
of the pointer, to which it is rigidly attached. Since the amount of 
sag which is produced is very large compared with the actual increase 
in length of the hot wire, a double magnification is obtained, the 
displacement of the silk fibre being some 500 times the actual 
elongation of the hot wire. 

Attached to the moving system is an aluminium vane moving 
between the jaws of a permanent magnet. When a deflection takes 
place eddy currents arc produced in the vane and a damping action 
ensues. 

In order to prevent a reading being obtained due to variations 
in the aijuospherie teinp(M'atnro, the base plate is made of two 



materials so proportioned that its coefficient of expansion is equal 
to that of the wire itself. This can be done by making the main 
part of copper with an iron extension as shown, or the base might 
be made of iron and the auxiliary plate of nickel steel. When the 
instrument is switched off after it has been in circuit for some time, 
the wire cools down almost instantly, whilst the base plate has a 
coiivsiderable time lag. For this reason, the pointer seldom returns 
accurately to zero and the instrument has a tendency to read low. 
Those instruments which have a platinum-silver hot wire are more 
uncertain with regard to the zero than those having a hot wire of 
platinum-iridium. The temperature rise involved with the latter 
is so high that no serious errors occur due to the room temperature. 
Platinum-iridium has another advantage over platinum-silver in 
its greater tensile strength. This enables a thinner wire to be used, 
rendering the instrument less sluggish in jts action. 

A great disadvantage possessed by hot wire instruments is their 
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Milh-Vollmeltr 


Fig. 111. 


-Cunnoctioiis of Thermal 
Convertor. 


inability to withstand even comparatively small overloads. This 
is due to the wires being worked at as high a temperature as possible 
in the first case, •in addition to the fact that the production of heat 
is proportional to the square of the current. Fuses are sometimes 
employed to protect the instruments, but they are not very satis- 
factory, as very often the hot wire fuses first, due to the rapidity 
with which its temperature rises. 

Thermo-junction Ammeters and Voltmeters. — Anotlmr type of 
thermal instrument is the moving coil 'millivoltmcter supplied from 

a thermo- junction heated by the 
alternating current to be measured. 
In the Paul instrument of this type, 
the thermo- junction and heater arc 
(iontained in a glass bulb about 
25 mm. diameter exhausted to a 
high degree of vacuum. Both the 
heater and the thermo- junction, 
which consists of an iron-eureka couple, are supported on platinum 
leading in wires and are lightly soldered together. Only a pro- 
portional part of the current is used to heat the thermo-junction, J 
(sec Fig. Ill), the remainder being carried by the shunt, S, A 
small resistance, B, is used for purposes of adjustment. These 
“ thermal converters,’’ as they are called, can be used in conjunc- 
tion with shunts on ammeters as well as on voltmeters. 

In the lluddell thermo-ammeter the heater consists of a sheet 
of platinised mica, the platinum being scraped away in places so 
as to form a kind of grid. In this way high resistances are readily 
obtained in a very small space. The thermo-junction lies just 
above the heater, and is part of the moving system of the instru- 
ment, so that no current passes through the controlling spring. 

These instruments are ]jarticularly suitable for high frequency 
work, since they are absolutely independent of frequency. They 
are also suitable for the measurement of small alternating currents. 


Electrostatic Voltmeters. — ^These instruments can only be used 
as voltmeters, since they act like condensers and only take a small 
(japacity current. They can be divided into two mairi types : 
(1) where a jmir of ])lates or quadrants are chaiged to different 
potentials, whilst a movable vane to which a pointer is attached is 
connected to one or other of the fixed vanes or is charged to some 
intermediate potential ; and (2) w^here the moving vanes are con- 
nected to one terminal and the fixed vanes are connected to the 
other, the moving system being attracted bodily to the fixed system, 
causing a rotation round its axis. 

One of the best known electrostatic instruments is the Kelvin 
multicellular voltmeter, so named because a number of cells act 
together on a common spindle. The working parts are represent ed 
diagrammatically in Fig. 112, where a number of movable vanes, 
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M.V., are threaded on to a spindle carrying the pointer, P, and arc 
interleaved between a number of fixed vanes, F.V. 


The moving system is suspended by means 
of a fine wire, 8, from the underneath side of a 
coach spring, C, to prevent injury due to acci- 
dental vibration. The zero is adjusted by 
means of a torsion head, TM., and tangent 
screAv, T.8., attached to the suspension. The 
underneath side of the moving sj^stem ends in 
a vertical perforated paddle, P, moving in a 
glass vessel containing oil, this serving as the 
damping device. To avoid injury during transit, 
tlie moving system is clamped against a collar. 

These instruments are only used on ]o\v 
tension circuits ; for high tension, a different 
jmttern is used. In this case the vanes arc 
vertical and the moving system is supported on 
knife edges. 

The Ayrton -Mather voltmeter consists of a 
number of vanes which are portions of concen- 
tric cylinders of different radii (see Eig. 113). 
The movable vanes are attracted into the space 
between the fixed ones when a difference of 
potential is set up, thus causing a deflection. In 
low voltage instruments a spring control is 

used, but for the 


m 



FiO. J1-. — Multicellular 
Electrostatic Voltmeter. 



Fig. 1 1 3.— ' Ayrton-Mather Electrostatic 
Voltmeter. 


medium volt- 
ages and high tension a gravity 
control is adopted. I^ddy current 
damping is provided by means of 
a permanent magnet. 

For very high voltage work, 
the Kelvin Volt Balance may be 
used. This consists of a metal 
scale pan balanced over a fixed 
plate, which is coveicd with a 
layer of mica insulation to prevent 
any accidental short-circuiting (see 
Fig. 114). The scale pan and 
pointer are counterpoised so that 
the whole system is balanced with 
the pointer at zero. When a p.d. 
is set up, attraction between the 
two plates ensues and a deflection 


is obtained. Such a voltmeter is very bulky, the outer case of a 


100,000 volt instrument standing some 5 feet high with a diameter 


of about 3 feet. 
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Electrostatic voltmeters have been constructed so as to read 
up to 200,000 volts, but there is great difficulty 
in accurately calibrating such instruments. 

Where oil damping is used, these instru- 
ments are sluggish in their action, due to the 
moving mass being necessarily large, whilst the 
working force is small. 

The scales are usually short and often some- 
what unevenly divided, the range being extended 
in some cases by means of subdivided resistances 
and in others by means of subdivided con- 
denseis. 

Wattmeters. — Wattmeters consist of two es- 
sential elements, viz., a pressure and a current coil, these two 
parts being eojinected in the circuit as a voltmeter and an 
ammeter resjiectivc'ly. Tlie simplest type of wattmeter to under- 
stand is the dynamometer ty|)e, where the current passes through 
the fixed currcuit- (oils and the voltage is ap])lied to the moving 
volt (H)iU j)rodueing a current ])ro])ortional to the voltage. 

The torque which is produced at any moment is proportioijal 
to the produet of the instantaneous values of voltage and current, 
and, assuming that the current lags behind the voltage by an 
angle the average value of this product is El cos (f>. In the 
ideal wattmeter, the volt coil must have negligible inductance and 
capacity compared with its resistance, so that the current flowing 
tlirough it shall be in phase with the voltage across it!^ In actual 
instruments, hoAvever, a certain amount of inductaiTfecris bound to 
be present, although it can be i educed to very small amounts, and 
the result is that the current lags in the shunt circuit by some 

0(j 

small angle a where tan a “ - , r being the resistance and x the 

reactance of the shunt coil. The presence of the leactance x 
causes two effects, (1) the shunt current is leduced in the ratio 

V 

, and (2) the shunt cuiTeiit is made to lag by an angle a. 

■ - 

The reducition of the shunt current is constant in magnitude and 
can be allowed for in the design of the instrument. The alteration 
in the phase of the shimt current, however, causes different 
variations at dilferent power factors and needs to be examined 
further. 

Instead of measuring at any instant 

cos 6 cos {6 — (/)) 

the wattmeter will now measure 

cos {0 — a) cos {6 — ch) X 7 

Vr- -|- 
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(cos 6 cos a + sin 0 sin a) (cos 0 cos ^ 4 sin 0 sin (f)) cos a 

‘ m 0 cos a cos <f} I I sill 20 cos a sin </> 

4 1 Hin 2^ sin a cos ^ 1- sin- ^ sin a sin (f}) (ios a. 

Putting the average values of cos^^, sin^^ and sin 2^ as | 
and 0 respectively, the wattmeter indication will be proportional to 

(i ^ CL + 2 ^ CL 

“ El cos -j- a) cos a. 

The cjBEcct is the equivalent of advancing the current in phase 
by an angle a. 

Let the true power, P, be equal to h x W, where IF is the 
wattmeter reading and h the correction factor. 


Then 

and 


P^-^hx W, 

El cos (f) ^ kEI cos ((f> — a) cos a 

cos {(j) — a) cos a 

cos (f) 

(cos (j) cos a 4‘ <f> cl) (*os a 

^ 1 

(cos a 4 - tan cf) sin a) cos a 

= I 

( 1 -4 tan (f) tan a) cos‘^ a 

__ 1 + tan^ a 

1 4’ tan <^tana 


The value of this coriection factor is plotted in Fig. 115 for 
various values of a, the angle of lag in the shunt cii’cuit. Asim])lo 



Fici. 115 .— Wattmeter Correction Factors. 
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approximation to the correction factor is obtained by neglecting 
tan® a, since a is small. Then 

1 

1 —j™ t)8lll (j) tfl/ll CL 
1 — tan (f) tan a. 

This constant k is, however, dependent upon the fiequency and 
wave form to a certain extent, since these affect the value of a. 

As the power factor decreases the error increases at a greater 
and greater rate, so that an instrument which is only subject to a 
0*5 per cent, error on a power factor of 0*8 would be liable to a 
7 per cent, error on a power factor of 0*1. This source of error is 
very prominent when low power factors arc dealt with, and has 
led to the development of a number of wattmeters having no iron 
in their construction, the object being to reduce the inductance of 
the pressure circuit. High voltage wattmeters arc easier to deal 
with in this respect, since a large non-inductive resistance can be 
placed in series with the moving coil. These series resistances are 
wound back on themselves, as in Fig. 116, so as to make them 



(ct) (b) 


riG 1 1G.““Xon-iiHluctive Winding in Sections. 

noiv-inductive ; but thi.s introduces a capacity effect, since there 
are conductors at different potentials lying close to one another 
and separated by a dielectric. 

To reduce tWs capacity effect and still have a non-inductive 
winding the coil is divided into sections as in Fig. 116 (b). This 
reduces the average p.d. between adjacent conductors, the total 
capacity being inversely proportional to the number of sections. 

This capacity, if not too great, tends to neutralise the effect of 
inductance, and therefore is beneficial up to a certain amount. 
Eddy currents also tend to produce errors, and to minimise these 
the case and constructional details are made of some insulating 
material rather than metal, whilst the current coil is carefully 
stranded when large currents are dealt with. 

An inherent error in wattmeter measurements lies in the fact that 
the instrument always includes in its reading the power absorbed 
by either the current coil or the volt coil. In Fig. 117 (a) the 
power lost due to the voltage drop across the current coil is 
included in the power measured, whilst in Fig. 117 (6) the power 
lost due to the current in the volt coil is included. On a 
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constant voltage circuit the latter will provide a constant error, 
whilst in the former case the error will be different for each value 
of the current. It does not always follow, howevor.^that Fig. 1 17 {b) 
is the better method of connection, for when very small currents 
are being measured the watts lost in the current coil will be smaller 
than those lost in the volt coil, and in such cases the connections 
shown in Fig. 117 ia) are preferable. 



In some wattmeters a fine wire compensating coil is placed 
inside the main current coil and in opposition to it, so that a negative 
torque is produced reducing the deflection by the amount of power 
lost in the volt coil. The turns on this compensating winding are 
made equal to those on the main current coil. This unfortunately 
increases the inductance of the pressure circuit, which is so un- 
desirable. 

Dynamometer Type Wattmeters. — Dynamometer type wattmeters 
form one of the commonest classes met with in practice, the moving 
coil being used as the pressure element and the 
fixed coil or coils as the current element. The 
moving coil, F.G., is attached to a spindle, in 
the plane of the fixed current coil, C'.G., as shown 
in Fig. 118. When the current is sufficiently large, 
the fixed coil is wound with copper strip, which 
is forced apart at tlie points where the spindle 
comes through. Attached to the moving system 
is an air-damping piston, D, to make the instru- 
ment aperiodic. When the pointer is on zero the 
two coils are inclined a little as shown, the 
winding being in such a direction that the coil 
tends to turn in a clockwise direction. Variations 
of wave form and frequency have very little effect 
in good dynamometer wattmeters. 

Induction Wattmeters. — ^Induction wattmeters 
on the Ferraris principle are often used for switch- 
board work, one of their advantages being the 
long scale, which often extends over about 300°. 

The accuracy is not as a general rule as high 
as in dynamometer wattmeters, but is sufficient 
for switchboard purposes. 

The wattmeter contains a volt coil, F. (7., 'and a current coil, C.C., 



D 

Fro. 118 .-— Dynamo- 
meter Type Watt- 
meter. 
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as before, in addition to a copper or alumininm disc, D (see Fig. 119), 
whilst damj>iiig is obtained by means of a permanent magnet. 
^’lle coils are wionnd on to soft iron cores between the pole pieces 
of which the disc rotates. The pressure circuit is made very highly 
inductive, so that the current and flux produced by it lag behind the 
applied voltage by practically 90°. The eddy currents induced in 
the disc are further proportional to the rate of change of the flux 



Fig. 119. — Induction Wattmeter. 


and are again 90° out of phase. The induced current in the disc is 
therefore in phase with the line voltage, whilst the flux produced 
by the current coil is in phase with the main current, since the coil 
is wound in series with the line. The torque which is develoj)ed, 
therefore, between the disc and the current coil is proportional to 
their instantaneous product and the deflection is proportional to 
the true power. 

In practice, however, the flux produced by the volt coil does not 
lag by exactly 90° behind the voltage on account of the resistance, 
nor is the flux produced by the current coil exactly in phase with 
the current, since there are power losses produced by hysteresis and 
eddy currents. The effects of the error produced by this phase 
displacement have already been discussed (see p. 140). 

Various compensating devices are used to get over this difficulty, 
and usually consist of auxiliary windings arranged so that, when 
in conjunction, with the main coil, a flux of the desired phase is 
produced. 

Frequency has a very marked effect on the accuracy of the 
instrument, the wattmeter reading increasing as the frequency is 
reduced. Change of voltage and wave form also affect the accuracy. 

Sumpner Wattmeter. — The principle on which this instrument 
works is the same as that in the case of the iron cored voltmeter, 
except that the moving coil, instead of having a condenser connected 
in series with it and being supplied with the line voltage, is con- 
nected to a piece of apparatus known as a quadrature trawformer, 
Q-T.i with a non-inductive resistance, R, in series, as shown in 
Kg. 120. This quadrature transformer (see p. 192) produces 
a current proportional to the line current and 90° out of phase, so 
that it serves the same function as the condenser did in the case 
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of tlie voltmeter. Since the finx is 90® out of phase with the line 
voltage and the curreut in the moving eoil 90*^ out of phase witli 
the current, the instrument will act as 
a true wattmeter. 

Electrostatic Wattmeters. — These in- 
struments have a moving vane and a 
system of fixed vanes as in the case of 
electrostatic voltmeters, but instead of 
the fixed vanes being connected to 
points at the same potential, opposite 
pairs are connected to the two ends of 
a non-inductive shunt, the potential 
difference between them being proper- — 
tional to the current (see Fig. 121). _ 

The moving vane is connected to the fig. i2u.~SuTnpncr Wattmeter, 
other line wire, so that the full voltage 

exists between the moving and fixed vanes, and it can be shown 
that the defiection is proportional to the true watts. 

The sphere of usefulness of these instru- 
ments lies, at present, in measurements 
involving very high pressures and low 
currents. 

Two Phase Wattmeters. — In the case of 
a two-phase circuit the total power is the 
sum of the powers in the two phases, 
meter Coimectioiis. aiid II two Wattmeters have their moving 
systems attached to the same pointer 
ilie resulting deflection will depend u])on the total power in the 
circuit. Instruments are made on this principle so as to avoid 
having to use two separate wattmeters, there being eight ter- 
minals in such a case, as shown in Fig. 122. Such wattmeters 
may be used for balanced or 




unbalanced circuits. Occasionally 
in connecting up such instru- 
ments the two parts arc put in 
opjiosition, and the wattmeter 
will then give a small deflection 
which is due to the difference of 
the powers supplied by the two 
phases. 

Three Phase Wattmeters. — In the 

case of three-phase measurements 
it has been shown that only 



Fig. 122. — Two Phase Wattmeter 
C'oiinections. 


two wattmeters are necessary, 

and these can be mounted on the same spindle in the same way 
as in the two-phase case. Thus the total power can be obtained 
from a single observation on one instrument which is sujiplied 
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with seven terminals and connected as shown in Fig. 123. The 
number of terminals in some instruments is reduced to five by 
^ suitable combinations. When the 

powder factor falls below 0*5 one- 
part of the instrument acts in 
opposition to the other, the result 
being that the deflection is due to 
the arithmetical difference of the 
powers measured by the two com- 
ponent parts of the wattmeter. 
By reversing one half of the instru- 
ment a reading is obtained giving 
the value of {W^ — (see p. 127), 
and this, in conjunction with the 
total power (TFiH- W 2 ) enables the 
])ower factor to be determined from the formula 

1 



12^i. — Tlnvft I’liaM' W;atin(‘t<‘r 
CoMiK'ctidns. 


Power factor = — j 


I 1 3 


fW, - 

\ + n\J 


Care must be observed, for when the power factor is less than 0-5 
one part of the wattmeter normally gives a backward deflection and 
the total power {W^ + W 2 ) is the low reading, whilst the difference 
(Wi W 2 ) is the larger reading. The question of whether the 
])ower factor is above or below 0*5 can generally be determined from 
a knowledge of the circuit and the apparatus used. 

Drysdale Double Standard Wattmeter.— This is a tyjje of polyphase 
wattmeter suitable for standardising oi* accurate testing work. It 
consists of two separate dynamometer wattmeters connected as 
shown in the jjrevious paragraph, and can be used for either tw(^ 
or three ]:)hase Avork, and, by connecting the two volt coils in series 
and the tAvo current coils in series, it can also be used as a single- 
phase wattmeter. 

The tAvo moving systems are each mounted on a mica formeu* 
arranged so that they are at right angles to eacli other in oi'der 
to avoid magnetic interference. These are suspended by a silk 
fibre and controlled by a helical spring of German silver as sliow n 
in Fig. 124. It can be seen from this diagram that the coils are 
wound astatically, the current being led into and out of the moving 
system by means of flexible strips of phosphor bronze. A pointer 
is attached, but since the instrument is ahvays read with the pointer 
on the zero, the scale need only be sufficiently long to indicate a 
deflection. The current coils are arranged to surround the pressure 
coils as shown in the diagram, these being themselves encased in 
ivoride boxes. The current coils are built up of ten separately 
insulated strands which can be connected J , 2, 5 or 10 in parallel 
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by means of a commutator, one of which is provided for each pliaso. 
This stranding of the conductors also tends to eliminate eddy 



currents, the whole instrument being made pf non-metallic materials, 
as far as possible, for this same purpose. The torque set up by 
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tlio inlrTUf'tion of tho current and pressure coils when a load is 
(•aus(\s ih(^ swinuing eoil to deflect. This is brought bach 
to zei'o by twisting tlu' spring in the opposite direeXion by na ans 



Fig. 12r), noii})lo Stiudard Wattmeter. 


of a large torsion head, liie reading being obtained from a seale on 
this torsion head. Fig. 125 shows the complete view of the instru- 
ment. 

The normal current t hrough the pressure coils should not exceed 
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0*02 ampere, and since the resistance of each is ] 00 ohms, additional 
resistance has to be added externally to make it suitable for use on 
commercial voltages. ^ • 

The reading will always include the loss in either the pressure 
coil or the current coil, but in most cases it is best to make it include 
the former, as this can be easily calculated and deducted from the 
reading. The swinging coil should always be joined to the nearest 
point possible of the main current coils^ in order that electrostatic 
forces between the two may be minimised and to obviate anj^ danger 
of sparking between them. 

Supply Meters. — A large number of A.C. Avatt-hour meters, or 
integrating wattmeters, as they are sometimes called, have been 
developed, but only the principles of two distinct types will be 
discussed. Each one of these types has a number of variants, and 
one example from each type is chosen for illustration. 

Induction Motor Meters. — ^These meters depend for their move- 
ment upon the interaction of a magnetic field and a metal disc 



j)la(;ed in the field. They consist of four main parts: (1) the 
driving combination, consisting of a laminated iron core suitably 
wound with shunt and scries coils ; (2) the moving system, or 
rotor ; (3) an eddy current brake ; and (4) the registering train. 

The instruments do not give an indication by means of a pointer, 
but record the total number of revolutions made, this being an 
indication of the B.T. units consumed. Fig. 126 represents dia- 
grammatically a meter of this type, manufactured by the British 
Westinghouse Co., Ltd., G being a laminated iron core upon which 
a shunt coil, 8h, and a series coil, Se, are wound. The rotor consists 
of a flat disc or bell of copper or aluminium with a vertical spindle 
running in a jewelled footstep bearing, friction being reduced to a 
minimum by making the rotor as light as possible. The brake disc 
rotates between the poles of a permanent magnet which has been 
aged artificially to ensure constancy. The registering train consists 
of a system of gear wheels and indicators simply measuring the total 
number of revolutions. 
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The shunt coil is made as inductive as possible, so that the 
flux lags by practically 90° behind the volts, whilst the current coil 
is made of low resistance and should be non-inductive, so that the 


phase of the current is not disturbed and will be determined by the 
circuit. In this way, two fluxes are produced differing in phase by 
(90° — (f)), where ^ is the angle of lag. 

These two fluxes can be considered as forming one resultant 
flux which alters in position and magnitude from instant to instant. 
Considering the load to be nondnductive, the two fluxes should be 
in exact quadrature, and referring to Fig. 127 it is seen that at a 
the seriesfluxiszero, Avhilst the shunt flux is at its negative maximum, 



as represented in Fig, 127 (a), A little 
later, at b, the series flux has assumed 
a positive value, whilst the shunt flux is 
still negative, as indicated in Fig. 127 (b). 
At c, the shunt flux has fallen to zero, 
except for a little leakage, whilst the 
series flux has attained its maximum 


rjyMT i value [see Fig. 127 (c)], whilst d and e 

(o) rejwesent conditions occurring still a little later 

j"-* ^ — I on ill the cycle, where the shunt flux reverses 

and the series flux falls to zero. These events 
occur every half -cycle, with the result that a 
(b) jiliiiij torque is developed in the disc. Since the flux 

\ moves from right to left in the air gap, the disc 

j tends to follow it, thus producing a rotation. 

/ current in the series coil is given a lag 
I ^ I of 90° and the events are Jigain traced out, it will 
t— — — -I j be found that there is no shifting of the flux from 
^ } right to left, and consequently no rotation is 

(d) inoduced. For other angles of lag, the effect is 

pHTd — j intermediate between these two extremes and a 

^‘oduced speed of rotation is obtained. The speed 
L-s i- /Vr— ^ obviously depends on the power factor as well as 

(e) on the niagnitudes of the shunt and siTies fluxes. 
H \ These latter are proportional to the current and 

i’lQ. 127 . voltage respectively, if the iron be not saturated. 
^*^in*iiRiHction'' driving torque is thus proportional to 

Motor Meter, the power, w'hilst the retarding tortpie due to the 
brake wheel is proportional to the speed, for the 
pow'er due to eddy currents is proportional to the square of the 
volts, i.e. the square of the speed and hence 


i’lQ. 127. 
Flux Variation 
in Induction 
Motor Meter. 


power due to eddy currents oc (speed)'^, 
retarding torque x speed oc (speed)^, 
and retarding torque oc speed. 
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The speed will adjust itself so that the driving and retarding 
torques are equal, and when this occurs it follows that the power 
consumed is proportional to the speed and that the energy consumed 
is proportional to the total revolutions of the disc. The dials can 
therefore be calibrated directly in B.T. units. 

In actual cases the two fluxes are not in exact quadrature, due 
to the presence of resistance in the shunt coil and reactance in the 
series coil. This produces errors in the same way as in wattmeters, 
and to get over this difficulty a compensating device has to be 
resorted to. This may be done (1) by means of an auxiliary shunt 
winding so arranged as to produce a resultant sliimt flux lagging 
slightly behind that produced by the shunt winding itself, or (2) hy 
means of an auxiliary series winding so arranged as to produce a 
v(\snltant series thix slightly leading that produced by the series 
winding itself. 

The first method is cai ried out by winding a second shunt winding 
on the core in opposition to the main shunt winding, a non-inductive 
resistance being placed in series with it so that the angle of lag is 



128. — Mun: VcOor Di.xj^rain for FlG. 129 — Flux Vortor Diagnim for 

Siiujit Conipousatiuii. Series Conipeusation. 


reduced. Fig. 128 shows a flux vector diagram, Se and Sh^ being 
the fluxes produced by the series and main shunt coils respectively. 
The auxiliary shunt winding tends to produce a flux, which 
when combined with Sh^ produces the resultant shunt flux, Sh, 
lagging by exactly 90® behind the series flux, Se. The final adjust- 
ment is made by varying the non-inductive resistance in the auxiliary 
shunt circuit. 

In the second method of compensation, an auxiliary scries coil 
is wound in opposition to the main scries coil, a certain amount of 
extra inductance being included in the circuit. The flux vector 
diagram is now represented by Fig. 129, where Sh is the shunt 
flux, Sci the main series flux and Se^ the auxiliary series flux. 
Combining the two latter, the resultant series flux, Se, is obtained, 
this being in exact quadrature with the shunt flux, Sh. 

Thomson Motor Meter. — ^This meter, manufactured by the British 
Tliomson-Houston Co., Ltd., consists of a little motor having no 
iron in its construction (see Fig. 130). There are two field coils, 
FF, wound with thick copper wire and connected in series, witli 
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each other and one of the mains. In between these two field coils 
is situated the armature, A, rotating on a vertical spindle. The 
armature form% the volt coil together with a high nondnductive 
resistance, Jt, which is connected in series with it. This makes it 
carry a small current j)roportional to the voltage. Connection is 
made to the armature by means of two light springs pressing on 
to a small silver commutator, 0. Underneath the armature is a 
thin copper disc, D, attached to the same vertical spindle, this 
rotating between the p61es of two or more permanent magnets, M. 
Eddy currents are induced in this disc, causing a retarding torque 
to be set up proportional to the speed. The driving torque at any 
instant is proportional to the current X volts at that instant, the 
average value of which product is the power. When constant speed 
is attained the driving and the retarding torques are equal and 
therefore, since 

Driving torque cc watts, 

lletarding torque cc spec'd, 

Watts ... ... DC speed. 

The total revolutions are therefore proportional to the total energy 
transmitted, and this is registered on a dial system driven by a train 
of wheels from the spindle. 



Fig. 130. — Thomson Motor Meter. 


In all motor meters a certain starting current is necessary to 
overcome the statical mechanical friction, and compensation for 
this is sometimes accomplished by means of an auxiliary winding 
placed inside the series coil, but connected in series with the shunt 
coil. The torque thus produced by the shunt circuit alone is 
arranged to be just sufficient to overcome the statical friction, but 
it must not cause the meter to register. 

Another way of overcoming the starting friction is to connect 
the pressure coil on to the load side of the current coil. The current 
through the pressure coil then Hows througb the currenl. coil also 
and compensates for the statical friction. 
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Polyphase Supply Meters. — These are constructed for two and 
three phase circuits in the same way as wattmeters, viz. two separate 
instruments operate on the same spindle. Instead of adding the 
deflections, the speeds are added so that the total revolutions of 
the disc are proportional to the sum of the B.T. units measured by 
each portion of the instrument. The connections are the same 
as have been already shown in Figs. 122 and 123 in connection with 
wattmeters. 



CHAPTER XTl 


ALTEKNATIISG CURKENT TKSTKUM 1:NTS {continued) 

Galvanometers. — A number of the .sensitive and accurate galvano- 
meters which have been devised are not siiitabJo for A.C. work, 
since their deflections rever.se with the current. For A.C. Avork, a 
galvanometer must give a deflection which i.s in .some Avay propor- 
tional to the sqtiare of the current in order that it shall indicate 
R.M.S. A^alues. Due to considerations of space, not mor6 than 
one examtfle of each of the leading types of galvanometer will be 
described. 

Irwin Astatic Dynamometer. — -This instrument, as its j)ameim]:)lies, 
is constructed upon the dynamometer principle, there being two 

fixed coils contained in ebonite boxes, 
one attached to the frame and the 
other remoAuxble. These coils are 
connected in opposition, so that the 
field between them is radial in char- 
acter (see Fig. 131). The inoAung 
system consists of a mica disc on 
each side of which is a D-sha])ed coil 
as shown at A and B. The disc and 
coils are suspended by a phosphor 
bronze strip so as to be ca])ablc of 
rotation in the radial field. A phos- 
phor bronze spiral and the su.s])en.sion 
serve to lead the current into and out 
of the moving .system. Owing to the 
])ecnliar shape of the moving coils, 
thcA^ each tend to move in the same 
direction across the radial field when 
the current flows. Moreover, the shape of the moving coil renders 
inappreciable the effect of stray magnetic fields even when these 
are not uniform. Efficient air damping is obtained, since the 
clearance between the edge of the mica disc and the damping 
chamber is small. The deflection obtained is proportional to the 
square of the current in accordance with the dynamometer prin- 
ciple. Fig. 132 shows a view of the complete instrtiment Avhich 
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can be made suitable for the measurement of either current 
voltage or power. 


Fig. 152. — Irwin Astatic Bynamomctor. 


Sumpner Iron Cored Dynamometer. — The principle upon which 
this instrument works is the same as that in the iron cored volt- 
meter (see p. 135). The electromagnet is constructed of thin iron 
laminations, upon which three coils are wound for the purpose of 
obtaining different ranges, these windings having negligible resist- 
ance, so that the flux is proportional to and exactly in quadrature 
with the applied voltage. The moving coil consists of but a few 
turns suspended in the two air gaps of the electromagnet, so that 
both its resistance and inductance are negligible when connected 
in series with a suitable condenser. The electrical connections are 
the same as shown in Fig. 109, but these can be varied by means 
of the different coils so as to obtain different sensitivities. Air. 
damping is provided by means of a vane attached to the moving 
system and fitted in a closed chamber. 

The sensitivity can be increased by separately exciting the 
magnets from the same source and applying the voltage to be 
measured to the moving coil with its condenser in series. In this 
way, it is possible to detect pressures of the order of a micro -volt. 

This instrument can be used in a variety of ways ; it can be 
used as a voltmeter over the extensive range between 1 micro-volt 
and 200 volts, and it can be used as a low reading wattmeter. Also, 
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if the in^truineiit has been previously calibrated, it can be used to 
measure very small capacities by inserting these in the moving coil 
circuit. f 

Duddell Thermo-Galvanometer.— The operation of this instrument 
depends u))Oii the measurement of the thermo-electric h].M.F.’s 
set up, duo to the heating of a conductor by the passage of a small 
current. The working part of the instrument 
consists of a single loop of silver wire, L (see 
Fig. 133), joined at the lower end to a bismuth- 
antimony thermo-couple. This loop is suspended 
between the pole pieces, NS, of a permanent 
magnet by means of a quartz fibre, Q, the latter 
being joined to the loop by means of a glass 
stem, O, carrying the mirror, M. 

A resistance known as the heater is fixed 
immediately underneath the thermo-couple so 
a-s to heat it both by radiation and convection. 
The heater is made in the form of a fine fila- 
ment of metal wire for resistances up to 40 
ohms, and of platinised quartz fibre when high 
resistances are desired. The E.M.F. generated 
by the thermo-couple causes a unidirectional 
current to flow round the moving coil, produc- 
ing a deflection in the magnetic field. Since 
the heater consists of a straight filament only 
3 or 4 mm. long connected to the terminals by 
two straight wires, the inductance and capacity 
are exceedingly small. 

It is very necessary to avoid even small 
changes of temperature, owing to the sensitive- 

DiidcieiVThS instrument, and for this purpose 

Gaivaiionioter. 1 lio suspcnsiou, silvor loop and heater are en- 
closed in a heavy brass block of which the front 
E (see Fig. 134) is removable. This brass block slides over the 
studs DD, where it is clamped into position. The heaters are 
made so that they can be quickly interchanged, the distance from 
the thermo-couple being adjusted by means of the milled head, 
F, and the position underneath the thermo-couple being adjusted 
by means of the set screws, G. 

A pin, B, screwing into the brass block, clamps and unclamps 
the moving system, whilst the zero is adjusted by means of the 
torsion head, L, working in the collar, K, the mirror being attached 
at //. A brass cover is held in position over the whole by screws 
at AA^ so as to keep the instrument at as uniform a temperature as 
possible. 

This galvanometer is vmy sensitive and can be used for both 
C.C. and A.C., frequency and wave form having no effect at all. 
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Oa the othei’ haad, the zero is somewhat unstable and slioiild be 
eliecked aftej* (‘ach o]>s(‘i‘vai ion Kxterjial nia'oirli<' Tm Ids base 
pfactieall\^ no (dtVef- ai aJb 



Fig IIU. --Dii'ldcll 'I'lieinio-Galvanomcter. 


PM 


The heat produced per second is proportional to the square of 
the current, and since the E.M.F. and current in the moving system 
are practically proportional to the rise of 
temperature, it follows that the denection 
is very nearly xu'oportional to the scjiiari' 
of the current. 

Drysdale Vibration Galvanometer.- The 

IJrincii^le involved in vibration galvaiio- 
meters is that of resonaiu'e, the suspended 
system of a sj^eeial moving needle gal- 
vanometer being set in vibration by the 
alternating current in this instance. This 
needle is controlled by means of a per- 
manent magnet, the strength of the field 
being adjusted by a magnetic shunt, and 
by means of the latter the moving system 

can be brought into mechanical resonance with the electrical 
circuit. The spot of light then appears as a broad band, the width 



Fig. 135- — Drysdalo Vibration 
Galvanometer. Front JUev.ition. 





i<iG. 137. — lirysaale Vibration Galvanometer. General View. 

vibrations being recorded by means of the mirror, M. The mag- 
netic shunt, MS, is moved up and down the permanent magnet, 


shows a general 
needle, NS, whic 


\IC, actuates the 
piece, SP, the 
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of which is taken as tlie deflection. Figs. 135 and 136 show a front 
and side elevation of the instrument respectively, whilst Fig. 137 


ria. 136. 
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PM, by means of the tuning screw, TS, which is adjusted for each 
particular frequency so as to give the maximum deflection. The 
magnetising coils arc removable, thus enabling coils of different 
resistance to be used , but a coil of about 40 ohms suits most 
requirements, although they can be constructed over a very wide 
range. Vibration galvanometers are extremely sensitive to changes 
of frequency, this practically precluding their use as deflectional 
instruments, although they are of great value in zero methods 
of test. 

Oscillographs. — These instruments arc employed for the purpose 
of obtaining the exact shape of a pressure or current wave form. 

All oscillographs are in reality only galvanometers, the moving 
systems of which are capable of following the extremely rapid 
variations of the p.d. or current, enabling these to be reproduced 
on the s(*-rcen. There are three jnain types at present in use operating 
on the moving coil, moving iron and hot wire principles. These 
will each be described in turn, but the general arrangements, apart 


Vibrating 

Mirror 


ria. 1:^8.— Optical Arrangement of Oscillograph. 


Arc 




XglmdricalLens Ct/lindrical Len^ 



S^fnehronous 

Motor 


Mirror actuated by Cam 
Opaque Screen 


from the details of construction of the galvanometer part of the 
oscillograph, are more or less the same for all types. 

The galvanometer part gives a rapidly varying deflection which 
appears as a straight line. The beam of light is then given a move- 
ment in a direction at right angles to this, and the spot of light now 
traces out a curve. This second movement is so arranged that the 
spot of light is deflected over equal distances in equal times, so 
that the curve which is plotted automatically is the relation between 
deflection and time and is, consequently, the wave which it is 
desired to record. The optical arrangements are shown in Fig. 
138, where the light from an arc is passed through a cylindrical 
lens before impinging on the vibrating mirror of the galvanometer. 
The light is focussed on to this mirror, and the reflected ray is 
made to vibrate at right angles to the plane of the paper. The 
ray of light then impinges on a plane mirror or a totally reflecting 
prism, which is made to vibrate in such ^ direction as to give a 
movement to the ray at right angles to the movement already 
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imprussud on it. The uoflouted ray then passes throiioli another 
( > lincii i( a! lens l•(‘aellino the s(a*een, wluM'e it has a inove- 

nient- in ilio ji^ane of the pajxa* [aoportional lo the time and a 
movement at right angles to the plane of the paper j^roportional 
to the instantaneous value of the current or voltage. The second 
mirror is actuated by means of a cam driven from a four pole 
synchronous motor (see Chapter XXI.), which is a motor rotating 
exactly once for every two periods of the alternating current. The 
cam is of peculiar design and is so arranged that during one and 
a half periods the mirror is turning with uniform angular velocity, 



Fig. 139. — Synchronous Motor with Vibrating ]\Iirior. 


M'liilst during the remaining half-period the mirror executes a 
quick return swing, an opaque screen being interposed to cut off 
the light and avoid confusing the diagram. An example of such a 
motor with a vibrating mirror is shown in Fig. 139. 

Duddell Moving Coll Oscillograph. — The first instruments of this 
type were due to M. Blondel, but the successful development has been 
brought about by the late Mr. Duddell. The oscillograph consists 
of a powerful permanent electromagnet, NS (see Fig. 140), with a 
narrow air gap in which are stretched two parallel conductors, ss, 
formed of a strip of phosphor bronze bent round an ivory pulley, P, 
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A suitable tension is kept on the strips by means of a spiral spring 
attached to the pulley. When a current passes through the strips, 
one is urged forward and the other back, so that the mirror, M, is 
deflected. Very often two such vibrators, as they are called, are 
placed side by side for the purpose of recording the current and 
voltage waves simultaneously. The guide piece, L, serves to limit 
the length of the vibrating portion, which is immersed in an oil- 
bath for the purpose of damping the movement and making it 
dead beat. There is also a third mirror for the purpose of recording 



the zero, the other mirrors being brought to zero by an adjustment 
of the guide piece, L. The clearance between the edge of the 
strip and the walls of the magnet face is very small, varying from 
0-04 to 0-15 mm. 

The inductance possessed by this type of oscillograph is quite 
negligible, so that it can be shunted as an ammeter, the safe working 
current being 0*1 ampere in some instances and 0-6 ampere in others. 

Blondel Moving Iron OseiUograph. — A powerful permanent 
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Air Gap 

-Permanent 
Magnet 

Fig. 141.^ — Blondel Moving 
Iron Oscillograph. 


U-shaped magnet, fitted with laminated tapering pole pieces and an 
iron core, provides the magnetic field, one or two air gaps being em- 
ployed, depending upon whether the oscillograph is single or double 
(see E'ig. 141). A very thin and narrow strip of soft iron is placed in 

each gap so that the lines of force pass from 
side to side across the width. These strips 
are kept in tension, so that the natural rate 
of torsional vibration is very high, reaching 
at times 40,000 per second. The strips are 
therefore able to follow the vibrations of 
lower frequency due to the current the wave 
form of which is to be determined. Two 
small coils per gap, one on each side, provide 
the deflecting force at right angles to the 
field of the permanent magnet. When a 
current flows through these coils, the field 
is distorted and the strip tends to take up 
a new position along the axis of the result- 
ant field which is produced. The strip is 
therefore twisted and the mirror, which is 
attached to the middle of it, indicates a 
deflection. The twisting strips are immersed 
in a castor-oil bath so as to damp out any ripples which might 
appear due to the strips themselves. 

Irwin Hot Wire Oscillograph. — The ordinary hot wire galvano- 
meter gives a deflection which is proportional to the square of the 
current, and arrangements have to be made in this oscillograph in 
order to produce a deflection which is directly proportional to the 
first power of the current. This is eflfected by superposing a con- 
tinuous current on the alternating current under consideration 
after the manner shown in Fig. 142. Two hot wires, S S, are con- 
nected in series and form one element, being connected at their 
centre point to a battery, B, which is also connected to each end 
by means of two equal resistances, 

B B. The currents in the two wires 
will therefore be the sum of the 
alternating and continuous currents 
in one case and the difference in the 
other. Let i and I represent the 
instantaneous value of the alternat- 
ing and the continuous currents re- 
spectiAT^ely. The heating of the two 
hot wires will be proportional to 
(i + (i — - /)^r, where r is the resistance of one hot wire. 

The difference of the heating of the two wires will be 

(i + /)V (i — I)^r 



Fig. 142.- 


Principle of Irwin Hot Wire 
Oscillograph. 
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If, therefore, the continuous current, /, be kept constant, the 
difference of the heating and consequently the difference of their 
elongations will be directly proportional to the instantaneous value 
of the alternating current, and the instrument is designed so 
that the deflection is proportional to this 
quantity. 

The two hot wires, ABOD and EFOH 
(see Fig. 143), pass over an ivory pulley 
and are fixed at their lower ends, AD and 
EH. Two horizontal wires, BC and FO 
(shown at the side in the diagram), prevent 
any horizontal movement, whilst allowing 
an upward movement when the wires be- 
come elongated, due to their rise in tem- 
perature. These cross wires, which do not 
touch each other, also serve to confine the 
current practically to the lower portions of 
the hot wires. Further, the two hot wires 
are tied together at X and Y by means of 
an insulating loop of thread, so as to avoid 
any electrical connection, and a mirror is 
fixed across the wires near these points. The whole system is kept 
in tension by meariKS of a spiral spring attached to the pulley and 
is immersed in an oil-bath almost up to the level of the mirror. 
The two strips are electrically connected together and to one pole 
of the battery at D and H, the current being led into and out of 
the system at A and E. Due to the difference of the elongations 
of the two parts, the system is twisted at XT, thus causing the 
mirror to deflect. 

Owing to the time lag which is experienced in hot wire instru- 
ments, some method of accelerating the heating has to be employed. 
The only way of doing this is to advance the phase of the current 
flowing through it, and this is effected by putting a shunted con- 
denser in series with the hot wires. 

Oscillograph Connections. — Fig. 144 indicates the method ot 
connecting up a double strip oscillograph, the current strip, /, 
together with the resistance, jB^, measuring the p.d. across the 
known resistance, R^. The resistance, i?.,, i« included so as to avoid 
overrunning the strip and to enable the deflections to correspond 
to some suitable number of amperes per division. The volt strip, 
E, is connected in series with a high resistance, 2 ? 3 , across the mains. 
A most important point is to have one end of this strip directly 
connected to the same main as the current one, so as to avoid any 
large difference of potential between the two strips themselves. 
If this point is neglected, a short circuit between the two is most 
likely to occur owing to the small clearances employed. The value 
of JBg can also be regulated so as to obtain a convenient volt scale 

M 2 



Fia. 143. — ^Arrangement of 
Hot Wires in Irwin Hot Wire 
Oscillograph. 
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on the curve. A fuse, /, and a switch, S, are further included in 
each circuit, whilst the synchronous motor, fSif, is run, in series with 
the resistance J?4, across the mains. 



In some cases the wave is reflected on to a glass screen, where 
it can be observed by eye or traced by hand by placing a sheet of 
paper over the screen. Where a photographic record is desired, 
a falling plate camera is used, the plate falling directly across the 
path of the ray which is reflected from the oscillograph, the syn- 
chronous motor with the vibrating shutter being removed. If the 
plate falls from the height of a few feet the speed remains very 
nearly constant during the interval of time in which the record is 
made. 

Apparatus is also made to enable a cinematograph record to be 
obtained. 



Kathode-Ray Oscillograph. — This instrument does not possess 
perhaps the accuracy of the types already described, but has a 
great advantage on the score of cost and simplicity in construction. 
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and for many purposes is convenient and easy to manipulate. 
The oscillograph consists of a kathode-ray tube of special design, a 
pencil of kathode rays producing a bright spot on a fluorescent 
screen (see Fig. 145). If an alternating current be passed through 
a pair of coils, Gi Ci, the rays are deflected and the spot appears as 
a straight line. Another pair of coils, produces a deflection 

at right angles to the first, and in this way the two axes are obtained. 
If the two pairs of coils are used together, the spot either traces out 
an inclined line or a elosed eurve, from which the wave form is 
obtained. The divergent beam of kathode rays strikes an aluminium 
diaphragm, d, and by means of the coil, G, supplied with continuous 
current and giving about 2,500 ampere-turns, the spot is focussed 
on to the screen, 8. The coil, G, requires to be very nicely adjusted 
to get the best result, and its position has to be found by trial. The 



kathode end of the tube, J, is thickly coated with paraffin wax, 
which has the effect of steadying the spot, whilst connection is 
made to the tube by means of a piece of high tension flexible wire. 
A palladium wire sealed through the tube at r is used to get rid of 
the “ hardening ” of the tube, which is done by gently heating the 
wire. 

The kathode-ray tube may be excited either from an influence 
machine or by means of an induction coil with a rapid make and 
break. 

To determine the shape of a particular wave, it is convenient 
to apply a sinusoidal E.M.F. to one pair of deflecting coils and the 
E.M.F. of unknown wave form to the other. , The resulting diagram 
is of the form shown in Fig. 146, which also shows the construction 
for obtaining the wave form. When the sine wave has zero value. 
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fche magnitude of the unknown is 00 and the value of the curve 

later is giveij by the point P.^ 

Idle Current Ammeters and Wattmeters. — These idle current instru- 
ments measure the idle component of the current or volt-amperes 
only, viz. 1 sin ^ or El sin where (f> is the angle of lag. Such 
instruments are useful on the switchboard for noting how near to 
unity power factor the plant is operating, but the true power factor 
indicators have largely supplanted them. 

The principle of the iron-cored Sumpner instruments (see p. 135) 
is applied in one form of idle current ammeter. The supply voltage 
must be kept constant, and is used to excite the shunt electromagnet 
as before, whilst the moving coil is connected across a low non- 
inductive resistance placed in series with the mains like an ammeter 
shunt. If the angle of lag in the main circuit is cf), the instantaneous 
deflecting torque is proportional to 

F sin (d — 90^^) X / sin (0 — cf>) 

— F cos 0x1 (sin 0 cos c[> — cos 0 sin (f>) 

^ — FT (I sin 20 cos cj) — cos^ 0 sin <^). 

The average value of sin 20 being zero and the average value 
of cos^d being 0-5, the average value of the torque is propor- 
tional to 

\ FI sin 

and if P is constant the deflection is proportional to I sin which 
is the idle component of the current. This assumes a constant 
maximum flux and a constant voltage. If the latter varies, the 
instrument measures El sin acting as an idle current wattmeter. 

Power Factor Indicators.— These instruments can be constructed 
on the dynamometer principle, the spring control being removed. 
There is a fixed coil, CC (see Fig. 147), connected in series with the 
line, and two moving coils, MGu and connected across the mains 



Fig. 147. — Power Factor Indicator. 


like pressure coils, the first MC^ having a non-inductive resistance 
and the second a choking coil connected in series with it. The 
magnitude of the resistance and reactance, as well as the turns on 
the coils, are so adjusted that the ampere-turns of the two coils 


^ Electrician^ Nov. 7, 1913, p. 172, 
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are exactly equal. The two moving coils are further rigidly attached 
at right angles to one another on the same spindle. 

If the line current is in phase with the line voltage, the moving 
coil, MCl, will endeavour to set itself vertically. The fixed coils, 
CC, act like choking coils, and consequently produce a flux which 
is in phase with that produced by The combination of these 

t\fo fluxes, trying to take up as short a path as possible, tends to 
pull the coil into the vertical position. 

When the main current lags behind the volts by 90°, the reverse 
is the case, and the moving system takes up the position with MC^ 
vertical. For intermediate angles of lag, the moving system takes 
up an intermediate position, the pointer (not shown on the diagram) 
moving over a scale. For leading currents, the moving system would 
deflect the other way, with the result that these instruments fre- 
quently have very long scales. 

Instruments working on this principle can also be constructed 
for three-phase circuits, the moving system being wound with three 
coils star-connected on to the mains. 

Frequency Meters. — The first type which will be described is based 
upon the fact that when a steel reed is brought near to the poles 
of an alternating current electromagnet it is set into resonant 
vibration at one particular frequency, this being independent of 
the voltage or wave form. In the frequency meter made by Messrs. 



Fig. 148. — Resonance Frequency Meter. 


Everett, Edgcumbe & Co., Ltd., there are a number of such reeds, 
each tuned to vibrate at a particular frequency, the reeds themselves 
being tipped with a white enamelled flag. These flags appear in 
an arc of a circle on the dial of the instrument, the frequency corre- 
sponding to each reed being marked on the scale opposite to it. 
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These reeds are very sharply tuned, i.e. they only vibrate for the 
particular frequency which they are supposed to indicate, the indica- 
tions dying aw*ay very rapidly indeed as the frequency is slowly 
changed. 

In most power stations the frequency only varies over very 
narrow limits and a short range on the scale is all that is desired. 
Fig. 148 shows such an instrument reading from 47 to 53 at intervals 
of J cycle per second. 

If a continuous current equal to, or slightly greater than, the 
maximum value of the alternating current be passed through the 
winding at the same time, one half of the wave will be neutralised 
whilst the other half will be strengthened. The reed which happens 
to be vibrating will therefore be attracted only once per period 
instead of twice, and will be thrown into resonance by double the 
frequency which originally made it indicate. This, therefore, 
provides a simple means of doubling the range of the instrument. 

A frequency meter on a totally different principle is that 
manufactured by the Weston Electrical Instrument Co. There 



are two fixed coils, GO (sec Fig. 149), one slipped inside the 
other and at right angles to it. The moving system consists 
of a needle, N, a pointer and a damper, and is free to rotate. 
The various coils are connected in the form of a Wheatstone 
bridge, which is balanced at normal frequency. One fixed 
coil has a resistance, J?i, and the other a reactance, Ag, in series 
with it, these being placed opposite to the reactance, 
and the resistance, JBg, respectively. A third reactance, Ag, is 
placed in series with the whole, for the purpose of damping out the 
higher harmonics. When a change in the frequency occurs, the 
values of the reactances change, causing the system to become un- 
balanced to a certain extent. This results in an increase in the 
current in one coil and a decrease in the other. The axis of the 
resultant field is therefore displaced and the needle takes up a new 
position, this being an indication of the frequency. 

Another type of frequency meter consists of two coils placed 
vertically over one another, one being connected in series with a 
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non-inductive resistance, whilst the other is connected in series 
with a choking coil. The combination is then connected across 
the mains like a voltmeter. Two pieces of soft iron are attached 
to a spindle, one opposite to each coil, the resulting pulls tending 
to make the spindle rotate in opposite directions. At normal 
frequency the opposing pulls balance, but if the frequency is 
raised or lowered, the current in the inductive circuit is weakened 
or strengthened as the case may be, thus causing an unbalanced 
pull on the spindle which takes up a new position. The pointer 
is attached to this spindle and indicates the frequency. 

Leakage Indicators. — In order to determine the state of the insu- 
lation of a system of mains, leakage indicators are installed, these 
usually taking the form of electrostatic voltmeters connected 



Fig. 150. — Single Phase Leakage Detector. 


between each line wire and earth. When high tension circuits are 
being dealt with, condensers are inserted in series with the volt- 
meters, so that no part of the instrument shall be directly connected 
to the high tension line. 



Fig. 151. — Three Phase Leakage Detector. 


On single-phase circuits it is common to have two sets of fixed 
vanes,, one set being connected to each line wire. The moving 
vane is connected to earth (see Fig. 150). 

For three-phase systems there are three voltmeters used, all 
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the moving systems being connected together and earthed. Fig. 151 
shows in diagrammatic form such a three-phase instrument, all 
the three scales Ijeing close together to facilitate inspection. When 
the insulation between one main and earth deteriorates, the leakage 
goes up and the voltage between that main and earth automatically 
falls, this being shown by the leakage indicator. 



CHAPTER XIII 


TRANSFOUMKBS.— PEINCTPLES AND CONSTEUCTIOU 


General Principle. — When a choking coil is supplied with an 
alternating voltage, a back E.M.F. is set up, due to the continual 
rate of change of flux. This E.M.F. is due to the turns of the winding 
linking with the flux, and if some other turns are placed side by 
side with the original winding but insulated from it electrically, the 
turns of the second winding will also have an E.M.F. set up in them, 
due to the same cause. Neglecting for the moment any losses that 
might occur, the back E.M.F. in the first or primary winding must 
equal the applied E.M.F. Each turn will provide its own propor- 
tion of the total voltage, and if there are turns on the primary. 


^1 

7V 


the back volts per turn will be where E-^ is the primary applied 


voltage. Each turn on the other or secondary winding will also 

E. 

have the same E.M.F. induced in it, viz., ^ volts, and if there are 
Tg total turns in series on the secondary, the total induced voltage 


will be X yJ. The ratio of the voltages in the two windings is 
-‘1 

therefore seen to be the same as the ratio of the turns, and a simple 
means is thus provided of transforming from one voltage to another. 
Such a piece of apparatus is known as a transformer. 

Flux in a Transformer. — Consider a rectangular core built up of 
laminations wound with a primary 
a’ok secondary winding, shown on 
C 3 ,a)osite limbs in Fig. 152 for the 
sake of clearness. If the appUed 
volt\ge follows a sine law, the 
back voltage, the rate of change 
of flux and the flux itself must 
also etch follow a sine law. I^et 
the ma imum value of the flux 
induced n the iron core be <1> 

lines. TL ' total lines cut per cycle by each turn is therefore 44>, 
since the w \ole flux dies away in a quarter of a period, and the 
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Fio. 152. — Simple Xranslormer. 
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total lines cut per second by each turn is 4/<l>, where / is the 
frequency. The average E.M.F. induced in each turn is therefore 

, - - a ‘ , , , / R.M.S. value \ . , . , 

4f^> X 10 and, sinco the form factor = i — l is 1*11 

•' V average value/ 

for a sine wave, the R.M.S. voltage induced per turn is 

I-ll X 4/a> X 10-8. 

The total induced voltage in the primary is 

E\ ^ 4-44/<I)Ti X 10-8 volts. 


Another way of arriving at this result is to consider the 
maximum rate of change of the flux, which is 27r/^> lines per 
second, since the flux is sinusoidal in character. The maximum 
E.M.F. induced per turn is therefore 27r/^> x 10-8 volts, and the 
total R.M.S. voltage induced in the complete winding is 


X 10-8 volts 

a/2 

= 4-44/<I)Tj X 10-8 volts, 

the same as before. 

This flux links with both the primary and the secondary 
windings, so that the total R.M.S. voltage induced in the 
secondary is 

4-44/a)T2 X 10-8 volts. 

The frequency of the E.M.F. is obviously the same in both 
cases. 

The maximum value of the flux in the ideal transformer can 
therefore be expressed as 

.E'l X 108 _ X 108 ■ : 

4-44/Ti 4-44/T2 ’ 

Effect of Secondary Current. — ^If the secondary winding be left 
on open circuit, the primary will act like an ordinary choking coil 
and will take a small current due to its high impedance, this being 
called the no-load current. This no-load current will consist o a 
small power component and a relatively large idle compone 
The former is necessary to account for the PR and iron losses, whiisi 
the latter is due to the interlinking flux making the winding inductive. 

Since there is an E.M.F. induced in the secondary winding, a 
current will flow if the terminals are connected to the ends of a 
non-inductive resistance. Assuming for the moment th^ this 
winding contains no resistance or reactance, the secondary current 
will be in phase with the secondary E.M.F. But this current tends 
to produce a flux in the opposite direction to that already existing 
in the core, and the momentary effect is to reduce the flux, thus 
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causing a reduction in the primary reactance. This causes 
an increased current to flow in the primary until a state of 
equilibrium is attained, when the flux will reach its original value. 
The secondary ampere-turns must be counterbalanced by an equal 
and opposite number of ampere-turns in the primary, so that the 
total primary current will be the vector sum of the no-load current 
and the additional current required to counterbalance the current 
in the secondary. Neglecting the effect of the no-load current, it 
is seen that the ampere-turns of both primary and secondary must 
be equal, and consequently the currents must be in the inverse ratio 
of the turns, or, since 

= I,T,, 

therefore 

h~T,' 

This can also be seen from considerations of the conservation of 
energy, for, since the power factor is unity and there are no losses, 

and ^1 _ ^2 __ ^2 

^2 

Effect of Lagging Current in Secondary. — If the secondary winding 
be closed through a partially inductive resistance, the current will 
lag behind the secondary E.M.F. by some definite angle, and in 
order that the ampere-turns thus set up shall be counterbalanced 
at every instant, it is necessary that the corresponding primary 
ampere-turns shall have a phase exactly opposite to them. This 
is apparent when it is considered that for two sine waves to neutralise 
each other completely at every instant they must be exactly equal 
and opposite in phase. The effect of a lagging current in the 
secondary is, therefore, to cause a lagging current to flow in the 
primary. The actual angle of lag in the primary will usually be 
greater than that in the secondary, since the no-load current itself 
has a very large angle of lag, thus tending to make the power factor 
of the primary a little less than that of the secondary. 

In the case of a leading current being taken from the secondary, 
the primary current will consist of a component leading the primary 
voltage by the same amount together with the no-lo^^d current 
lagging by an angle approaching to 90°. A certain amount of 
resonance will therefore be set up in the primary, with the result 
that the power factor is slightly higher than that in the secondary. 

Effect of Ohmic Resistance. — A transformer with its secondary on 
open circuit may be likened to a choking coil, the applied voltage 
being divided into two components, overcoming the resistance an# 
reactance respectively. The same thing occurs when the trans- 
former is giving out a secondary current. Part of the primary 
applied voltage is absorbed by the IR drop in the winding, the 
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remaining component (obtained by vectorial subtraction) producing 
the flux which generates the voltage in the secondary. When the 
secondary is on open circuit, the primary current is very small and 
there is practically no difference between the applied voltage and 
the voltage producing the flux, particularly since the IR drop, 
small in itself, is almost in quadrature with the applied voltage as 
the current lags by nearly 90°. When a current is taken from the 
secondary, the primary current goes up and the IR drop is increased, 
so that it may no longer be negligible and must, consequently, be 
taken into account. But the flux is proportional to the voltage 
remaining after the IR drop has been allowed for (see p. 84), and, 
consequently, falls very slightly as the load on the secondary goes 
up. Neglecting this slight variation, the flux remains constant for 
all values of the load on the transformer. 

Tn a similar way, due to the ohmic resistance of the secondary 
winding, the secondary terminal voltage is rather less than the 
total induced secondary E.M.F. when it is delivering current, and 
hence the ratio of transformation does not remain strictly constant 
as the ratio of the turns, but varies somewhat, due to the resistances 


of the two windings and the currents flowing. 

Magnetic Leakage.-~-The major portion of the magnetic flux pro- 
duced by the primary current passes through the iron core, but since 

the air also has a definite permeability, 
— 7:1’"”' ITZ — although very much less than that of 

. - - > ^ \ the iron used, a certain number of lines 

~ T/cIltlT^ \ — of force will traverse an air path as 

/' \ indicated in Fig. 153. These air paths 

Y ^re in parallel with the iron paths, but 

— — SS . 7f I whereas the lines of force traversing the 

Primary Main KSecondary iron cut the secondary winding, those 

following air paths serve no useful pur- 

Fia. 153 .-Main and Leakage ^ prirmry leakage flux, i 11 

Fluxes in Transformer. contradistinction to the main flux fol- 

lowing an all iron path and linking 
with both windings, in a similar way, the secondary current 
tries to set up a back flux opposing the existing main flux, but 
the primary automatical!}^ takes a larger current to provide 
sufficient ampere-turns to overcome this effect as far as the main 
flux is concerned. Notwithstanding this, a certain number of lines 
of force are set by the secondary winding following leakage air 
paths for the most part, and these lines of force constitute what 


Primary 

Leakage 

Flux 


Leakage 

Flux 


Fia. 153. — Main and Leakage 
Fluxes in Transformer. 


with both windings. 


is known as the secondary leakage flux. 

The effect of the primary leakage flux is to add a certain amount 
of reactance to the primary winding, which serves no useful purpose 
and uses up a certain amount of the primary applied voltage in the 
same way that the resistance of the primary winding does. 

The secondary leakage flux acts in much the same manner and 
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has the effect of diverting more and more of the main flux into 
leakage paths a?- the current is increased, for inside the secondary 
winding the leakage flux is in exact opposition to the main flux. 
As the currents in the two windings increase, the difference in the 
ampere-turns of the two windings does not alter very much, the 
main flux actually decreasing slightly. The leakage fluxes are, 
however, practically proportional to the currents in the respective 
windings, and so the total leakage of the transformer increases as 
the load goes up until on very heavy overloads the majority of the 
flux has been diverted into leakage paths. 

The effect of magnetic leakage upon the ratio of transformation 
is to reduce the secondary terminal voltage for a given primary 
applied voltage. 

Equivalent Circuits. — A commercial transformer may be repre- 
sented, for purposes of explanation, as consisting of an ideally 
perfect transformer having no losses or magnetising current, together 
with various additions to allow for these effects. In Fig. 154: is 
shown such an ideal transformer having a resistance, and an 
inductance, in series with the primary winding, representing the 



Fio. 154 — Equivalent Transformer Circuits. 


resistance and inductance due to leakage of the primary respec- 
tively. Another resistance. Be, and an inductance, L^, are shown 
connected in parallel with the primary. The resistance, is such 
that when connected to the supply voltage the power absorbed is 
equal to the core loss in the iron consisting of hysteresis and eddy 
currents, whilst the inductance, L^, is such that it takes a purely 
idle lagging current equal to the magnetising current of the trans- 
former. Further, a resistance, JSg, and an inductance, are 
shown in series with the secondary circuit, to account for the 
resistance and leakage reactance of the secondary winding respec- 
tively. 

If desired, the resistance and reactance of the secondary can 
be combined with those of the primary to form one resistance and 
one reactance. This combination does not consist of simple addi- 
tion, but necessitates taking into consideration the ratio of trans- 
formation. For example, in the case of a step down transformer 
the impedance of the secondary is made less than that of the primary, 
because it deals with larger currents, and it must be multiplied by 
the ratio of transformation in order to r^fer it to the primary 
side. 
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In order to determine the equivalent impedance bf a trans- 
former, the secondary is short-circuited and a low voltage applied 
to the primary. The ratio of the applied voltage to the primary 
current gives tKe equivalent impedance referred to the primary 
side. In order to obtain the equivalent impedance referred to the 
secondary side, the primary is short-circuited and the voltage is 
applied to the secondary winding. 

Vector Diagrams. — In drawing the vector diagram of a trans- 
former, it is convenient to start with the flux vector, <1>, as being 
the connecting link between primary and secondary, and for ease 
of illustration it is convenient to choose a transformer having a 
ratio of transformation of 1:1. Neglecting the resistance and 
reactance of the two windings, the primary applied voltage, Fp, 
is exactly the same as the voltage overcoming the induced back 
E.M.F. in the primary winding, (see Fig. 165), and leads the flux 
by 90°. The induced secondary E.M.F., E 2 , is 180° out of phase 
with El, and is the same as the secondary terminal voltage, F*.. 
On no-load, the primary current will consist of a very small power 



rio. 155. — ^Vector Diagram neglecting Eesistance and Eeactance. 


component, Ic, necessary to supply the core loss, consisting of 
hysteresis and eddy currents, together with a relatively much 
larger idle component, /„,, necessary for magnetising the core. 
These two combined form the total no-load current, lo, this again 
being small compared with the full load current of the transformer. 
Assuming that the secondary is delivering current to a non- 
inductive resistance, the secondary current, /j, will be in phase 
with F5 and will cause a corresponding current, 7j, to flow in the 
primary. Combining this with the no-load current, the total 
primary current. Ip, is obtained, the angle of lag being <f>p. It is 
thus seen that the primary is operating with a power factor 
slightly less than unity, although the secondary power factor is 
exactly unity. 

Very frequently in practice transformers are made with a ratio 
of transformation of the order of 60 or 100 to 1, and if both the 
primary and secondary sides of the vector diagram were drawn to the, 
same scale, either one would be eumbrously large or the other 
impracticably small. In order to make both sides of the diagram 
of approximately equal size, the usual convention is to draw all 
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voltages on tlie secondary side to a scale n times that of the voltages 
on the primary side, n being the ratio of transformation, the reverse 
being the case with all the current vectors. . 

Taking into consideration the resistances of the two windings, 
but not the leakage reactances, the diagram appears in the form 
shoWn in Fig. 156, which illustrates the case where the secondary 
load is non-inductive. The induced secondary voltage, E^, is still 
90° behind the flux, and in phase with is the secondary current, 
Zj. The voltage, is that absorbed by the resistance of the 



Pia. 156. — Vector Diagram conslde^ng Resistance only. 


secondary winding, and consequently the secondary terminal 
voltage, Vst is the vector difference of E^ and ZjZJj. The primary 
current. Ip, is made up as before of Z^ and Zq, but the voltage drop 
due to the primary resistance, ZpBj, must be in phase with Ip, so 
that the primary applied voltage, Vp, must be the vector sum of 
El and IpB^. The angle of lag, ^p, is slightly less than it was 
previously, and the primary applied voltage, Vp, is no longer 
exactly 180° out of phase with the secondarj^ terminal voltage, F,^. 



Fig. 157. — Vector Diagram for Lagging Current. Eeactance neglected. 

Assuming a lagging secondary current and again neglecting the 
reactance in both windings, the diagram takes the form shown in 
Fig. 157. Here it is seen that not only is different from E^ in 
magnitude, but also in phase, the power factor of the secondary 
being cos The primary current. Ip, is, as before, built up of 
Zj and Iq, and the primary power factor is given by cos <l>p. This 
time neither Fp nor Fs is in exact quadrature with the flux <I>. 

The next case to be considered is the one where both resistance 
and leakage reactance are taken into account, dealing first with a 

N 
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non-inductive load. The vector diagram is shown in Fig. 168. 
Although the secondary load power factor is unity, the secondary 
terminal voltaga, F^, is not in phase with for the reason that 
there is a certain amount of reactance in the winding itself, and 
consequently the power factor of the complete secondary circuit 
is less than unity, notwithstanding the fact that the external circuit 
is non-inductive. The voltage drop in the secondary winding 
consists of a power component, 12^2,^ to overcome the resistance, and 
an idle component, to overcome the leakage reactance. The 

two combined form the voltage I2Z2, overcoming the impedance 
of the winding, and I2Z12 j^^id F,s added vectorially give the total 
E.M.F., E2, generated in the secondary. Since is in phase with 
/g, and this phase is not known when commencing to draw the 
vector diagram, the position of the lines must be found by trial and 
error, so that is coincident in phase with F,s-. The primary 



current, 7^, is found in the same way as previously, after which the 
resistance and reactance drops, IpR^ and IpX^, can be marked off 
along Ip and at right angles to it respectively. In this way, the 
primary impedance drop, IpZ^^ can be determined, and adding this 
vectorially to Ey the primary applied voltage, Fp, is obtained. 
The primary power factor, cos cf)p, is given by the cosine of the angle 
between Fp and Ip. 

As the load increases, both the phase and magnitude of Vs will 
alter slightly, due to the increase of ; so also will the phase 
and magnitude of Fp. But the conditions under which a trans- 
former works in practice are that the primary applied voltage is 
constant, and not the flux, as has been assumed in the above 
diagram. Since the change is but a small one, the necessary correc- 
tion can be made by choosing a new scale of voltage for each load, 
obtained by making Vp represent the constant applied voltage 
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in each case. This change will not affect the current vectors, but 
will affect all the voltage vectors and the flux vector proportionally. 
Thus the flux is seen to decrease slightly as the Iqad goes up, and 
also to lag a little more than 90'' behind the primary applied voltage. 

The conditions arising when the load is partially inductive will 
next be dealt with, Fig. 159 showing the vector diagram, both 
resistance and reactance being taken into account. This diagram 
is very similar to the previous one, the secondary power factor 
being given by cos (f)^. One effect of the lag in the secondary circuit 
is to bring the two currents more nearly into phase opposition and 
to increase those components of IpZ^ and which are in phase 
with Fp and respectively. This causes a reduction in th^ 
secondary terminal voltage as the secondary power factor is 
decreased, other things being equal, and increases the ratio of 



transformation, this effect being largely due to the presence ot 
magnetic leakage. The primary power factor is always less than 
that of the secondary, except when it is less than that on no-load, 
which is not likely to occur in practice. Another point of interest 
with respect to magnetic leakage is that neither the primary nor 
the secondary leakage flux is in phase with the main flux, since the 
leakage fluxes are in phase with the primary and secondary currents 
which produce them. 

The vector diagram for the case where the secondary current is a 
leading one is shown in Fig. 160. The same construction is adopted 
'.s before, but this diagram differs from the previous one inasmuch 
the power factor of the primary is higher than that of the 
scondary, due to the no-load magnetising current neutralising a 
portion of the capacity current required to balance the secondary. 

N 2 
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In fact, for one particular value of the secondary current the primarj^ 
power factor would be unity, although the secondary current is a 
leading one. For lower values of the secondary current the primary 
current would lag, whilst that in the secondary leads. 

Another point of note is the fact that the ratio of transformation 
is much more nearly constant for varying values of the load than 
was the case when the load was inductive. This is readily under- 
stood, because the arithmetical difference between Fp and and 
between A', and Fs is obviously less in Fig. 160 than in Fig. 169. 

Safety Deviees — Earthed Shields. — Since the majority of power 
transformers are used in connection with voltages which are highly 
dangerous, it is necessary to adopt certain measures for ensuring the 
safety of the operator, not only for the normal working of the trans- 
former, but also for its abnormal working. Transformers are usually 



used for stepping down from a high to a low voltage, the secondary 
side being connected to the distributing network, and very often 
the transformer itself is protected from breakdown to earth by 
being immersed in an insulating oil-bath, the whole being enclosed 
in a cast iron case. But, in addition to this, it is necessary that 
any accidental electrical connection between primary and secondary 
should be avoided, as this may result in a high potential being given 
to the secondary, which may make its presence felt with disastrous 
results at any point on the system. High insulation between the 
windings is therefore adopted as well as high insxdation to earth, but , 
if a fault should occur in this the danger is as great as before. T o 
nullify the effect of such a fault, an earthed shield is sometimes uset 
This consists of a layer of copper gauze or thin brass sheet placf jff 
between the two insulated windings, this shield being connected to 
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the transformer case, which is earthed. If a fault on the H.T. 
(high tension) side should occur, the primary would be earthed before 
it could do any damage to the secondary, thus falling into play 
the fuses or circuit breakers on the primary side and cutting out 
the faulty transformer. But the primary and secondary winfings, 
being separated by a dielectric, constitute a kind of high potential 
condenser, with the result that electrostatic phenomena may be 
produced in the secondary, this effect being in no way due to in- 
sufficient insulation. This difficulty is overcome by earthing the 
secondary winding either on one pole or in the middle, and this 



Star to Star Mesh to Mesh Mesh to Star ^ 

Eatio of Transformation = n. Eatio of Transformation = n . E atio of Transformation = ~y-. 

(«) W (0 ' ^ 

Fro. 161 . —Single Phase Transformers on Three Phase Circuits. 

practice removes the necessity of the earthed shield, which weakens 
the insulation to some extent. On these grounds, the efficient 
earthing of the secondary winding is preferable to the use of earthed 
shields and is now largely adopted. 

Polyphase Transformers. — ^Two phase currents can be transformed 
by means of two similar single phase transformers, the secondaries 
being independent or interconnected according to choice. Simi- 
larly, three phase currents can be transformed by means of three 
similar single phase transformers, the secondaries either being 
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independent or connected in star or mesh. It is also possible to 
connect the primaries in mesh and the secondaries in star, and 
vice versa, the ratio of transformation of the line voltages being, of 
course, affected by the connections. Fig. 161 {a), ip), and (c) 
illustrates some of the methods of connection. 


If the three primary windings were wound on the same simple 
core which has been already described, a single phase alternating 
flux would be produced and the three secondary windings would 
have equal voltages of the same phase induced in them, so that only 



a single phase supply could be ob- 
tained from their combination. But 
by adopting a three-limbed core of the 
type shown in Fig. 162, and winding 
each phase on to a separate limb, it is 
possible to build one transformer which 
will transform three phase currents by 
itself. The phase of the flux bears the 
same relationship to that of the volt- 
age in each of the three phases, and 


Fig. 162.— Three Phase Transformer, consequently the SUm total of the flux 


cither upwards or downwards is zero 
at every instant (see Chap. X). In other words, the flux in any 
limb is always the sum of the fluxes in the opposite direction in 
the other two limbs. By winding a secondary coil on to each 
limb, a three phase supply can be obtained, for in each limb the 


secondary E.M.F. will lag by 90"^ behind its respective flux, which 
lags by 90'' behind the impressed voltage. 

Single Phase Core Construction. — The simple type of transformer 
in which a laminated iron core is surrounded by copper coils is 
called the Gore Type. In the case of small transformers, the iron 


core is built up of two shapes of stampings, one set being LJ-shaped 
and the other consisting of rectangular strips to close the iron 
circuit. The thickness of these stampings usually ranges from 0-3 
to 0*5 mm. A bundle of stampings is clamped together by bolts 
or rivets, the latter being insulated from the core in order to reduce 
the eddy currents. Since it is difficult to make a good magnetic 
butt joint without introducing additional eddy ciirrents, the plates 
are sometimes dovetailed into each other, alternate stampings 
being cut long and short for this purpose. For larger transformers 
the stamping of the U-shaped pieces involves a considerable waste 
of material, and the practice is to build up such cores from four 
bundles of rectangular strips, the thickness of the bundles all being 
equal (see Fig. 163). These are bolted together between end 
cheeks at' the top and bottom, the latter also being held tightly in 
position by means of tie rods. 


Cross Section of Core* — Since the length of the turn does not 
influence its flux-producing properties, it is advisable to reduce it 


xni 


TRANSFORMERS 


^83 


to a minimum, both from the point of view of its resistance and also 
the amount of material used. But with a fixed magnetic density, 
the cross section of the iron is fixed and the problem resolves itself 
into finding a figure which has the minimum periphery for a given 
cross-sectional area. The ideal figure is the circle, but this involves 


A 



B 



Section on AB 


Fig. 163. — Construction of Core Type Transformer. 


each stamping having a different width, which is impracticable. 
By having two or three sizes of stampings, however, a good approxi- 
mation to the circle can be obtained, the coil itself being made 
circular, since it does not follow exactly the outline of the core. 
Figs. 164 and 165 show cross sections of two cores built up of two 



Fig. 164. — Cross Section of Core. 
Two Sizes ot Stampings. 



Fig 165. — Cross Section of Core. 
Tliree Sizes of Stampings. 


and three sizes respectively. The exact relationship between the 
various dimensions can be worked out mathematically, close 
approximations being adopted from practical considerations. The 
presence of vent spaces also affects t*ie ideal dimensions to a slight 
extent, but if the sizes of these are given the problem is easily 
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soluble. When no vent spaces are employed, the quantities are 
connected together as follows : — 

Two Sizes of Stampings. 
a = 1-09 X VArea 
b = 0-67 X VArea 
diameter = 1-28 x VArea. 

Three Sizes of Stampings. 
a = ril X VArea 
b = 0-87 X VArea 
c = 0-52 X V Area 
diameter = 1*22 X VArea.* 

Single Phase Shell Construction. — The core type of transformer 
already discussed consists of an iron core around which copper 
coils are wound. The same effect is produced if an iron core is 
wound round the copper coil, this being the characteristic feature 
of the shell type transformer. Fundamentally there is no difference 
between the two types, since the principle involved in each is the 


' As an example, the relation between u and b for Fig. 164 is worked out as 
follows : — 

Diameter of circle = d ~ + 6^)^ = constant. 

b = (d^ — a^)i. 

Total area =^A = ab 2^ ~^^b 

2ub - 62 

— 2a{d^ — a2)5 ^ a \ 

For maximum area, 
dA 

~ X ^{d'‘ — * d") i X 2d -f“ 2((i“' — d")^ 2d *= 0. 
Hubstituting 6 for — a 2)4^ 

- 2 "" f 26 -f 2a -= 0. 

Rearranging and multiplying by 

d2 — d6 — 62 = 0. 

6 ± Vb^ ^6 a 

. . a 

= 1 ±—6=1-626, 

since the — sign is inadmissible. 

Total area = 3*2462 - 6* = 2*246*. 

A 6 = 0*67 X Virea and a = 5 = 1*09 X Vairea. 
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linkage of flux with ampere-turns. The appearance of the two types, 
however, differs considerably, since, in the shell type transformer, 
the coils are more or less embedded in 
the iron, which serves also as a 
mechanical protection. 

A common example of the shell type 
transformer is the one having a three- 
limbed core shown in Fig. 166. The 
iron section consists of two E-shaped 
stampings facing each other so as to 
form two square holes, through which 
the coils, both primary and secondary, 
are threaded. By employing two 
stampings it is possible to adopt former 
wound coils, the stampings being cut 
alternately long and short in order to 
minimise the effect of the air gap at 
the joint. There are only three mag- 
netic joints in this form of construction, 
as opposed to four in the simple core 
type transformer built up of four Section on AB 

rectangular strips, and since the flux fig. lee.— shell Type Transformer, 
is divided outside the central limb, the 

section of the iron in these parts need 

only be half that of the central limb. 

For large transformers, the core is ^ 


Section oh AB 


Fig. 168. — Shell Type Transformer 
with Circular Coll. 

often built up from two simple rectangular cores placed side by 
side (see Fig. 167), the coils being slipped into position before the 
top cross pieces are added. 

Another example of shell construction is that shown in Fig. 168, 



Section on AB 



fig. 167. — Shell Type 
Transformer. 
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where a circular coil, including both primary and secondary, is 
linked with bundles of stampings which are placed all the way 
round. Each'bundle consists of an upright rectangular strip inside 
the coil, the magnetic circuit being completed by a U -shaped piece. 
From the nature of the construction, the stampings leave air 
spaces between them at their outer edges, whilst they are crowded 
together in the interior. This ensures a large cooling surface both 
for the copper and the iron. 

Shell tj^e transformers usually provide a shorter magnetic 
path, and hence the magnetising current is usually less than in the 
corresponding core type transformer. Also the amount of copper 
required is less, but, due to the embedding of the coils, the natural 
cooling is poorer. A point against the shell type transformer is 
the necessity for dismantling the laminations when the coils have 
to be withdrawn for repairs, this not being necessary in the core type 
transformer. 

Three Phase Construction.— Theoretically the simplest three 
phase construction is to have three upright limbs set in a triangle 
and joined at the top and bottom by a number of plate 
stampings, as shown in Fig. 169. It is also possible to 
have the three limbs arranged in a line, as in Fig. 162, 
without introducing any serious asymmetry. 

Types of Winding. — It is not the practice to wind 
one limb with the primary and the other with the 
secondary, although transformers are shown diagram- 
matically in this manner for the sake of clearness. On 
the contrary, a portion of each winding is placed on 
each wound limb, the L.T. (low tension) side being 
nearest the core. This only necessitates high grade 
insulation on the primary (H.T.) side and between 
primary and secondary, whereas if the H.T. winding 
were nearest the core there would have to be high grade 
on the primary itself, between primary and core and 
between primary and secondary. In addition, the H.T. winding is 



m 


Fig. 169. 
Three Phase 
Transformer 
Construction. 


insulation 



(a) ( 6 ) 

Fig. 170. — ^Arrangement of Windings. 


divided into sections as shown in Mg. 170 (a), in order to limit the 
voltage between adjacent turns. 
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Another method of winding is to subdivide both primary and 
secondary and sandwich the sections, as shoAvn in Fig. 170 (6). 
This arrangement requires more insulation than the^ previous one 
and is not recommended for voltages above 6,600. 

Insulation of H.T. Transformers. — In addition to the high grade 
insulation on the H.T. windings themselves, it is necessary to guard 
against a breakdown to earth. A fruitful source 
of trouble is experienced at the leading-in wires, 
and to protect these special insulating bushes are 
adopted. For this purpose frequent use is made 
of porcelain insulators built up of a number of 
concentric tubes, each one a little shorter than 
the next innermost one, as shown in Fig. 171. 

The outermost tube, Avhich is the shortest of all, 
is carried by a bush fitting into a hole in the 
transformer case. 

Most medium and largo sized transformers are 
immersed in oil, the Avhole being contained in a 
cast iron tank. This oil serves a double purpose. 

It provides a better insulation than is obtained 
by air and incidentally tends to preserve the 
insulation on the windings, and, in addition, it acts as a cooling 
medium. The oil conducts heat better than air and transfers it 
more readily to the walls of the tank, whence it is dissipated 
into the atmosphere. The oil which is used is obtained by the 
fractional distillation of petroleum, and should not have a flash- 
point of less than 180° C. It is very important that no moisture 
should be present, as this affects its insulating properties to an 
enormous extent. 

Mechanical Stresses on Windings. —When adjacent primary and 
secondary coils carry currents, these are opposite in direction, and 
the tAVO coils consequently exert a repelling force on each other. 
With normal currents, this effect is not of much account ; but in 
the event of a momentary short circuit on the secondary it may be 
serious To prevent any movement of the coils, therefore, they are 
usually braced in position so as to ensure mechanical rigidity. To 
reduce the magnitude of the mechanical stress set up by a short 
circuit on a large transformer, the coils are usually subdivided. 

Electrical Stresses on End Turns. — When the voltage is first 
applied to the primary of a transformer, the end turns have to be 
charged up to the line potential before any current can flow into 
the remainder of the winding, and since the two extreme turns are 
separated by a dielectric from the earth and from each other, they 
constitute a kind of condenser. These extreme turns take, conse- 
quently, a small but definite charging current, and then the next 
turns receive the voltage and are charged up in the same way. 
All this occurs very rapidly, but the effect is to concentrate the. 



Fig. 171. — Section of 
H.T. Terminal Bush 
for Transformer. 
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voltage on to the end turns at the moment of switching on. To 
avoid possible breakdowns of the insulation, the practice is to put 
extra insulation on the end turns to enable them to withstand the 
extra stress to which they are subjected at the moment of switching 
on. 

Artificial Cooling. — Eor small transformers natural cooling is 
sufficient, but for the larger sizes artificial means are employed to 
assist in the dissipation of the heat, since there is no rotating element 
to set up ventilation. Oil insulation is better than air in this 
respect, since the oil is a better conductor of heat, but in large 
transformers the oil itself is sometimes cooled by means of a worm 
through which a continual stream of cold water is passed. This 
water is forced through the circulating pipes by means of a small 
auxiliary motor-driven pump, this system being frequently adopted 
when a number of large transformers are working together. Another 
method of cooling consists of an air-blast, which is forced through 
the windings and ventilating ducts of the core by means of a small 
air-pump. Air-blast cooling is also used in connection with oil 
insulated transformers, a forced draught of air being maintained 
in a number of cooling tubes immersed in the oil. 

Polyphase Transformer Connections. — The connections of two phase 
transformers or two single phase transformers used on a two phase 
supply are quite simple, each phase being connected up indepen- 
dently and the system linked or not according to desire. With 
three phase transformers, however, a number of methods of connec- 
tion are possible, these methods also being applicable when three 
single phase transformers are used. The several methods employed 
are as follows : — 

{a) Star or Y Connection . — Both primaries and secondaries 
are connected in star [see Fig, 172 (a)], but if one phase should fail 
it puts two phases out of action, which practically means a complete 
shut down of the transformer. 

(6) Mesh or A Connection . — Both primaries and secondaries 
are connected in mesh [see Fig. 172 (6)], but if one phase winding 
should fail the other two would continue to supply a true three 
phase current, although the system would become imbalanced. 
In this respect the mesh connection is preferable to the star. The 
new system is called the V-connection or open A. 

(c) F or open A Connection . — Only two transformers are 
needed [see Fig. 172(c)], but since the phase difference between 
the two secondaries is the same as that between the two primaries, 
the three phase supply is maintained. The current in the common 
wire is the vector sum of the currents in the other two, so that the 
system is unbalanced, but the two transformers should, of course, 
be similar. 

{A) T-Connection . — Only two transformers are needed in this 
system of connection [see Fig. 172 (d)], but the voltages which are 
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applied to their terminals are slightly different, that transformer 
which is connected to the middle point of the other only being 

Vs 

supplied with — 0‘866 times the voltage between line wires. 
The ratio of transformation of both transformers is the same, so 



(a) (^' (c) (d) 

Fig. 172. — ^Three Phase Transformer Connections. 


that a true three phase supply is obtained at the free terminals of 
the secondaries. 

Scott System of Transformation. — The Scott system of transforma- 
tion is a method whereby the supply may be changed from three 
phase to two phase, or vice versa. Two transformers have their 
primaries T-connected on to the three phase supply, whilst their 
secondaries are connected independently and deliver a true two 



pha.se supply (see Fig. 173). The primaries of these two trans- 


formers are wound for voltages in the ratio of 1 


V3 


since the 


primary of the second one only receives this fraction of the line 
voltage. As is seen from the vector diagram, CD is 90° out of 
phase with AB, and consequently QH is 90° out of phase with 
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EF, If the ratio of transformation were the same in the two 
transformers, however, the voltage of the second phase would be 
too low, and^so the voltage given by the secondary of the second 
transformer is increased relatively to that of the first one in the 



This equalises the voltages, which are already 90® out 


of phase with each other. 

^ Auto-Transformers. — In an ordinary transformer there is no 
electrical connection between primary and secondary, but since 
the volts per turn are the same in each case there is no funda- 
mental reason why the two windings should not lie side by side 
without any intervening insulation. Carrjdng this idea further, 
the same wire might be used for carrying the two currents. Since 
it is presumed that one winding has more turns than the other, 
this superposition only exists in that part of the winding which is 
common to both primary and secondary. Fig. 174 illustrates in 
diagrammatic form the j3rinciple of the auto-transformer, the 


A 



B 


r'lG. 174.— Auto-Trausformer. 


voltage being reduced in this instance, although the reverse is also 
possible. Since the primary and secondary currents act in opposi- 
tion, the resultant current in BC is the vector sum of the two, 
this being very nearly the arithmetic difference. Thus suppose the 
primary voltage and current were 100 volts and 10 amperes respec- 
tively and the secondary voltage and current 10 volts and 100 
amperes respectively, AC would carry 10 amperes whilst 5(7 would 
carry 100 -- 10 = 90 amperes. 

The auto-transformer is not merely a potential divider, although 
it does act in this capacity, but there is true transformer action, 
for the secondary current exceeds the primary when the ratio of 
transformation is. greater than unity. 

There is a distinct saving in copper in an auto-transformer as 
compared with an ordinary one, which can be shown as follows 

Let n be the ratio of transformation and 

= nE^, and Jg = nl^ (see Fig. 174). 

Current in common portion of winding == /g — /i == /i 1). 
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Assuming a constant current density, S, and a constant length 
of turn, I, in both auto- and ordinary transformer, the volume of 
copper in the ordinary transformer would be 

X IT, + X Vl\^ 

= X InT, -f X IT,_ 

= X InT^. 

The volume of copper necessary in the auto-transformer is 

Therefore 

Volume of copper in auto-transformer _ ^ ^ ^ 

Volume of copper in ordinary transformer ^ 

n — \ 

~~ n 


If n be given the values 2, 3 and 4, the resultant saving in copper 
works out at 50 per cent., 33| per cent, and 25 per cent, respec- 
tively, but if n IB 50 the saving is only 2 per cent., the weight of 
the active iron being affected in much the same way. Thus the 
saving is only of importance in the cases where the ratio of trans- 
formation is low. 

Another great disadvantage of the auto-transformer is that 
there is a direct electrical connection between the primary and 
secondary. If the primary is supplied at H.T., there is a possi- 
bility of a dangerous voltage reaching the secondary circuit in 
the event of a fault occurring in the winding, and this precludes 
the use of an auto-transformer in such circumstances. Its useful- 
ness is therefore limited to cases where the voltages and ratios of 
transformation are low. 

One very useful application is as a starter for induction motors. 
A number of tappings are made on the winding so as to obtain a 
variable voltage on the secondary, these tappings being brought 
out to contacts after the manner of an ordinary C.C. motor starter. 
Such a piece of apparatus is termed a Compensator, for it allows 
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the motor to take an excess current without putting a heavy over- 
load on the mains. In the majority of small compensators there 
is only one tapping correspon^ng to only one starting stop in 
addition to the full running position. 

Potential and Current Transformers. — Small transformers are 
often used in conjunction with voltmeters for voltage measure- 
ments on H.T. lines. The primary is wound with many turns of 
fine wire, whilst the secondary is designed to give a low voltage 
which is applied to the terminals of the voltmeter [see Fig. 175 (a)], 
the scale being arranged in most cases to read the voltage on the 
primary side. Such a transformer is ealled a potential transformer 
and works under a small constant load due to the voltmeter itself. 
The ratio of transformation must be determined with the instru- 
ment connected in position, for the voltage drop is such that a 
considerable difference would be made if the voltmeter were removed 
or if another one of different impedance were substituted. 

In a similar way, small instrument transformers, called current 
transformers, are used in conjunction with ammeters. The connec- 


(a) (b) 

Potential Transformer Current Transformer 

Fio, 176. — ^Potential and Current Transformers. 

tions of an ammeter with a current (or series) transformer are shown 
in Fig. 176 (b). In this case the primary current is determined by 
what current is flowing in the mains rather than by the impedance 
of the winding, and, with the secondary circuit closed, the secondary 
current is such that the primary and secondary ampere-turns 
balance each other, neglecting magnetic leakage. The currents 
are therefore approximately in the inverse ratio of the turns and 
the ammeter can be calibrated to read the primary current, provided 
that the same instrument is always used in conjunction with the 
same current transformer. This arrangement takes the place of 
the shunt in C.C. measurements and enables heavy currents to be 
measured without the trouble of designing instruments with heavy 
leads, since the instrument transformer, which is only small, can 
be placed in the path of the main lead, whilst the small secondary 
leads can be carried to the instrument, which may then be situated 
wherever convenient. 

A.C. wattmeters may also be used in conjunction with both a 
potential and a current transformer. 

Quadrature Transformers.— A quadrature transformer is one in 
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which the secondary current is 90"^ out of phase with the primary 
current instead of the usual 180°. They are used in making measure- 
ments with certain A.C. instruments, e.g, the Sumpner wattmeter, 
the connections being those of an ordinary current transformer. 
A peculiar construction is adopted, a long air-gap being included 
in the magnetic circuit to make it as leaky as possible. Tn fact a 
wholly non-magnetic core might be used, but this tends to increase 
the size and is not necessary. The secondary circuit has a high 
non-inductive resistance placed in series with it, so as to cause only 
a small secondary current to flow, this being in phase with the 
secondary E.M.F. Since the load on the transformer is low and 
the no-load ampere-turns are comparatively large, the primary 
current will lag by practically 90° behind the voltage across its 
terminals. The secondary current, which is in phase with the 
secondary voltage, will lag by practically 180° behind the primary 
voltage, and consequently by 90° behind the primary current. 

Boosting Transformers. — Sometimes a transformer is used for 
boosting up the supply pressure, in which case the primary is 
connected across the mains, whilst the 
low voltage secondary is placed in series 
with the mains as in Fig. 176. A number 
of tappings are taken from different points 
along the secondary to the contacts of a 
multi-way switch, the handle of which 
is connected to the line. The switch blade 
is made in two insulated parts con- 
nected by a low resistance after the 
manner of a battery switch, so that in 
moving from one contact to another the 
circuit is never opened, nor is one section 
of the secondary momentarily short-cir- 
cuited. In this way, a variable boost is 
obtained depending upon the position of the switch handle. 
Looked at from another point of view, such a transformer may be 
regarded as a step-up auto-transformer. 



Fig. 176. — Boosting 
Transformer. 


O 



CHAPTER XIV 


TRANSFORMERS. — PERFORMANCE AND TESTING 

No-load Current. — The no-load current of a transformer consists 
of a small power component necessary on account of the iron loss 
in the core and a comparatively large idle component which supplies 
the magnetising ampere-turns. The total no-load current is the 
vector sum of these two components. The transformer may be 
supplied on either the high or low tension side, the two different 
no-load currents being in the inverse ratio of the number of turns 
on the two windings. Neglecting the, small IR drop, the flux 
produced is proportional to the applied voltage, so that if the 
relation between magnetising current and voltage be plotted for 
various applied voltages, the resulting curve should have the same 
shape as the B — H curve for the iron. In order to avoid excessive 
iron losses and magnetising current, transformers are always worked 
below the knee of the magnetisation curve. 

If the applied voltage be kept constant and the frequency varied, 
it is seen from the general equation that a high frequency corre- 
sponds to a low no-load current, for 

^ 10« 

4-44/yi 

(see p. 172). The flux is inversely proportional to the frequency, 
an increase in which means a reduction of the flux and consequently 
of the magnetising current. 

The hysteresis loss is proportional to so that an increase in 
frequency causes 5^*’ to decrease more rapidly than / increases. 
The hysteresis loss therefore decreases as the frequency is raised. 
The eddy current loss is proportional to and the increase in 
one balances the decrease in the other, the loss being independent 
of frequency. Thus the total losses are reduced, and the power 
component of the current as well as the magnetising component 
decreases with an increase in frequency which enables a smaller core 
to be used in a transformer for a given duty resulting in a lowering 
of the first cost. 

No-load Losses. — The no-load losses of a transformer consist of a 
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very small PR loss and an iron loss due to hysteresis and eddy 
currents. The latter can be determined in the way indicated in 
Chapter VIII by simply measuring the power input \p the primary 
by means of a wattmeter. The iron losses can be separated by 
the method involving a constant flux obtained by varying the 
applied voltage and the frequency at the same rate (see p. 86). 
Ordinarily, the wattmeter reading includes the small PR loss, but 
if it is desired to take account of this, the connections shown in 
Fig. 177 can be adopted, the pressure coil of the wattmeter being 
connected across the secondary. The wattmeter reading multiplied 
by the ratio of transformation gives the iron loss only, for the 
voltage actually used for transformer action is only what is left 
after the small IR drop has been subtracted vectorially. The 
voltage required is therefore the secondary voltage multiplied by 
the ratio of transformation. 



Fia. 177. — Connections for Measuring Iron Loss. 


Effect of Wave Form on Iron Loss. — When the applied E.M.F. 
wave form is not sinusoidal the flux is given by 

4JcfT^ 

where Ic is the form factor. Thus a high form factor causes a 
reduction in the flux and results in a decrease in the hysteresis 
loss, for the work done in carrying the iron through a complete 
magnetic cycle is independent of the rate at which this is done. 
At first sight it would appear as if the edd}^^ current loss is also 
reduced, but this is not so, for although the maximum value of 
the flux is reduced, the slope of the E.M.F. curve must be increased 
in certain places, since the R.M.S. value is assumed to be unaltered. 
This tends to increase the eddy current loss by increasing the induced 
eddy voltage. The net result is that these two effects balance one 
another and leave the eddy current loss unaffected by wave form. 
The constancy of this loss can also be seen when it is considered 
that the R.M.S. value of the eddy voltage is dependent on the 
R.M.S. value of the applied voltage, which is unaltered. 

The total iron loss is therefore slightly reduced when a peaked 
E.M.F. wave form is employed, since in such cases the form factor 
is greater than that of a sine wave. Alternatively, a flat-topped 
wave causes a slight increase in the iron loss. 

o 2 
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The disadvantage of a peaked wave is that it imposes a greater 
strain on the insulation, and, as a compromise, the sinuvsoidal 
wave form is ijsually aimed at. 

Abnormal Current Rushes when Switching on. — When a choking 
coil is connected to the supply, the current lags normally by nearly 90° 
behind the voltage, but at the moment of switching on the current 
must start from zero. Neglecting the power component of the 
current, this corresponds to the maximum value of the volt wave 
in normal conditions, and if the switch is closed at this instant, 
the current would commence in a normal manner. But if the 
voltage happens to be switched on at the instant when it passes 
through zero, certain abnormal conditions are momentarily set 
up. At every instant the applied voltage must be balanced by an 
equal and opposite induced voltage which is proportional to the 
rate of change of flux, which is, in its turn, proportional to the 
rate of change of the current if there is no iron in the core of the 
choking coil. As long as the applied voltage is in the positive 
direction, the rate of change of the current must be positive, which 
means that the current must be increasing. But the voltage is 
positive for a complete half-period, and so the current will only 
reach its maximum value in the time taken to go through half a 
period instead of a quarter, as is the case in normal conditions. 
The current in the first half-period will rise, therefore, to double 
its normal maximum. If the switch is closed at a point in between 
the zero and the maximum value of the volt wave, the first half- 
wave of the current will rise to a maximum value which is less 
than twice the normal maximum. 

A transformer on no-load corresponds, however, to a choking 
coil with an iron core, and in this case the effect is accentuated. 
The instantaneous applied voltage must still be balanced at every 
instant by an equal and opposite induced voltage which is pro- 
portional to the rate of change of flux, but, due to the presence of 
the iron, this is no longer proportional to the rate of change of the 
current. In fact, when the iron is approaching saturation the 
rate of change of the current has to increase greatly due to the 
decrease in the permeability. This means that the first half-period 
of the current wave is still further increased. 

There is yet another factor which helps to cause these current 
rushes. The core may have been left strongly magnetised from 
the time when it was last switched off, thus increasing the flux 
density and decreasing the permeability. 

These current rushes consist of very large positive half-waves, 
which may rise to ten or twenty times the normal maximum, followed 
by very small negative half-waves, each succeeding wave approaching 
more nearly to the normal until, after a few cycles, the two half- 
waves become equal. 

This effect may be considered as being due to the fact that the 
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voltage and current waves commence at the same instant and that 
the voltage has got to gain a quarter of a period on the current 
before normal conditions are set up. ^ 

These current rushes are not accompanied by any pressure rises, 
but they may occasion large mechanical stresses between adjacent 
coils, which ought to be avoided. 

Regulation of a Transformer. — By the regulation of a transformer 
is meant the drop in the secondary terminal voltage experienced 
when full-load current is taken from the transformer and is usually 



Fig. 178. — Kegulation Test of a Transformer. 


expressed as a percentage of the open circuit secondary voltage. 
It is usual, also, to specify the power factor of the load, as this has 
a most important effect, the voltage drop being considerably greater 
for low power factors. At no-load the ratio of transformation is 
practically equal to the ratio of the number of turns on the two 
windings, but as the load comes on, the secondary terminal voltage 
drops, the applied primary voltage being assumed constant. The 
ratio of transformation, therefore, is no longer the exact ratio of 
the turns, but becomes slightly larger, due to the presence of 
resistance and reactance in both windings. Referring to the 



Fig. 179. — Begulfttlon Curves. 


vector diagram in Fig. 159, it is seen that the drop in voltage on 
the secondary side is the numerical difference between and Fs, 
and that this is not the same as the voltage absorbed in overcoming 
the secondary impedance, which is I^Z^. The same thing occurs 
on the primary side, so that in general the voltage drop is less 
than the voltage absorbed by the impedance of the windings. 

The regulation can be determined experimentally by connecting 
the transformer as shown in Fig. 178. The primary voltage should 
be kept constant at its normal value. If the load is non-inductive, 
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the wattmeter may be omitted, but otherwise it is necessary, in 
order to determine the power factor. Fig. 179 illustrates the type 
of results whip.h may be expected. 

Since the drop is measured by the difference of two very similar 
voltages, it is important that great accuracy in the voltage measure- 
ments is necessary in order to ensure a moderate accuracy in the 
result. This disadvantage is overcome in the back to back method, 
which will next be described. 

Back to Back Regulation Test. — For this test two approximately 
similar transformers are required. The primaries are connected 
in parallel across the mains as shown in Fig. 180, whilst the secon- 
daries are also connected in parallel, but with a low reading volt- 
meter inserted in one lead. It is important that the two secondaries 
should be in opposition and not aiding one another, as in the latter 
case the low reading voltmeter would be burnt out. In order to 
test this before the voltmeter is inserted, the voltage across the 
free ends should be tested by means of another voltmeter or lamp 



capable of standing double the secondary voltage of either trans- 
former. If a high voltage is observed, the connections to one trans- 
former must be interchanged. Having arranged this satisfactorily, 
a load circuit is connected to one secondary as shown in the diagram. 
The other transformer will not contribute anything towards the 
load current, for it has the voltmeter Vo directly in series with it. 
If the transformers are similar, the voltmeter Vo should indicate 
no voltage at all when the load circuit has the switch open. If 
there is a slight voltage indicated, it means that the two trans- 
formers are not exactly similar. When a load is applied the terminal 
voltage of the loaded transformer will fall slightly, and will 
give a small indication. The increase of the reading oiVo gives the 
voltage drop of the loaded transformer. This can be repeated for 
all loads up to full load and further. If a partially inductive load 
is used, a wattmeter will be necessary in the secondary circuit, the 
sapae as before. 
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A development of this test due to Shane ^ enables the voltage 
absorbed by the impedance of the windings to be determined in 
addition to the regulation. The necessary connections are those 
shown in Fig. 181, two similar transformers being used in addition 
to an auxiliary transformer, with a variable secondary which is 
used for introducing a voltage into the secondary circuit of the other 
two transformers. The action can be best understood by considering 
the vector diagram in Fig. 181, which refers to the secondary side 
only. OA and OB represent the terminal voltages of the unloaded 
and loaded transformer respectively. The drop is the numerical 
difference between OA and OB, but the voltage absorbed is given 
by BA. The auxiliary transformer being practically on no-load 
introduces a voltage having the same phase as OA, but is connected 
so as to be in opposition to OA. If the magnitude of this voltage, 



Vector Diagram 
Eia. 181. — Shane’s Method. 


which is measured by Y^, is made equal to AG, the voltmeter 
should indicate the vector difference between 00 and OB, i.e. BO. 
But BO has its minimum value when BO is at right angles to AG, 
and in that case AG is equal to the voltage drop, for OB and OG 
are approximately equal. The voltmeter therefore records the 
voltage drop when Fg gives its minimum reading, and the voltage 
absorbed by the impedance is given by BA — -f- V^. 

A disadvantage of this test is that the auxiliary transformer 
must have a number of separate tappings for the purpose of varying 
th© voltage, as it is not permissible to do this by resistance regula- 
tion, since this would involve altering the phase of AG. 

Short Circuit Test. — ^The object of this test is to enable the 

^ Proc, Amer» Inst. Elec. Eng,, vol. xxix., p* 1089. 
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regulation of a transformer to be determined without actually 
putting it on load. The secondary is short-circuited through an 
ammeter capable of reading the full load current, whilst the applied 
primary voltage is measured by tho voltmeter F (see Fig. 182). 
The applied voltage must be very low. Usually it is necessary to 
have a considerable resistance in series with the supply for the 



purpose of cutting down the voltage. The addition of the watt- 
meter enables the copper losses to be determined. If the secondary 
current be adjusted to its full load value, and then, without alter- 
ing the applied voltage, the secondary ammeter be replaced by a 
low reading voltmeter, the latter will record the open circuit 
voltage. The whole of this was absorbed previously by the im- 
pedance of the two windings, and the ratio of this voltage to the 
secondary current gives the equivalent impedance referred to the 


T 

secondary side. But on open circuit Vs = F/. x , so that the 


y 2 

equivalent impedance is equal to ^ 


T^ 


The total power 


component of the voltage drop, referred to the primary side, is 

p 

- , where P is the total power registered by the wattmeter. When 

this quantity is referred to the secondary side it becomes 

P T P P 

^ X == — , so that the equivalent resistance is . The 
I2 I2 

equivalent reactance referred to the secondary side is, therefore. 



The determination of the regulation, using these results, is explained 
in the next paragraph. 

Fig. 183 shows the vector diagram for this short circuit test. 
Due to the low applied voltage, the flux is very small, so that thfe 
open circuit current is negligible and the primary and secondary 
currents are practically in phase opposition. and represent 
the secondary and primary currents respectively. In order to 
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generate a voltage is necessary, having for its power and 
idle components and respectively. On the primary side 
there are the corresponding voltages IiRi and /] the total primary 
applied voltage consisting of the vector sum of E^, I^Rx and /iXj. 
The small flux vector <I> is at right angles to E^ and E^. 



Fig. 183. — Vector Diagram for Short Circuit 'test. 

Since the fluJt'fs very small, the iron losses are negligible, so 
that the watjtmeter reading practically 'Consists of the copper losses 
of both windings, and this forms a very convenient method of 
measurip^ them. If the resistances are me^ured with continuous 
curren^, the rcshlts obtained are frequentlyXtoo low, due to the 
fact that with alternating currents the current 'distribution is often 
unequal, resulting in an increased power loss. v, 



Fig. 184. — Kapp's Regulation Diagram. 


Kapp’s Regulation Diagram. — By means of a graphical construc- 
tion proposed by Kapp, the voltage drop for a given load can be 
determined for all power factors. For this purpose it is necessary 
to know the equivalent resistance and the equivalent reactance, 
both referred to the secondary side. In Fig. 184 OA and OB 
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represent the power and idle components respectively of the equiva- 
lent impedance voltage 0(7. Taking the secondary current line, 
Cl Si as the axis of reference, and assuming an angle of lag ^s fhe 
load circuit, the secondary tei^minal voltage will lie along a line 
CVs- The open circuit voltage, which is kept constant, will be 
given by OVs, being the vector sum of OG and CVs- The point Vs 
will, therefore, always lie on an arc of a circle of radius OVs and 
centre O. Another arc of a circle having the same radius is now 
drawn with C as centre, and if GVs be produced until it meets the 
other circle at ^hen VsE^ represents the voltage drop at the 
load corresponding to the secondary current (7/^' and the power 
factor cos cf)s. When Vs i« to the right of GIs it corresponds to a 
lagging current, and when it is to the left it corresponds to a leading 
current. All that is necessary, then, in order to determine the 
voltage drop at any power factor is to draw a line GE 2 making an 
angle <}>s with GIs such that cos (j>s is the power factor, when VsE^ 
can be read directly from the diagram. It is seen that the more 
the current lags in the secondary circuit the greater is the voltage 
drop until OVs OG are in phase. For leading currents the 
voltage drop decreases until it finally becomes zero. If the current 
is made to lead still further, the terminal voltage on load is actually 
greater than it is on open circuit. 

Efficiency Test, — The simplest mtdhod of measuring the efficiency 
of a transformer consists in measuring the output and input by 
means of two wattmeters and is usually stated for a particular load 
which is given by an ammeter in the secondary main circuit. If 
the load is non-inductive, a voltmeter and ammeter are sufficient 
to measure the power, but in most cases it is desirable to check the 
power factor by means of wattmeter observations. In any case, a 
wattmeter must be included in the primary circuit, since there is a 
quite appreciable idle component of the primary current. The 
efficiency is, of course, given by the ratio of the output to the input. 
This method is a wasteful one, as it necessitates the whole of the 
power used being dissipated in some form or other. 

An indirect method of determining the efficiency consists in 
measuring both the iron loss and the copper loss separately. The 
power input at no-load is practically all iron loss, and this remains 
substantially constant for all loads. The copper loss is obtained 
from the short circuit test, as already explained. Adding these 
losses to the output at any load, the input is obtained, knowing 
which, the efficiency may be calculated. 

The direct and indirect methods explained above are equally 
applicable in the case of three phase transformers, the only difference 
being that three phase wattmeters are necessary, or, if these are 
not available, single phase instruments may be used for measuring 
the three phase power, as explained in Chapter X. 

Sumpner’s Test, — This test is carried out on two similar trans- 
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formers, and not only enables the efficiency to be determined, bnt, 
in addition, measures the copper and iron losses separately. The 
first transformer supplies the second, which is loaded back on to the 
mains ^ after the fashion of the Hopkinson test with continuous 
current machines. The net power taken from the mains is therefore 
only that required to make up the losses of the two transformers 
and the various instruments. The two transformers are connected 
back to back as described on p. 198, the second one being worked 
the reverse way, so that the winding which is normally the secondary 
now acts as the primary. If there were no losses in the circuit, the 
acting secondary (real primary) of this transformer would deliver 
back to the mains a current equal to that taken by the first trans- 
former. In order to enable this action to take place in an actual 
case, the primary of the first transformer must have its applied 
voltage boosted up a little, this being done by means of a small 
auxiliary transformer the secondary of which is connected in series 



with the primary of the transformer which requires the boost 
The full diagram of connections necessary for this test is shown in 
Fig. 185. 

If the primary of the auxiliary transformer be open-circuited, 
the secondary will act merely like a high impedance in series with the 
primary of the main transformer. The magnetising current of the 
latter will therefore be supplied from the second transformer and 
the ammeter, A, will register the total magnetising current of both. 
The wattmeter TF| will register the total power supplied, and this 
represents the iron loss of the two transformers. If the wattmeter 
still gives an indication on opening ^ 3 , this will be due to instrument 
losses and should be deducted from the former reading. When 
is closed the auxiliary transformer supplies an additional voltage 
which can be regulated by means of the adjustable resistance, 
The extra power supplied in this manner is measured by the watt- 
meter and since this causes a circulating current to be set 
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up between the two transformers and loads them up, the extra 
power supplied must be on account of the copper losses. The reading 
of W 2 thereforg indicates the total copper loss. This will not cause 
the reading of to go up by a like amount, for the power supplied 
by the auxiliary transformer is received in its primary, and this 
primary current does not go through* the wattmeter Wi, which will 
therefore continue to register the total iron loss. By varying the 
value of B, the load may be varied over a wide range, enabling the 
efficiency to be determined from no-load up to any desired overload. 
If the instrument losses are appreciable, the switches 8^ and 8^ 
may be opened, when the wattmeters will register their value. These 
losses may be taken as being proportional to the square of the 
current. 

If the auxiliary transformer acts in opposition to the supply 
voltage, it reduces the terminal voltage on the test transformer, 
but this does not matter, as it simply means that, instead of supplying 
the second test transformer, it is supplied from it. 

The output of each transformer may be taken as the product 
of the current read on the ammeter A and the voltage read on 
the voltmeter F, whilst the total input may be obtained by adding 
the copper loss and the iron loss to the output. The individual 
efficiency of each transformer is obtained by extracting the square 
root of the joint efficiency. 

Efficiency Test by means of a Drysdale Double Wattmeter. — If one 

half of a Drysdale double wattmeter (see p. 146) be connected so 
as to read the input and the other half the output of a loaded trans- 
former, and the connections arranged so that the two halves are in 
opposition, the indication of the instrument will represent the total 
losses of the transformer. On open-circuiting the volt coil connected 
to the primary, the instrument will record the output of the trans- 
former, enabling the efficiency to be determined. It is convenient 
to make the wattmeter read backwards for the loss measurement, as 
it will then read forwards for the relatively large output measure- 
ment. The power factor of the load may be either unity or less, as 
desired, or some arrangement may be made for loading back on to 
the mains if convenient. 

^ Separation of Losses. — The total copper loss and the total iron 
loss may be determined separately or from the Sumpner efficiency 
test. The copper loss is divided between primary and secondary, 
and the watts wasted in each can be determined from a knowledge 
of their relative resistances and the current flowing in each, and 
will usually be somewhere about the same. The iron loss can be 
separated into hysteresis and eddy current loss by the method 
explained on p. 86, where the flux is kept constant by varying 
the frequency at the same rate as the voltage. In this test, the 
secondary is left entirely disconnected. 

'JkU-Day Efficiency — Since some transformers, notably those used 
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for lighting purposes, work for very considerable periods every day 
at loads much less than full load, it is advisable to take this into 
account when considering the suitability of a trai^former for a 
particular duty. In this connection, an expression termed the all- 
day efficiency is introdhced, this being defined as 

Kilowatt-hours output per 24 hours 

Kilowatt-hours output per 24 hours + Kilowatt-hours wasted per 24 hours 

In order to get a high value for this ratio, it is necessary to have 
the maximum efficiency in the neighbourhood of the load at which 
the transformer works for the major portion of the time. But 
the maximum efficiency occurs when the copper loss equals the 
iron loss,^ so that in a case of a lighting transformer the efficiency 
is designed to reach a maximum at very much less than full load, 
being usually about half full load. This means that at full load 
the copper losses will considerably exceed the iron losses, whilst 
in a transformer designed to have its maximum efficiency at full 
load these two would be equal. In order to reduce the iron loss, 
the flux density must be reduced, and this can be brought about 
either by increasing the cross-sectional area of the core or by increas- 
ing the number of turns. The former method involves an increased 
length of mean turn, resulting in an increased copper loss, whilst 
the latter method also increases the resistance of the windings. 
There is a practical limit to this, since an increase in the copper 
losses makes the regulation of the transformer worse, and after a 
certain point this becomes prohibitive. 

As an example, consider the case of two 10 k.W. trans- 
formers, the first having a maximum efficiency of 97 per cent, 
occurring at full load and the second having the same maximum 
efficiency occurring at half full load. The full load losses of the 
first are 300 watts, divided equally between the iron and the 

1 This can be proved as follows : — 

Let output == El cos <p and input = El cos (/> -f Pj -f where P, repre- 
sents the constant iron loss and the copper loss. 

. El cos (f> 

Kfficiency - ^ ^ .j. . 

= 1 = 1 . P* . . 

^ 7f El cos (j) Ei cos (p 

lor 7? = max. or - = min., = 0. 

yj dl 

. ^ = 0 = 0 

* ’ dl EI^ cos <p^\E cos ’ 

B J Pi 

E cos 0|| EI* cos (f> 

R = and I*R = P,. 
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copper. At one-quarter full load the copper loss will be ~ = 9*4 

<* ID 

2500 

watts and the ’efficiency = 94’0 per cent., the no- 

2500 + 150 + 9-4 ^ 

load loss being 150 watts. The losses of the second transformer at 

3 

half full load are y— X 6000 = 150 watts. The iron Joss is 75 
100 

watts and the full load copper loss is 4 x 75 = 300 watts. The 

full load efficiency is therefore i X 1^0 — 96-4 

10000 7o + oOO 

per cent. The efficiency at one-quarter full load is 


2500 -f 75 -i- 18-75 


X 100 — 96-4 per cent. 


Now assume that each transformer is kept on full load for six 
hours, one-quarter full load for twelve hours, and on no-load for six 
hours every day. The total energy output during a day is 



Fig. 186. — Eflaciency Curves of Two Transformers. 


6 X 10 -j- 12 X 2-5 = 90 k. W.h. The total energy losses of the first 
transformer are 24 X 0-15 -f 12 X 0-0094 -f 6 X 0-16 = 4-61 k.W.h. 

90 

The all-day efficiency is therefore 7r/r-T-T'«v X 100 = 95-1 per 

90 + 4-61 ^ 

cent. The total energy losses of the second transformer are 
24 X 0-075 -f 12 X 0-01875 -f 6 x 0-3 - 3-825 k.W.h. The all-day 

90 

efficiency of this transformer is 3.325 ^ ~ cent., 

and is an improvement on the other. If a greater period of the 
time were spent on no-load, the improvement would be still more 
marked. Kg. 186 shows the efficiency curves of these two trans- 
formers. 

For power work, transformers are mostly operated in the 
neighbourhood of full load and the efficiency is designed to be a 
maximum at this point. 

Heat Tests. — ^When a transformer is run on a constant load its 
temperature gradually rises to a maximum value, which depends 
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upon the total losses which have to be dissipated. If the heat were 
produced uniformly throughout the transformer and also dissipated 
uniformly from its surface, the temperature rise of all the parts 
would be equal. In this case^ the rate of production of heat is 
constant, whilst the rate* of dissipation of heat is proportional to 
the temperature rise at that moment. The instantaneous tempera- 
ture rise, 0, is then given by the equation 

£ 

where 0^ is the maximum temperature rise and T is a constant 
called the heating time constant.^ 

This latter quantity is the time taken to reach the final temperature 
if the initial rate of increase of temperature were maintained and is 



indicated in Fig. 187, which shows the general form of the tempera- 
ture rise curve. The cooling curve is the same shape as the heating 
curve, except that it is inverted. 


^ This law can be worked out as follows 


Let H and ^^6 be the rate of production and of dissipation of lieat 


respectively. 

Then 


de ^ e . dd 

^ = and 

^-T 


dt. 


Integrating, we get ^ — ~~~~q ” Jdt or ~T log ™ f + Aj. 


When f == 0, 0=0 and k ^ —T log H, 

Therefore ^ = T log JEf — T log = T log 


H 


t 


H 


, and 

H-i 


0=Th[i - 


-t 


But Q = when f = oo and e ^ = 0, therefore = TH and 0 = 0.^ (1 — ). 



208 


ALTERNATING CURRENTS 


CH. 


Unfortunately, the heating is not uniform in an actual case ; 
the iron may have more watts to dissipate than the copper and may 
have less coolyng facilities, or vice versa. The different parts of a 
transformer, therefore, may heat up unequally, and in any case 
the heating ' curve, in the majority of instances, does not exactly 
agree with the theoretical curve, the continued increase in tempera- 
ture after the bend has been passed being slightly greater in an 
actual case than is inferred from the theoretical curve. 

A peculiar point sometimes observed is that on switching 
off the load the copper continues to rise in temperature for a 
short time. This is due to the fact that the iron is hotter than 
the copper, and, when cooling commences, the iron gets rid of 
some of its heat to the less hot copper and temporarily raises its 
temperature. 

To carry out such a heating test, the transformer must be run 
on full load until it reaches its final temperature, which will usually 
not be for several hours. In order to reduce the wastage of energy, 
two transformers are tested at the same time, the second one 
loading back on to the mains. It is preferable to determine the 
temperature of the copper by the increase of resistance method, as 
this measures the average temperature of all the turns and not 
merely that of the surface. If this is done by means of a continuous 
current, it involves a temporary interruption of the test, but it is 
possible to avoid this by determining the equivalent resistance of 
bhe transformer whilst still working. In order to prevent damage 
bo the windings the maximum temperature rise is usually limited 
bo 50° C. 

Short Time Heat Tests. — In a number of cases it is undesirable 
to carry out a heat test for the length of time necessary to arrive at 
a constant temperature. But running the transformer for a shorter 
period than this enables the initial part of the temperature rise 
curve to be determined, and knowing the law which is followed the 
final temperature can be calculated. One method of estimating 
this, due to the late Prof. S. P. Thompson, is to determine graphic- 
ally the point at which the slope of the curve has been reduced to 
half its initial value. 9^ is then twice the temperature rise at that 
point.^ Unfortunately, this method is very often found to be too 
inaccurate even for practical purposes. One reason for this is that 
it depends upon the initial rate of rise of temperature, and this 
is the most irregular part of the curve in the majority of actual 
cases. 

Another method of estimating the final temperature rise, due 

^ It “ ^ equal to • 

CLt J. 'UJL 

^ = i and 0 = (1 — i) = 
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to Prof. C. H. Lees, is as follows : If Ov0z and ^3 are three rises of 
temperature observed successively at equal intervals of time, then 


or 


J. ^ 
— ^2 

“^2 + 


_ 1 1 

^3 ^2 ^2 

{^2 - ^ l ) - (^3 ~ 02 ^ 


Since this formula involves the difference of two differences, the 
points selected should be sufficiently far apart on the curve to avoid 
the production of a large error in the result due to small errors in 
the observations. 

None of these methods, however, is as accurate as the direct 
method of measurement. Their chief advantage lies in the fact 
thai they cause a great reduction in the amount of energy consumed 
and time taken to complete the test. 


t 
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Usual Shapes of Core. — The two most usual shapes for the cores 
of single phase transformers are those known as the core and shell 
types respectively. Having decided upon the type to be er -'Hyed 
in a particular design, a provisional estimate of the secti'xIKi^S^ea 
of the magnetic circuit can be obtained from Fig. 188, which gives 
the relation between the output and the total gross cross-sectional 
area of all the limbs of the core. A very roug/ approximation to 
this curve is given by the relation 

Area of all limbs in sq. in. (not) ~ 10 Vk. V.A. 

Area of all limbs in sq. cm, (net) — 65 Vk.V.A. 


Xi 

a 


O 

O 


o 

O 

o 

H 



Area in 
Sq. Cm. 


Area in 
Sq. In. 


Fig. 188. — Total Cross Section of All Limbs. 


The area per Jimb having been decided upon, the shape of the 
magnetic circuit can be determined from a series of relations given 
by Prof. Kapp which lead to the approximately best dimensions 
(see Pig. 189). 
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These relations are given in the following tables : — 

Core Type. 



Inch Dimensions. 

Cm. Dimensions. 

A 

0-4 + 3-2 if 

fO + 3-2 

B 

4 + 4 -6 

10 + 4-6/^ 

G 

0-4 + 1-2 if 

10 + V2F 

D 

4 + 2 -6 V 

10 + 2 *6 F 

E 

F to 2if 

F to 2F 


Shell Type. 



Inch Dimensions. 

Cm. Dimensions. 

A 

3-2 if to 3-4 i*' 

3 -2 if to 3 -4 if 

B 

2 2ifto2-4if 

2 2 F to 2 AF 

C 

0*6 7^ to 0-7 

{yi\F to 0*7 F 

D 

F 

F 

E 

^F to A F 

2 F to ^ F 


The proportions given in the above tables are not rigid, and may 
be departed from considerably without any very great disadvantages. 
In fact, several shapes of stampings are often used for the purpose 



of obtaining an approximation to a circular cross-section, whilst 
the dimension C is often reduced at the expense of an increase in the 
dimension D, the object being to obtain a reduction in the |loor 
space required. 

Allowable Losses. — ^The allowable losses are determined by the 
efficiency at which it is desired to work, and this is obtained by 
comparison with existing transformers. Figs. 190 and 191 show 
the relation between efficiency and output which might be expected 

P 2 
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in a normal case, the two curves on each diagr£i,m showing the 
upper and lower limits within which the transformer should 
work. The ,full load losses can thus be found, and if it is desired 



K.V.A. 


Fig. 190.— Full Load Efficiencies. 0-10 k.V.A., p.f.^1. 


to make the efficiency a maximum at full load, the core loss 
should be half the total loss. If the maximum efficiency is to 
occur at some other load, the ratio of the two losses will be altered 



0 20 40 60 80 100 

K.V.A. 

Higher Values correspond to Higher Volts 
Fig. 191. — Full Load Efficiencies. 0-100 k.V.A., p.f. -1. 


accordingly. For example, if the maximum efficiency is to occur 
at half full load, the iron loss will be one-fifth of the full load 
losses instead of one-half. As a check on this value, reference 



Fia. 192. — Core Lose as Percentage of Full Load. 


shape and volume of the core and a knowledge of the core loss, 
the maximum flux density allowable can be calculated. The first 



Watts per Cu. In. 

(a) 


Fig. 193. — Flux Densities. 


Watts per Cn. Cm. 
(b) 


step is to obtain the core loss per cubic inch or per cubic cm. With 
a given frequency this settles the maximum flux density, which 
can be read off the curves in Fig. 193 (fif) or (6). 
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For strict accuracy, separate curves should be drawn for the 
hysteresis and the eddy current loss, but the above combination 
is sufficiently accurate for the present purposes. 

The total flux can now be obtained by multiplying the cross 
section of the core by the flux density to be used. 

As a check on the value of the flux density the following table 
may be consulted, which refers to ordinary transformer iron, some- 
what higher values being permissible with the special brands of 
alloyed iron. 


Kilowatts 

Output. 


Up to 3 .. 
„ „ 10 .. 
„ „ 20 .. 
„ „100 .. 


Maximum Flux Density. 


/- 4 ()- 60 . I /- 80 - 100 . 


Lines per 

1 

Lines per 1 

Lines per 

Lines per 

sq. in. 

sq. cm. 1 

;sq. in. 

sq. cm. 

65000 

10000 

42000 

6500 

52000 

8000 i 

32500 

5000 

45000 

7000 i 

26000 

4000 

32000 

5000 

! 

22500 

3500 


Copper and Iron Space Factors. — Two very important ratios are 
the copper and the iron space factors, which are defined as follows : — 

^ ^ Total net copper section 

Copper space tactor ™ rfi r i • • 

‘ * iota] available winding space 

_ „ Total net iron section 

Iron space t actor = -7 * 

iotal gross cross section ot core 


The former largely depends upon the voltage dealt with on the 
H.T. side, and is also affected by the method of cooling and by the 
use of oil insulation instead of air. Roughly speaking, the copper 
space factors of air -insulated transformers are about 20 per cent, 
poorer than those of corresponding oil-insulated ones. Fig. 194 
gives the copper space factors for 10 k.V.A. and 1,000 k.V.A. trans- 
formers for voltages up to 30,000 volts. The values for other 
outputs can be obtained by interpolation. 

The iron space factor depends upon the thickness of the lamina- 
tions and the number of ventilating ducts. The thickness of the 
laminations usually varies from about 0*25 mm. to 0*5 mm., the 
insulation being obtained by means of a thin layer of varnish or a 
very thin sheet of tissue paper. About 15 per cent, of the gross 
iron length is used up in this way, the remaining 85 per cent, being 
solid iron. The number and size of the ventilating spaces further 
reduce the iron space factor, the values given in Fig. 195 being 
representative of average practice. 
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Dimensions of Core. — As a check on the core dimensions already 
worked out, a number of equations have been given by Catterson- 



lOOOK.V.A. 
10 K.V.A. 


10000 20000 
Volts on H.T. Sido 
Fig. 194. — Copper Space Factors. 


30000 


Smith 1 connecting the output with the dimensions. The equations 
in question are 



0 200 400 600 800 1000 

K.V.A. 

Fig. 195. — ^Iron Space Factors. 

where the constant 

= 0*45 for single phase core tjqie and shell type, as shown in 
Fig. 189, 

= 0-30 for three phase combined core type, 

= 0*15 for three phase combined shell type, 

= 0-45 (^1 — for single phase auto-transformers, 

^ J. K. Catterson-Smith, Electrician^ Jan. 3, 1913. 
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where Si and Sc are the iron and copper space factors respectively, 
di and dc are the flux and current densities respectively, and n is 
the ratio of ttansformation, all the dimensions being in cm. measure. 
The iron and copper space factors can be taken from Figs. 195 and 
194 respectively, whilst the flux density can be taken from the 
table on p. 214. The current density will be approximately the 
same in both windings and may be taken from Fig. 197, which 
represents average practice. As it is only a rough preliminary 
estimate of the core which is given, it is only necessary to know 
these figures approximately, and so it will be quite sufficient to 
read the various values from the curves without direct reference 
to the transformer to be designed at all. 

Number of Turns. — ^When the flux is decided upon, the number 
of turns on both primary and secondary can be settled from the 
equation 


Total primary turns = 


d> X / X 4-44 


If the wave form on which the transformer is to work differs con- 
siderably from a sine wave, the constant 4*44 must be replaced by 
4Jc, where k is the form factor. The value 4*44 is, however, suffi- 
ciently accurate for most practical cases. 



0 20 40 60 30 100 

K.V.A. 

I’m. 196. — Regulation %. p.f.= l. 


In order to determine the number of turns required on the 
secondary, it is necessary to know the voltage drop on full load. 
An approximate figure for this can be obtained by referring to 
Fig. 196, which gives the average regulation which can be expected 
from normal transformers up to 100 k.V.A. In this way the 
allowable total voltage drop can be obtained, reduced to the 
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secondary side, and the secondary turns can be calculated from 
the formula 

Total secondary turns 

. , ^2 + total drop in volts 

= Total primary turns x et ~ 

The question of the best number of turns and the best flux to 
adopt depends upon the relative cost of copper and iron. If the 
price of copper goes up, that of iron remaining constant, it may 
pay to reduce the number of turns on both primary and secondary 
and use a bigger flux necessitating more iron in the magnetic circuit. 

Size of Wire. — The best distribution of the copper losses is obtained 
when the current density in primary and secondary is the same, 
and this means that the cross sections of the two windings should 
be proportional to their respective currents. The usual current 
densities adopted vary considerably with the output of the trans- 
former and are given in Fig. 197. The sizes of the primary and 



Fio. 197. — Current Densities. • 

secondary wires can now be settled, since the full load currents in 
the two windings are known. If the transformer is of considerable 
size the windings may have to be split up into several coils, as shown 
on p. 186. 

The number of turns, size of wire and copper space factor being 
known, reference should be made to the core dimensions to see that 
it is possible to get the two windings into position. 

Also the length of a mean turn on both primary and secondary 
can now be estimated by assuming a probable depth of winding, 
and hence the resistances of the two windings can be calculated. 
In this way an estimate of the total copper loss can be arrived at, 
which should agree substantially with the copper loss allowed in 
the first instance. In large transformers strip may be used in place 
of wire, and then, due to an uneven distribution of current, the 
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resistance may be greater when supplied with A.C, than when 
supplied with O.C. 

Cooling Surface and Temperature Rise. — The various losses should 
now be re-calculated from the exact data available, so as to deter- 
mine the total losses and efficiency at which the transformer will 
work under full load. The temperature rise may then be estimated 
when the cooling surface has been worked out, and the latter may be 
taken as 

1-5{2AjB + + B)} sq. in. or sq. cm. (see Fig. 189), 

depending upon the unit used. The constant 1*5 is introduced to 
take into account the fact that the outer surfaces are more or less 
rounded and not flat. If a drawing of the transformer is available 
these areas may be calculated more accurately, the total external 
surface from which cooling can take place being taken. If the 
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Fig. 198. — Temperature Rises. 


core contains ventilating ducts, these should also be taken into 
account by including the area of both sides of the walls in the total 
cooling surface, and the same thing applies to any internal part to 
which the air or oil has free access. 

The total watts wasted should lie between 0-1 and 0-2 per 
sq. in. or 0-016 and 0-03 per sq. cm. Fig. 198 shows a curve given 
by Prof. Kapp, in which the temperature rise is represented as a 
function of the watts per unit area of cooling surface for trans- 
formers completely enclosed in cast iron cases, both with and 
without oil, the temperatures being the probable maximum tempera- 
ture rise when run continuously on full load. Where artificial 
cooling is employed, twice or three times the above watts may be 
dissipated for the same temperature rise, depending upon the 
jnethod and thoroughness of the cooling arrangements. 

Predetermination of No-load Current.— The no-load current 
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consists of a power and a no-load component, the former of which 
supplies the losses and the latter the magnetising current necessary 
to force the flux round the magnetic circuit. The^elative magni- 
tudes of these two components will be such that the resultant no- 
load current will usually lag behind the voltage by an angle of about 
45° to 60°. The power component is obtained by dividing the total 
losses in watts by the primary applied voltage in a single phase 
case, whilst for a polyphase transformer each phase is supposed to 
take its proper share of the watts, and the current per phase is 
obtained by dividing this value by the volts acting across each phase, 

e.g. -4= times the line voltage in the case of a star connected three 

V3 

phase transformer. 

In calculating the purely magnetising current, the total 
reluctance of the magnetic circuit is required, and this usually 
includes a number of joints of somewhat indefinite reluctance. 
As an approximation the reluctance of these may be taken as being 
equal to the reluctance of the remainder of the iron circuit. From 
the B — H curve of the iron the number of ampere-turns per cm. 
may be obtained, corresponding to the maximum flux density in 
the core. This value is multiplied by the total length of the magnetic 
path and then doubled to allow for the joints giving the total 
maximum ampere-turns required. Dividing by the number of 
primary turns and by V2 to obtain the R.M.S. value, the magnet- 
ising current is obtained. The formula to be used is, therefore, 

, Ampere-turns per cm. X length in cm. X 2 

Magnetising current = — — — ^ — 

primary turns x V2 

In three phase transformers the primary turns per phase are 
taken, giving as the result the magnetising current per phase. 

The total no-load current is then given by 

No-load current ~ A/(niagnetising current)^ + (iron loss current)^, 
and the angle of lag, <^, is equal to 

t^n-i iT^agri<^tising current 
iron loss current 

Predetermination of Regulation. — The voltage drop at the 
terminals of the secondary winding when on full load is due to the 
combined effect of the resistance and the reactance of the two 
windings. The total drop due to the resistance, reduced to the 
secondary side, is 

T 

/ii?i X jjf IJRz volts. 

■^1 



220 ALTERNATING CURRENTS oh. 


The calculati9n of the total drop due to the reactance is more 
complicated and is given by a formula due to Prof. Kapp,^ based 
upon the dimensions of the transformer, as follows : — 

Pressure drop as a percentage of the open circuit voltage 


ATx I 
<^LN^ 


{SNt + D)G, 


where AT = Total ampere-turns per limb (primary and secondary), 
I == Mean length of turn (average of primary and 
secondary) in cm., 
c|) = Total flux at no-load, 

L — Length of winding space on one limb in cm., 

N = Number of primary or secondary coils per limb (using 
the larger number if they are different), 
t ~ Thickness of insulation between each pair of primary 
and secondary coils in cm., 

D = Depth of winding (primary + secondary) on one limb 
in cm., 

G == A constant 

==16 for core type transformers, 

= 22 for shell type transformers. 


The impedance voltage triangle can now be calculated and the 
full load voltage drop obtained from Kapp's regulation diagram 
shown on p. 201. 

Predetermination of Power Factor. — The primary power factor 
can be predicted by graphical means on drawing the vector diagram. 
Its value will depend upon the magnitude of the load and the power 
factor of the secondary circuit. If the secondary load is non- 
inductive, the primary current, Jp, is given by 


Ip = A/^ower component)^ + (magnetising component)^. 

The magnetising component has already been estimated, so that 
the power component, can be calculated for a given value of Ip. 
In a similar way, the primary applied voltage Ep is given by 


Ep = A/(power component)^ + (idle component due to reactance)^. 

The volts lost due to reactance have been calculated, so that the 
power component, E' , can be calculated for a given applied voltage, 
Ep. The primary power factor can then be obtained from the 
expression 

primary power factor = ^ • 

E pi p 


1 E.T.Z., April 14, 1898, p. 244. 
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This method of treatment can also be extended to apply to the 
case when the secondary power factor is not unity. 

For modem transformers on non-inductive load the power 
factor is practically unity from quarter load and upwards. 

Example of Design. — As an example, a design will be worked out 
for a 50 k.V.A. single phase transformer working from 6,600 to 
220 volts on a frequency of 60 cycles per second. 

The transformer will be of the core type and will have its 
maximum efficiency at full load. 

From Fig. 188 the gross area of all the limbs lies between 430 
and 540 sq. cm. 

Cross section of limb = 215 to 270 sq. cm. 

From the formula 

Area of all limbs (net) = 65 \/k.V.A. 

the area is given as 65 X VhO = 460 sq. cm. 

Allowing an iron space factor of 0*85 this gives the gross cross 

section of the limb as — - 7 — = 270 sq. cm. 

2 X 0-85 ^ 

This latter figure will be assumed as a tentative value for the 
cross section of the core, and, assuming this to be square, the length 
of the core is given as \/270 = 16*4 cm. The other dimensions of 
the core are given by Kapp’s relations (see Fig. 189), whereby the 
following values are obtained : — 

A = 1-0 -f 3-2F = 1*0 -f 3-2 x 16-4 

JS = 10 + 4-6F = 10 -f 4*6 X 16*4 

(7 = 1-0 -1- 1-2F = 1-0 + 1-2 X 16-4 

2) = 10 -f 2-6F = 10 + 2-6 x 16-4 

E — F = 16-4 cm. 

Ultimately a different cross-section of the core will be adopted, 
two sizes of stampings being used, as indicated on p. 183, in order 
to get a shorter length of mean turn for the winding. 

The maximum efficiency lies between 97"1 per cent, and 98’0 per 
cent., according to Fig. 191, and occurs at full load. Thus the 

2’9 

allowable losses at this load lie between x 60000 = 1460 watts 
2*0 

and X 60000 = 1000 watts, giving a core loss ranging from 

600 to 726 watts. According to Fig. 192, the core loss is given as 
360 to 800 watts, the lower figure referring to transformers which 
reach their maximum efficiency at less than full load. 

The approximate net volume of the iron core is 

270 X 0-85 (2 X 63-6 -f 2 x 62-6) = 48700 cu. cm. 


= 53*5 cm. 
= 85-4 „ 
-20-7 „ 
= 52.6 „ 
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The core loss per cu. cm. is, therefore, 

500 


(a) = 
{b) = 


48700 ' 

725 

48m 


0-0103 watt. 


0-0149 watt. 


These figures correspond to flux densities of 5,000 and 6,500 lines 
per sq. cm. respectively [see Fig. 193 (5)], which agree very well 
with the densities given on p. 214. 

The dimensions of the core may now be checked by means of 
the Catterson-Smith formulae. For this purpose the copper space 
factor may be taken as 0-33 from Fig. 194 and the iron space factor 
as 0-85. A tentative value for the current density in the windings 
is 110 amperes per sq. cm. taken from Fig. 197. 

Then 

/ X /^n ETC. k.V.A. X 1011 X 0-45 

(a) CD X FE = ^ y . . - 

/ X SiSc X didc 

_ 50 X 1011 X 0-45 

50 x O-85 X 0-33 X 6500 x“ i lO 

= 225000. 

50 X 1011 X 0-45 
50 x“0-85 X 0-33 “x 5000 X 110 
292000. 


(b) CD xFE = 


The value of CD X FE according to the figures already 
obtained is 

20-7 X 52-6 X 16-4 x 16-4 .= 293000. 

The higher figures correspond to the higher efiiciencies and 
necessitate larger cores. 

The section of the core may now be decided upon, the 
dimensions of the two sizes of stampings being as follows : — 

a = 1-09 X V270 = 17-9 cm., 

say 18-0 cm. (see p. 184). 

b = 0-67 X \/276 = 11-0 cm. 

With two 0-5 cm. air ducts and 0-5 mm. plates with 0-05 mm. 
insulation (see Fig. 199) the net iron section is 

18 X 11 X H- 6 X 11 X = 240 sq. cm. 

Adopting a flux density of 6,000 this gives a total flux of 
240 X 6000 = 1-44 X lO® lines. 
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The total primary turns are 

T - X 10^ • 

^ “ 4> X / X 4-44 

6600 X 108 

~ 1-44 X 10« X 50 X 4*44 
= 2060 turns. 

The total secondary turns arc 



T., - X 


+ total drop in volts 


The total drop in volts is given as 

0*018 X 220 = 4 volts from Fig. 196. 


Fig. 199. — Cross Section of 
Core. 


Therefore 


220 4- 4 

T. = 2060 X = 70 turns. 


The full load primary current on unity power factor is 


60000 


7'6 amperes 


or 7 "8 amperes allowing for the efficiency. 
The full load secondary current is then 


50000 


227 amperes. 


With a current density of 110 amperes per sq. cm. this gives as 
the sections of the two conductors 


7*8 

Primary — = 0*07 sq. cm. 

227 

Secondary = = 2-06 sq. cm. 

The secondary winding will be in the form of strip, and in order 
to reduce the eddy current loss in the winding will be subdivided 
into three strips in parallel laid over one another, the section of 
each being 0-69 sq. cm. 

Increasing the secondary turns to 36 per limb and having 9 turns 
per layer with 12 layers (3 in parallel) a suitable size of conductor is 
found to be 4 X 0-175 sq. cm. 

The nearest wire to 0-07 sq. cm. is 11 S.W.G. having a cross- 
sectional area of 0-068 sq. cm. and a diameter of 0-296 cm. The 
wire is double cotton covered, each layer being further insulated 
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by a continuous strip of insulation about 0*5 mm. thick whilst the 
whole winding is finally insulated to about 3 mm. with oiled linen 
and press-spa^n. 

The external cooling surface is given approximately by 
1-^{2AB + 2E{A + B)] 

= 1-5 {2 X 53-6 X 85-4 + 2 x 16-4 (53-5 + 85-4) } 

4 , — 20500 sq. cm. 

The cooling surface of the air ducts can be taken as 


86-4 x 11 X 4 = 3800 sq. cm., say. 

There will be also additional ventilating space due to the two 
sizes of stampings which can be taken as 

85-4 X 3 X 8 — 2000, say (see Fig. 199). 

The total cooling surface is then 

20500 + 3800 + 2000 = 26300 sq. cm. 

The watts dissipated at full load are of the order of 2-5 per cent, 
of 60000 = 1260 watts. 

The watts per sq. cm. are approximately 


1250 

26300 


= 0-0475. 


If the transformer is oil immersed in a cast iron case with no 
mechanical circulation, this would correspond to a temperature rise 
of 50-55'' C. (see Fig. 198). With an air-blast, however, this 
temperature rise could very easily be brought down to 40° C. 
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ALTERNATORS. — PRINCIPLES AND CONSTRUCTION 


Simple Alternator*. — ^An alternator is an alternating current 
dynamo and in its elementary form consists of a coil of wire rotating 
between the poles of a magnet, as shown in Fig. 2. The two 
ends of the coil do not need to be connected to a commutator and 
are, instead, connected to a pair of slip rings, on each of which a 
brush jiresses for the purpose of collecting the current. In an 
ideal ease the induced E.M.F, will obey a sine law of the type 

e “ sin 6, 


An increase in the number of turns results in an increase of the 
induced voltage. 

Frequency and Number of Poles. — The majority of actual alter- 
nators are multipolar machines, the number of poles employed 
being, in general, much greater than is the case in C.C. dynamos 
of the same size. The number of poles may, in fact, reach up to 
100 in large alternators. Alternators are usually design ed to 
generate at definite frequencies, and there Ts rigid rela^onship 
between the speed, the number of poles, and the frequency. If 

there are p poles, the E.M.F. will go through - cycles per revolu- 


tion or 


pn 

2“^ 60 


cycles per second, where n equals the r.p.m. Thus 


pn 

120 * 


The r.p.m. at which alternators must run for various frequencies 
and numbers of poles are given in^the following table : — 


No. of Poles 

2 

4 

6* 

8 

10 

12 

16 

20 

Speed for / = 25 

1500 

750 

500 

375 

300 

260 

187*5 

150 

„ „ /= 40 ... 

2400 

1200 

800 

600 

480 

400 

300 

240 

„ „ /= 50 ... 

3000 

1500 

1000 

750 

600 i 

500 ! 

375 

300 

„ „ /= 60 ... 

3600 1 

1800 

1200 

900 

720 

600 i 

450 

360 

„ „/=ioo ... 

6000 1 

3000 

2000 

1500 

1200 

1000 

750 

600 


226 Q 
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Polyphase Alternators^ — A ^gjmple two phase alternator may be 
obtained by adding; a second^ii similar, to the firs t, b ut situated 
Sbi ri^Et angles to it so that this an^ is always maintainecL during 
I’otation (see ilg. 79). InlBiie case of multipolar machines, corre- 
'sponding conductors in the two phases are always situated half a 
pole pitch distant from one another. 

A simple three phase alternator is shown in Fig. 86, corresponding 
conductors being always situated two-thirds of a pole pitch distant 
from each other, this being independent of the total number of poles. 

Rotating Field and Rotating Armature. — From a theoretical point 
of view it is immaterial whether the armature rotates between the 
poles or whether the poles rotate round the armature. In practice 
both methods are employed, the rotating armature usually being 
adopted for small machines and the rotating field for large ones. 
In the latter case the field system and the armature change positions, 
the armature being outside and presenting a hollow cylindrical 
surface to the field system. The latter now consists of a yoke 
supported from the shaft, with the poles projecting radially outwards 
and facing the armature. The stationary element is usually called 
the stator and the rotating element the rotor. 

Modern practice favours the rotating field type as being the 
more economical design for large machines, but for small alternators 
the manufacturers usually adopt a rotating armature, largely on 
account of the fact that the demand is small and existing patterns 
of C.C. machines are available, thus enabling them to turn out a 
cheaper machine. If a large demand for such machines arose, it is 
an open question whether it would not be advisable to adopt the 
rotating field even for small alternators. 

There are several inherent advantages of the rotating field type. 
A higher^penpliefar speed may be employed, since it is easJgrTo 
make a sound mechanical job of the poles and pole windings than 
of the armature winding with its end connections, since, owing to 
the centrifugal force, the end connections of the armature must be 
braced securely in position. Also, since the armature is on the 
outside, there is more room for its winding, which is a help in the 
design, since the armature winding usually requires more space 
than the field winding, whilst in the case of high voltage machines 
it is preferable to have the H.T. winding stationary. There is a 
further advantage in connection with the slip rings. A three phase 
alternator with a rotating armature would require three slip rings, 
and a two phase machine four, whilst only two would be necessary 
in either case if a rotating field were adopted. Apart from the 
number of slip rings there is the question of their insulation and the 
liability to breakdown due to wear and tear, since higher insulation 
is probably necessary. 

As opposed to these advantages the rotating armature machine 
presents the possibility of using stock patterns and a stock C.C. 
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armature winding with the commutator removed and slip rings 
substituted in its place. 

Low Speed Alternators. — The usual form of modern fow and medium 
speed alternators is the rotating field type, the magnet poles being 
bolted on to a yoke ring, which is supported by means of spider arms 
from the rotor hub. Since the majority of the weight of the rotor 
lies near its outer edge, its flywheel effect is so considerable that it 
avoids the necessity for any extra flywheel. This would otherwise 
be necessary, since a uniform angular velocity is desired for smooth 
running. In fact, this type of alternator is often referred to as 
the flywheel type. 

Owing to the low speed, these alternatoi^will usually have a 
large number of poles, this tending to make the diameter much larger 
for a given output than would be the case in a C.C. djmamo. The 
general tendency is for the machines to become large in diameter 
and small in length to a noteworthy extent. , Even with the low 
speeds of revolution which are adopted, the peripheral speeds of 
the pole faces are kept up, due to the large diameters, the values of 
the peripheral speed ranging from 5,000 to 8,000 feet per minute. 

This type of alternator is usually directly driven from a recipro- 
cating engine and frequently has only one bearing. The end of 
the shaft on the engine side then terminates in a forged coupling 
which is bolted directly on to the engine crankshaft. 

High Speed Turbo-Alternators. — ^The proportions of high speed 
alternators which are intended for direct coupling to steam turbines 
are much different from the low speed type already dealt with. 
Owing to the high speeds of rotation which are employed, the 
diameters are made very much less, resulting in a corresponding 
increase in the axial length. Even then the peripheral velocities 
of the rotating element reach from 12,000 to 20,000 feet per minute, 
and this necessitates a very sound mechanical rotor construction. 
Special types of rotating field systems are thus called into being, 
and these will be dealt with in detail later. The stator construction 
is not very different from that in low speed alternators except for 
the greatly changed ratio of diameter to length. The number 
of poles is also very much less, being usually either two, four 
or six. 

Since the speed is very much higher, the bulk of a turbo-generator 
is very much less than that of a flywheel type alternator of the same 
output, and consequently the total surface available for dissipating 
heat is very much less. In order, therefore, to prevent an undue 
temperature rise, artificial cooling must be employed, and this 
usually takes the form of an air-blast whereby air is sucked or forced 
in through a hole in the bottom of the outer casing and makes its 
exit by a corresponding hole at the top. The outer casing which 
guides the air past the heated surfaces serves the additional purpose 
of deadening the noise of the machine, which would otherwise be 

Q 2 
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considerable, due to its high speed and the restricted air passages 
in its construction. 

A separate'’ class of tiurbo-alternators has been developed in 
conjunction with steam and water turbines having a vertical shaft. 
These machines may be designed for high speeds in connection with 
vertical steam tmbines, or they may be used as low speed generators 
on hydro-electric stations where only a small fall is avaUable. 

Other Types of Alternator. — ^Various distinct types of alternator, 
other than the rotating field and rotating armature machines, have 
been introduced from time to time, but they have now practically 
disappeared from the market. 

One such alternator is the Ferranti disc machine, which has a 
rotating armature consisting of a fiat disc of copper strip suitably 
arranged so as to generate an alternating E.M.F. No iron is em- 
ployed in the armature for magnetic purposes, the rotating element 
revolving between two sets of poles facing one another, these poles 
being alternately N. and S., those opposite being alternately S. 
and N. 

Another ^ype of A.C. generator is the inductor alternator. In 
this machine both- armature and field windings are stationary, no 
rotating contacts being employed at all. The rotor consists of a 
heavy iron system with two rings of projecting pole pieces. These 
are magnetised by a central fixed exciting coil, so that all the poles 
of one ring have one polarity, whilst all the poles of the other ring 
have the opposite polarity. The E.M.F. in the armature coils is 
induced by the variation in the magnetic flux, due to the fact that 
the magnetic circuit is made alternately good and bad as the in- 
ductors move past the armature coils. The flux never cuts the 
armature coils in the reverse direction, simply varying between 
a maximum and a minimum value. This necessitates a large amount 
of flux, which, although it cannot be called leakage flux, is wholly 
waste as far as the generation of E.M.F. is concerned and results 
in a considerable increase in the iron weight of the machine. One 
characteristic of this class of alternator is the falling away of the 
voltage as the load comes on, which, although of advantage for 
parallel running, is undesirable as far as the voltage regulation is 
concerned. 

Stator Construction. — The stator frame is merely an arrangement 
for holding the armatufe stampings and windings in position and 
does not fulfil any magnetic function. In large low speed aiter- 
nators the size of the stator frame usually results in it being cast 
in two or three sections, these being bolted together as indicated in 
Fig. 200, which shows the general arrangement of rotor and stator, 
the frame of the latter being cut in two halves. In order to increase 
the ventilation a number of holes are cast in the frame, this being 
allowable since it does not interfere with the magnetic flux and 
does not unduly weaken the mechanical strength if done in modera- 
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tion. Fig. 20i is one example of stator construction, the diagram 
showing a cross section of the frame. 33us type of stator is suitable, 
with modifications, for medium and large size alternators. The 
stampings are held in position by being clamped between an end 



Fig. 200, — General Arrangement of Low Speed Alternator. 


cheek cast on to the main frame on one side and a similar^ end 
cheek on the other, this one being cast separately and mounted in 
position after the stampings are arranged in place. The separate 
end cheek and the stampings are firmly held in position by means of 




^\s\rs\Tuiiirifi^ 


Fig. 201. — Stator Frame. 


a number of bolts which pass right through from^de to side. BaAial 
ventilating ducts are provided in the stampings by the insertion 
of distance pieces, so that air can be^thrown out from the air-gap by 
centrifugal force escaping by the vent holes in the outer case. 
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For smaller and narrower stators the central rib iti the frame is 
sometimes omitted, as shown in Fig. 202. 

Sometimes, instead of having an end cheek cast on to the frame, 



i' lG. 202. — Small Stator Frame. 


the stampings are gripped in position by means of two steel ring 
clamps bolted together as in the previous example (see Fig. 203). 

Another method employing two fixed end cheeks is illustrated 
in Fig. 204, the whole stator frame being cast in two duplicate halves. 



Fig. 203. — Stator Frame. 


these being bolted together as shown in order to clamp the stampings 
in position. 

The stators of turbo-alternators present very little real difference 
from those of low speed sets, although their external appearance is 



F[g. 204. — Split Stator Frame. 


widely different. The great points of difference are the smaller 
diameter and the increased length. A special feature is, however, 
observed in the arrangements for clamping the end connections in 
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position owing to the large mechanical forces to which they are 
subjected when the machine is accidentally short-circuited or other- 
wise has a heavy current flowing momentarily through the armature 
winding. Practice has shown that these clamping devices must 
be made very strong. Of course, when a turbo-alternator is cooled 
by means of an external air-blast, this modifies considerably the 
mechanical design of the stator frame, the small vent holes round 
the outside being replaced by one large one at the top and a corre- 
sponding one underneath. 

Cast iron end shields, built up in sections, are bolted on to both 
sides of the exterior of the stator frame for the purpose of providing 
a mechanical protection for the end connections, which frequently 
are at high potentials. 

Staying of Stator Frames. — When the stator frame attains a very 
large diameter, precautions have to be taken to prevent any me- 
chanical deformation due to its own weight, the tendency being 
for the frame to sink at the top and bottom in between the feet. 
This would cause the air-gap at the top to be decreased and that 





Systems of Tie-rods. 


at the bottom to be increased, and to avoid this additional feet are 
sometimes cast on to the lower half of the stator frame, whilst in 
other cases systems of tie-rods are adopted. For example, a single 
tie-rod per side might be used, as shown in Fig. 206. This would 
pull the feet together and may be arranged to restore the air-gap at 
the top to normal, but for large, narrow stators it is not sufficient. 
Much more satisfactory stiffening of the stator is obtained by the 
system of tie-rods shown in Fig. 206, there being, in this instance, 
six tie-rods per side. Another method of producing the same 
result is obtained by mounting a pair of star frames on the stator, 
one on either side, as shown in Fig. 207, the radial tie-rods terminating 
in a ring concentric with, but free from, the shaft. 

Stator Core. — In the rotating field type of alternator the stator 
stampings will, of course, consist of annular rings with the slots 
along the inside edge. For all except small machines these stampings 
will have to be built up in sections (see Fig. 208), being bolted and 
keyed on to the frame at the back. In order to nullify the effect 
of the joint as far as possible, the sections are staggered so that the 
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joints of adjacent stampings do not coincide. Radial ventilating 
ducts are provided at intervals by inserting spacing grids. These 
may consist of skeleton castings so arranged as not to impede the 
passage of the air, or they may be built up from two stampings 



Fig. 208. — Armature Stampings. 


thicker than the rest and separated by means of a number of distance 
pieces soldered on. One type of ventilating duct in common use 
is made by having two thickened stampings in which cuts are made 
as shown in Fig. 209 (a). The little tongues thus formed are bent 



(o) ih) 


Fig. 209. — Ventilating Grids. 

at right angles and form settings for a number of radial steel strips 
which serve as the distance pieces [see Fig. 209 (6)]. 

Slots. — Three distinct types of slots are used in A.C. machines, 
the first being the open type as used also in C.C. machines (see 
Fig. 210). These are frequently recessed near the mouth for the 



Open Semi- Totally 

Closed Closed 

Fig. 210, — Types of Slots. 


purpose of inserting a wooden strip designed to keep the armature 
winding from flying outwards under the action of centrifugal force 
when the armature is the rotating element. These wooden strips 
also take the place of binding wire on stator windings, since the use 
of binding wire on a concave surface is impossible. Open slots 
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enable former wound coils to be employed and are thus easier to 
wind than the other types. They also have the advantage of 
allowing the slots to be thoroughly impregnated with insulating 
varnish before the coils are wound. Their disadvantage is that the 
available area for the air-gap is less than is the case when the other 
types are employed and that they cause slight oscillations of the 
flux from side to side as the teeth move past the pole face. This is 
due to the great difference in permeability of the tooth and slot. 
The lines of force cling on to the retreating tooth as long as possible, 
and then snap across the slot to the next tooth coming along. This 
tends to produce harmonics in the E.M.F. wave form and necessi- 
tates laminated pole shoes in order to reduce the eddy currents 
which would otherwise be generated to a considerable extent. 

The use of totally closed slots or tunnels removes these disad- 
vantages, since a uniform iron surface is presented to the pole face, 
but other disadvantages are introduced. Due to the fact that the 
winding is totally surrounded by iron, the inductance of the coils 
is materially increased, and this has the effect of causing an increased 
drop in voltage as the load current is increased, thus making the 
regulation of the machine worse. To reduce this effect as much as 
possible, the bridge over the roof of the tunnel is made very thin 
in order to force up the flux density of the leakage lines in this 
neighbourhood and thus decrease the permeability. But if this 
bridge is made less than about tunnels are apt to become 

broken open during the operation of stamping, this fact exercising 
a practical limit to the thickness of the roof. Another disadvantage 
of the tunnel type of slot is that the coils must be hand wound by 
threading them through the holes, thus increasing the labour of 
winding and the danger of abrasion during the process. 

The semi-closed slot is a compromise between the wide open 
slot and the tunnel. The danger of bursting the narrow bridge 
is avoided and an air-gap is inserted in the path of the leakage 
lines of force. Moreover, nearly the whole of the surface of the 
armature is useful for flux bearing purposes, which tends to 
eliminate ripples from the wave form. The actual winding is 
easier to carry out than when totally closed slots are employed, 
as the conductors can be passed through the mouth of the slot, 
although more labour is involved than when open slots with former 
wound coils are adopted. 

Rotors. — When the armature forms the rotating system, the 
mechanical construction is much the same as in C.C. machines, the 
stampings being mounted upon a cast iron spider which is driven 
from the shaft. 

In the case of rotating field alternators, the yoke ring and spider 
form a flywheel upon which the poles are mounted. Up to a 
diameter of about eight feet the spider is generally cast in one piece, 
but for larger sizes it is usual to cast it in sections, which are bolted 
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together. To increase the mechanical strength, wrought iron rings 
are shrunk on to the hub and over projections near the rim as 
shown in Fig*. 211. The rim has to be of sufficient cross section to 



carry half the flux per pole, and also to give the necessary flywheel 
effect, the calculation of which involves a knowledge of the engine 
which is to drive the alternator. 



The poles may be fixed to the rim in several ways. A method 
in common use consists in screwing them on from the under side 
of the rim by means of set screws as shown in Fig. 211. When 
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laminated pole shoes are used with cast steel poles they may be 
attached by means of set screws driven in from the pole face or by 
dovetailing them on as shown in Fig. 211, lateral moviJment being 
prevented by means of keys. When the poles are laminated 
throughout they may be dovetailed on to the yoke ring in the same 



Fio. 213.— Laminated Pole Comtiuctton. 


way (see Fig. 212). When ventilating ducts are employed in the 
poles, holes should be made through the yoke ring to meet them, and 
the ducts should further be in line with the stator air ducts so as 
to obtain a through passage for the air. 

Sometimes laminated poles are attached to the yoke ring by 
means of set screws. In this case the 
laminations are pierced from side to side 
by a wrought iron bar so as to provide 
something solid for the set screws to grip 
(see Fig. 213). 

Shape of Pole Shoe. — If a rectangular 
pole shoe is employed with a uniform air- 
gap the resulting theoretical wave form 
obtained would be a rectangular one. 

Actually, due to fringing, the two vertical 
sides of the rectangle would become sloping 
ones, but notwithstanding this the wave 
form obtained in such a case is very far 
from being a sine wave. The E.M.F. in- 
duced in a particular conductor is pro- 
portional to its length in the magnetic 
field, the density of the magnetic field 
and the velocity of the conductor. The 
latter must be kept constant so that either the active length of 
the conductor or the density in the air-gap must be made to vary 
according to a sine law. The active length of the conductor is 
settled by the shape of the pole face. Fig. 214 (a) shows a develop- 
ment of the air-gap wherein the active length of the conductor is 
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proportional to sin 0. Apart from the mechanical difficulties 
presented by such a construction, there would be a tremendous 
amount of magnetic leakage across the adjacent tips of neighbouring 
poles. By turning the second part of each pole face round, however, 
as shown in Fig. 214 (6), the disadvantage of the magnetic leakage 
is obviated, and by the approximation shown in Fig. 214 (c) the 
manufacturing difficulties are done away with. If preferred, the 
same effect may be obtained by having bunches of stampings 
displaced with respect to one another, as shown in Fig. 214 (d). 

The skewing of the pole shoes does not appear very noticeable 
in practice, as it is only necessary to do it to a small extent. Take 
the case of a 6-pole alternator with an air-gap diameter of 18, inches. 
With a ratio of pole arc to pole pitch of 0*65, the distance x in 
Fig. 214 (c) would be 

(I 0-66) = 3-3 inches. 

With an armature core length of 9 inches this means that the 

angle a is given by o 

tan a = = 2’73, 

0*0 

whence a = 70°. 

Another method of obtaining a good approximation to a sine 
wave consists in having an air-gap of variable length, so that the 

magnetic density in the gap varies 
according to a sine law. The mini- 
mum air-gap occurs along the 
centre line of the pole and corre- 
sponds to the point of maximum 
induction and the peak of the wave. 
If this length is represented by I, 
the length of the gap at any other 
point displaced by 6° electrical 
from the centre line is given by 

I 

QO - • 

Fia. 215. — ^Variable Air-gap to produce COS 0 

Sine Wave. 

Fig. 216 shows such a variable air- 
gap. When cos 0 gets small the air-gap becomes very long and 
the pole shoe is cut away altogether, the small amount of flux 
required being produced by fringing. Supposing a ratio of pole 
arc to pole pitch of 0*7 be employed, the length of the air-gap at 
the extreme end of the pole shoe is 

’■ - ’■ 
cos (0-7 X 90°) cos 83° 

It is rarelv worth while carrvinsr the nole shoe bevond this. 
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A simple approximation to this form of pole shoe can be obtained 
by making the radius of curvature of the pole shoe equal to 0*7 times 
the radius of curvature of the stator core. ♦ 

Field Coils. — In addition to the usual coil winding for the poles, 
a type of winding frequently adopted consists in having a single 
layer of strip wound on edge, the strip being bent to the right 
shape before assembling. The adjacent layers are insulated by a 
layer of paper or other insulation, the outside surface being coated 
with varnish. This construction is very sound mechanically, as 
there is no tendency for adjacent conductors to roll over one another, 
due to centrifugal force. Another advantage of this type of coil 
is its superior heat dissipating properties. 

Slip Rings. — ^The slip rings necessary for conveying the field 
current to the rotor are generally made of gun metal, brass or cast 
iron. The usual type of construction consists of a cast iron spider 
carried from the shaft upon which the slip rings are bolted, insulating 
bushes and washers being employed as in the brush spindles of C.C. 
machines. A common type of 
construction is shown in Fig. 

216, there being three lugs cast 
on to each ring for bolting on to 
the spider. Another lug is also 
cast on for the purpose of 
attaching the lead carrying 
the current to the field coils. 

The dimensions of the slip 
rings are usually settled from fig. 216.— slip Eings. 

mechanical considerations, as 

these demand larger sections than would be required on purely 
electrical grounds. 

Carbon brushes are now employed in preference to copper gauze, 
as the wear on the slip ring is considerably less, current densities 
of from 30 to 40 amperes per square inch being adopted with ordinary 
types of brushes. 

Rotors for Turbo-alternators. — Owing to the high speed at which 
turbines run, the number of poles is usually either two, four, or six, 
the diameter of the rotor being kept down in order to prevent the 
peripheral speed from exceeding the safe limit. This results in 
the appearance differing greatly from that of low-speed rotors and 
has led to the development of the cylindrical type of rotor, where 
the field windings are distributed in slots, in addition to what is 
kno-vm as the salient pole type, where the rotor has definite poles 
an,d windings as in the case of low-speed sets. 

Salient Pole Type. — ^This type is frequently adopted for 4- and 
6-pole machines and consists of a rotor body having a star-shaped 
cross section, forged to shape and bored out to receive the shaft 
as shown in Fig. 217. The pole winding consists of copper strip 
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wound either on edge or flat in sections. This winding is kept in 
position by means of the pole shoe, which is sometimes solid and 
sometimes laminated. The pole shoe is held securely in place by 



being dovetailed on to the pole. Owing to the large centrifugal 
force set up, a number of phosphor bronze clamps are provided, as 
shown in the diagram, for the purpose of preventing the winding 

from slipping. These clamps have 
a ball and socket action so as to 
allow of a little play when initially 
fixing them in pokition. Longitudi nal 
vent spaces are bored at intervals 
along the poles to assist in keeping 
the machine cool. 

Cylindrical Type. — ^The cylindrical 
type of rotor consists of a number 
of mild steel laminations clamped 
together between two end plates, 
the laminations being slotted after 
the style of an ordinary armature, 
except that at certain places the 
slots are omitted, as shown in Fig. 
218. This results in a uniform air- 
Fio. 218.— Cylindrical Type Eotor. gap being formed all the way round. 

The slots receive the pole winding, 
which consists of former wound coils of copper strip laid in flat 
and suitably insulated. A phosphor bronze wedge is driven into 
the mouth of each slot so as to keep the winding in place. The 
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end connections are also covered by means of phosphor bronze 
end shields, which prevent them from flying outwards imder the 
action of centrifugal force. ^ 

The cylindrical type of rotor has certain advantages over the 
salient pole type, inasmuch as a superior cooling surface is obtained, 
due to the distribution of the winding. Further, the mechanical 
balancing of the rotor will not be so difficult, and, due to the smooth 
surface exposed by the cylindrical type, noiseless running is more 
likely to be attained. 

Since the winding of the cylindrical type rotor is distributed 
over several slots, the flux density in the air-gap will increase 
towards the centre of the pole, thus 
tending towards the generation of 
the ideal sine wave. For example, 
if the winding is distributed over 
three pairs of slots the theoretical 
wave form would be of the type 
shown in curve (a). Fig. 219, whilst 
if the same winding were COncen- Fiq. 219 .— -Theoretical Wave Form, 
trated in the outermost slots the 

theoretical wave form would be given by curve (6), Fig. 219. The 
latter arrangement generates a higher R.M.S. value of the voltage, 
but does so at the expense of the wave form. 

Armature Windings. — ^The ordinary type of winding used in C.C. 
machines is also suitable for alternator armatures, but in the larger 



Terminal Terminal 

Fio. 220.— Single Phase Bar Winding. One Slot per Pole. 


machines a somewhat different type is employed. .The ordinary 
C.C. winding is called a dosed circuit winding, because it closes on 
itself, whilst the special alternator windings about to be described 
are called open circuit windings, since there is no closed circuit in 
the armature itself. 

One special feature in these windings is that there is an exact 
number of slots per pole, whilst in the case of polyphase alternators 
there is an exact number of slots per pole per phase. 

The simplest example is perhaps the wave wound bar winding 
illustrated in Fig. 220, where the armature is shown in a develop- 
ment. The E.M.F.’s in all the conductors aid one another, there 
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being eight conductors in all (in an 8-pole alternator). This only 
utilises one slot per pole, and if more slots are to be used the winding 



would be as shown in Fig. 221, there being one unsymmetrical end 
connection for every time the winding goes right round the armature. 

In the same way, the winding can be extended 
to more slots per pole. It is not usual to 
lill up all the slots in a single phase alter- 
nator, since the last conductors add but little 
to the total voltage, as the phase of the conduc- 
tors in the various slots differs considerably. 
For example, if there are six slots per pole, 
the phase difference between conductors in 
adjacent slots is 30°, and the vector diagram 
in Fig. 222 shows the various voltages ob- 
tained by using 1, 2, 3, 4, 5 and 6 conductors. 
The following table shows the numerical values 
of the voltage obtained in the different cases, 
and as each conductor adds to the impedance 
of the winding, it is usual in such cases to limit 
the number of slots used to about two-thirds 



Fig. 222. — Vector 
Diagram showing Phase 


Difference of Conductors 

in Different Slots. total. 


Table showing Effect of Distributing Winding. 


i 

No. o£ Slots i 

1 

Voltage. 

Voltage added by 

used 1 

last Conductor. 

- 

— 

- - 

1 

100 

100 


1*93 

0*93 

i 

2-73 

0*80 

4 I 

3*34 

0*61 

r> ' 

3*73 

0*39 

6 i 

3*86 

013 
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As an example of a single phase coil winding, the case of an 
armature having six slots per pole will be taken, four of them being 
wound. Fig. 223 shows what is known as an ordinfiry or whole- 





coiled winding, there being as many coils as there are poles. Each 
coil is taped up in one piece, the conductors in the different slots 
being separated, but the end connections being all taped up together, 

the individual coils looking like that shown in Fig. 224. ^ 

Instead of the conductors in slots 9 and 10 being con- 
nected to conductors in slots 13 and 14, they might be 
brought back to the conductors in slots 1 and 2, which 
are in a similar position with respect to the field and are 
under a pole of the same polarity. Altering the con- 
nections in this manner throughout, the winding shown 
in Fig. 225 is obtained, this being called a half -coiled or hemitropic 
winding. There is now only one coil per pair of poles, but each 
coil is twice as large as in the previous case. 




/ 

Fig. 224. 
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Fig. 225. — Hemitropic or Half-coiled Winding. 


Two Phase Windings. — A two phase bar winding can be obtained 
from the single phase bar winding shown in Fig. 221 by adding an 
exactly similar winding midway between the conductors of the 
first. In this way Fig. 226 has been developed, there being four 
terminals instead of two. All the slots may now be used economi- 
cally, whilst several slots per pole for each pha.se may be adopted. 
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A two phase coil winding may be evolved from Fig. 226 by 
placing a second winding in the vacant slots left by the first phase 
as shown in F^g. 227. In order to make the end connections of the 



two phases clear one another, those of one phase must be bent 
upwards as shown in Fig. 228, all the coils of the first phase having 
one shape of end connection and all those of the second phase having 



the other shape. Such a winding is called a two range or a two plane 
winding. 



Fig. 228. — End Connections in Two Ranges. 


from the single phase one shown in Fig. 221 by inserting two other 
windings, each displaced by two-thirds of a pole pitch as shown in 
Fig. 229, the three front ends being brought out to the terminals. 
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whilst the three rear ends are joined together, thus forming the star 
point. Since there must be a whole number of slots per pole per 



Fio. 229 — Three Phase Bar Winding. 

phase, it follows that the total number of slots must be a multiple 
of three times the number of poles. 

One type of three phase coil winding is obtained from that shown 



} 


Fig. 230. — Three Phase Coll Winding. 


in Fig. 225 by adding two other similar windings spaced two-thirds 
of a pole pitch apart as shown in Fig. 230. This type of winding 
requires three shapes of coil and results in the end connections 



Fig. 231. — End Connections in Three Eanges. 


occupying three planes, forming a three range winding as shown in 
Fig. 231. If the middle phase were connected in the same way as 


B 2 
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the other two, it would result in the three phases being displaced 
by 60° with respect to one another instead of by 120°, and to remedy 
this the middle one is reversed, which has the effect of adding 
180°- to its phase, thus making it 240° out of phase with the first 
winding instead of 60°. An advantage of this type of winding is 
that it can be divided into sections and, in case of a breakdown, 
the faulty coil can be removed without seriously disarranging the 
remainder. 

Another type of three phase winding is obtained by connecting 


Hi ill 



.Fig. 232. — Three Phase Coil Winding. 

the conductors of the middle phase (Fig. 230) under the second 
pole to those under the third pole instead of the first. This winding 
is shown in Fig. 232 and leads to only two shapes of end connec- 
tion, coils of a particular phase being of each shape alternately. 
This has the advantage of equalising the impedances of the three 
phases should the lengths of the coils of different shape not be the 
same. The end connections in two ranges are shown in Fig. 233. 
Breadth Factor. — ^In the majority of instances the armature 




. ^sxsaxii! 
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Fig. 233. — End Connections in Two Eange Tliree Phase Winding. 


winding is not concentrated in one slot per pole per phase. As the 
result of this, the conductors in neighbouring slots have E.M.F. ’s in- 
duced in them which differ slightly from one another in phase. Since 
the total E.M.F. induced in the coil is due to the E.M.F.’s in the 
component conductors connected in series, this difference in phase 
causes a loss of voltage, since the individual E.M.F.’s must be 
added vectorially instead of arithmetically. For example, in a 
three phase alternator having three slots per pole per phase there 
are nine slots distributed over one pole pitch. The phase difference 
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between the E.M.F.’s induced in conductors in adjacent slots is 
therefore 20°. The vector diagram for this case is shown in Fig. 234, 
the resultant voltage being 2*88 instead of three times the voltage 
per slot. Distributing the winding in three slots thus causes a 
4 per cent, loss in voltage, but is nevertheless preferable to having 
it concentrated in one slot of three times the size, as this would 
tend towards the production of irregularities in the wave form. 
For this and other reasons, the single slot winding has gone into 
disuse. 

The ratio of the voltage actually obtained to the voltage which 
would be obtained if the winding were all concentrated in one slot 



Fig. 234. — Effect of distributing Winding in Three Slots. 

is called the Breadth Factor, and in the case shown in Fig. 234 its 
2*88 

value is -- — 0*96. The value of the breadth factor is unity if 

the winding is concentrated into one slot per pole per phase, but 
when it is distributed its value is always less than unity, decreasing 
as the number of slots is increased. 

According to present practice, the number of slots per pole per 
phase is usually limited to five in the case of flywheel tj^pe alter- 
nators and six in the case of turbo-alternators. The following 
table gives the values of the breadth factor in a number of cases 
of single-, two- and three-phase machines. 


Table of Breadth Factors. 


Blots per Pole 

Single Phase, Halt' 

Single Phase, Two- 
thirds Slots 
Wound. 

Two Phase, All 

Three Phase, All 

per Phase. 

Slots Wound. 

Slots Wound. 

Slots Wound. 



1 



1*000 

1*000 

2 

1*000 

— 

0*924 

0*966 

3 

1 — i 

0*866 

0*910 

0 960 

4 i 

0-924 

— 

1 0*906 i 

0*958 

5 

I 

: — 

i 0*904 ! 

0*957 

6 

1 0*910 

1 

0*836 

! 0-903 

0*956 


Efleet of Ratio 


Pole Arc 
Pole Pitch’ 


— ^In order to study the effect of this 

mm.'^ 


ratio on the induced voltage, the case of an alternator will be dis- 
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cussed where the pole pitch and the lines per pole are fixed. As a 
first approximation, a rectangular pole shoe and a uniform air-gap 
will be assumed, the resulting wave form being, of course, rectangular. 

A variation in the ratio is now obtained by choosing 

pole pitch 

different lengths of pole arc, getting different magnetic densities 
at the pole face. The area of the resulting flux curve is constant, 
since this is proportional to the product of the magnetic density 


! V^PokAtc-^, [ 
i *-- — —Pole Pi fell 



\^PoleAre->\ 
k Pole Pitch^ 


y ^ Pole Arc ^ , 

(«) Ratio 


/i\ Pole Arc „ ^ 

0 ) Ratio Tk 1 Tv-rv -05 
' ' Pole Pitch 


; Pole Arc — ; 

K — ' - Pole Pilch- — - ^ 

(r) Ratio ^0*6 

^ ' Pole Pitch 


; '■< — Pole Arc — ' 
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Fig. 235. — Effect of Ratio t ! on Wave Form. 

Pole Pitch 


and the pole arc, and thus represents the total flux per pole, which 
is assumed constant. With a constant speed of rotation, the 
E.M.F. wave form is similar to the curve of flux distribution, and 
thus the area of the E.M.F. wave form is also constant. Working 
out the form factors and relative R.M.S. values of the E.M.F. ’s 
for the various cases in Fig. 235, these are found to be different and 
they are tabulated in the following table. 


Ratio 


Po le A rc 
Pole Pilch’ 


Form 

Factor. 


0*4 

0-5 

0-6 

07 


1-41 

1*29 

1*19 


Relative 
R.M.S. Voltage. 


Relative 
Max. Voltage. 


0*632 

0*566 

0*516 

0*478 


1*000 

0*800 

0*667 

0-571 
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According to the above table, the ratio which gives a form 
factor closest to that of a sine wave is approximately 0*7, but if 
the pole face is shaped it will be found that the best Value is some- 
what lower than this. 

Calculation of E.M.F. — Each conductor on the armature cuts 
<I>p lines of force in every revolution of the armature, being the 
number of lines of force per pole and p the number of poles. Since 
each turn consists of two active conductors together with the 
inactive end connections, the lines cut per turn per second are 
2<I>p7i, where n represents the revolutions per second. But the 

frequency / is equal to ^ , so that the average E.M.F. induced per 

turn is 


With a sinusoidal wave form the form factor 


2<I)pn X ]0~^ volts 
4^t>/ X 10 volts. 

R.M.S^ value\ 
average value/ 

is 1-11, a^nd therefore the R.M.S. value of the induced E.M.F. per 
turn is 

4*44^/ X 10'^ volts. 


For other shapes of E.M.F. wave the R.M.8. voltage per turn 
is given by 


4^1 4^/ X 10”® volts, 


where is the form factor. 

If there are T turns in series per phase the voltage per winding 
becomes 

E = 4Jc^^fT X 10-® volts. 


It has been shown, however, that distributing the winding in 
several slots per pole results in a slight loss of voltage, and so the 
breadth factor has to be taken into account, when 


E == 4Jc-^k^^fT X 10~® volts, 


^2 being the breadth factor. 

The voltage obtained in this way is the open circuit voltage per 
winding, and, in the case of a three phase star connected alternator, 
the line voltage is obtained by multiplying by VS. To find the 
full load terminal voltage, the drop caused by the armature impe- 
dance and the effect of armature reaction must be taken into 
account, and this will be discussed later (see p. 258). 

Clamps for End Connections. — The end connections of the arma- 
ture coils consist of a number of conductors carrying currents flowing 
in the same direction, and this results in considerable mechanical 
stresses being set up on occasion, particularly in the case of turbo- 
alternators. In ordinary low-speed alternators, no special precau- 



248 


ALTERNATING CURRENTS 


CH. 


tions need be taken to deal with these stresses, but with turbo- 
alternators it is different. This is due to the longer pole pitches 
employed and to the greater ratio of short circuit current to full 
load current which is characteristic of the turbo sets. Experience 
has shown that very heavy clamping devices are necessary in these 
(lases to prevent the coils being torn from their fastenings under 
the influence of an accidental short circuit. Fig. 236 shows a typical 



Fig. 236. — Turbo-alternator showing Clainping Arrangements. 

example of the heavily clamped end connections of a turbo-alter- 
nator. 

Damping Grids. — ^When a polyphase alternator delivers a current 
a rotating magnetic field is set up by the combined action of the 
armature currents, and if the speed of rotation of the rotor is not 
exactly uniform the poles will sometimes gain on this flux as it 
rotates and sometimes lag behind. The pole face can therefore 
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be imagined to be situated in a magnetic field which oscillates 
from side to side, and any closed circuit in the neighbourhood will 
have a current induced in it. The generation of si/ch a current 
will tend to damp out the motion which produces it and thus 
tends towards smoother running. In order to effect this, special 



Fia. 237. — Damping Grid. 


windings are sometimes wound in slots or holes in the pole shoe. 
These windings are known as damping grids or a.mortisseurs, and 
consist of a number of heavy copper rods, one in each hole, riveted 
at the ends to a common bar so as to form a short-circuited grid, as 
shown in Fig. 237. 

Excitation and Exciters. — The ordinary types of alternator 
require to be excited by means of C.C. from some external source, 
and for this purpose it is usual to instal special C.C. dynamos called 
exciters in connection with large alternators. One system frequently 
adopted consists in having an exciter for every alternator, directly 
driven from the alternator shaft. An alternative method is to 
have one exciter of sufficient capacity to deal with the excitation 
of all the alternators in question, the exciter being steam-driven. 
In this case the exciter can also be made to supply additional power 
for the purpose of lighting the generating station and for other 
auxiliary services. Sometimes also there will be a pair of C.C. 
bus bars convenient, in which case the necessary exciting current 
can be obtained from the mains. 

When each alternator is fitted with its own exciter, the regula- 
tion of the exciting current can be effected by means of a resistance 
in the exciter field, which deals with a comparatively small current, 
but when a common exciter serves a number of alternators the field 
regulation must be effected by resistances in the exciter main 
armature circuit. The field regulating resistances must therefore 
be capable of carrying larger currents, thus resulting in an increase 
in size. On the other hand, the efficiency of the single exciter is 
higher and the initial cost lower than when individual exciters are 
employed. 

Compounded Alternators. — ^When an alternator is made to deliver 
a current its terminal voltage drops by an amount which depends 
upon the magnitude and phase of the current. If the load changes 
slowly, this can be corrected by hand regulation, but when the load 
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is of a rapidly fluctuating character this is not sufficient. In order 
to make the alternator self-regulating, various methods have been 
devised depending upon either the action of some form of automatic 
regulator or else some form of compounding in the alternator itself. 
The latter frequently takes the form of boosting up the excitation 
by means of a rectified current obtained from the armature, a special 
form of commutator being attached to the alternator shaft. 



CHAPTER XVII 


ALTERNATORS. — PERFORMANCE AND TESTING 


Magnetisation Curve. — ^The graphical relationship which exists 
between the exciting current and the terminal voltage of the arma- 
ture is called the magnetisation curve, and can be obtained experi- 
mentally by taking various values of the exciting current and 
observing the corresponding armature voltages, the machine being 
on open circuit. Usually it will be necessary to insert a considerable 
resistance in series with the field winding in addition to the ordinary 
shunt regulator, in order to bring down the exciting current so as 
to obtain points on the lower portion of the curve. The resulting 
graph follows the general shape of the B — H curves. Another 
magnetisation curve can be obtained by making the alternator 
give out full load current at unity power factor and obtaining the 
relation between the exciting current 
and the terminal voltage as before. 

Since the armature current is to be 
kept constant, it is necessary to have 
a load, the resistance of which can be 
varied between wide limits. A water 
resistance will be frequently of use in 
this connection both for single and poly- 
phase alternators. When the machine 
is a three-phaser, the three legs of the 
load resistance are usually connected in 
star, but when a water resistance is employed a mesh arrange- 
ment is adopted, there being three parallel plates immersed in the 
liquid. If the necessary inductances are available, the test can be 
repeated with a power factor of less than unity. Fig. 238 shows 
the nature of the curves which are obtained in this test. 

Load Characteristic. — ^The load characteristic of an alternator 
is obtained by determining the relationship between the terminal 
voltage and the load current, the exciting current and speed 
being kept constant. For the purposes of test, an alternator is 
frequently driven by a C.C. shunt motor and as the load comes on 
the speed slightly falls. This must be compensated for by shunt 
regulation in the motor field circuit. 
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Exciting Current 
Fig. 238.— Magnetisation Curves. 
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As the armature current is increased the terminal volts drop, 
due to a number of causes. The resistance and reactance of the 
armature winding absoi*b some of the volts which are generated, 
whilst the armature reaction generally results in an actual decrease 
of the volts generated, owing to its weakening eJBEect on the magnetic 
field. The magnitude of the latter effect depends to a very large 
extent upon the angle of lag or lead of the armature current and 
results in a strengthening of the magnetic field when a leading 
current is delivered. In fact, if the angle of lead be sufficient, the 
increase in the generated volts is such that, taking into consideration 
the phase of the volts absorbed by the armature impedance, the 
terminal voltage on load is actually higher than the no-load E.M.F. 
Fig. 239 shows a typical series of load characteristics obtained at 
different power factors, and clearly shows the effect of lagging and 
leading currents. When the alternator is a polyphase machine, 


p.r.-o*7 

p.f.-0-8 

p.f.-OO 

p.t- J 

p.f.--()0 

p.f.-^0*8 


Load Current 
Fig. 239. 

T^oad Characteristics. 



Power Factor 

Fig, 240. — Effect of Power Factor 
on Terminal Voltage. 



care must be taken to obtain a balanced load, both as regards power 
factor and current. 

When performing the test at any particular power factor, it 
will be found convenient to insert a power factor indicator, as other- 
wise great difficulty will be experienced in maintaining it constant. 
An alternative method is to take a series of readings with a constant 
current but varying power factors, obtained by altering the relative 
amounts of resistance and reactance in the circuit. A number of 
such curves must be taken, each one corresponding to a different 
current (see Fig. 240). To obtain the load characteristic for a 
particular power factor, draw a vertical line through the value 
chosen and read off the voltages corresponding to the various 
currents from the curve. In this way, one point is obtained from 
each of the curves in Fig. 240, but this can be repeated for as many 
power factors as desired. 

Regulation. — ^When an alternator is subjected to a varying load, 
the voltage at the terminals of the armature varies to a certain 
extent, and the amount of this variation determines the regulation 
pf the machine. The numerical value of the regulation is usually 
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given as the percentage fall in voltage when full load is switched 
on, or, alternatively, the percentage rise in voltage when full load 
is switched off, the excitation being adjusted initially to’ give normal 
voltage in each case. The latter method of expressing the regula- 
tion gives a lower figure than the former and finds favour, there- 
fore, with the manufacturers. The reason for this difference can 
be seen by referring to Fig. 238. Assume the machine to be on 
open circuit and giving a voltage represented by the point A on 
the no-load curve. On switching on full load at unity power 
factor the voltage drops to that represented by the point £ and the 
drop in voltage is given by the vertical distance between A and B. 
Now let the excitation be increased until the original voltage is 
reached, full load being maintained all the time. In this way 
point 0 is reached. On throwing off the load, the voltage rises to 
a value given by point D, and the vertical distance between G and 
D measures the rise in voltage. Owing to the greater saturation 
due to the larger exciting current, this rise is less than the fall 
obtained when the load is switched on. If this be repeated with a 
load having a power factor of less than unity, the current being a 
lagging one, the percentage fall or rise of the voltage would be 
correspondingly greater. 

The numerical values of the regulation of modern alternators 
will be usually about 6 per cent, for unity power factor and about 
20 per cent, when operating on a power factor of 0-8. 

If it is not possible or desirable to measure the regulation by 
direct experiment, it can be obtained indirectly by other means 
which do not necessitate the alternator being fully loaded. For 
this purpose it is necessary to perform two tests, viz., the open 
circuit test to obtain the magnetisation curve (already described) 
and a short circuit test to obtain the impedance of the alternator 
armature. The latter test will now be 
dealt with. 

Short Circuit Test. — In this test the 
armature is directly short-circuited 
through an ammeter capable of carry- 
ing at least the full load current of the 
machine, whilst additional resistances 
must be inserted in the field circuit to 
limit the exciting current so as not to 
burn out the armature. The relation 
between the armature current on short 
circuit and the exciting current is then 
obtained over as large a range as pos- 
sible, the speed being kept constant. As will be explained later, 
small variations of the speed do not affect the armature cxmrent 
to any appreciable extent, so that there is no necessity to have 
close speed regulation. The resulting curve should be a straight 



Fig. 24l.~-Metho(i of obtaining 
Armature Impedance. 
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line, as shown in Fig. 241, and, assuming the linear relationship 
still to hold good, it may be produced, this portion being 
shown dott'fed. In this way the probable short circuit current 
can be obtained corresponding to normal excitation. At this same 
point the open circuit voltage ean be read off the magnetisation 
curve, and, assuming the same voltage to be generated when on short 
circuit, the impedance of the armature can be calculated (see p. 257). 
In fac t, the r atio of the open circuit voltage t o the short circui t 
current at eacE val ue of t he ex citatio n give s the im pedance of the 
aimature7 buFsince the two curves differ in shape the ratio will not 
be constant. The third curve in Fig. 241 shows the values of the 
armature impedance calculated in this manner. 

If the resistance of the winding be measured by means of a 
continuous current, the reactance can be calculated and the impe- 
dance triangle determined. 

In the majority of cases the resistance will be small compared 

with the reactance, so that if the 
speed varies, the frequency and the 
reactance (= ^irfL) will vary ac- 
cordingly. Thus the impedance is 
practically proportional to the speed, 
and since the induced voltage is 
also proportional to the speed, 
the short circuit current will remain 
practically constant over a wide 
range. 

As an example, consider an 
armature having a resistance of 
0*1 ohm and a reactance of 0'8 apparent ohm at a frequency of 
50. The impedance is Z = VO’l^ + 0-8® = 0-806 apparent ohm, 
and if the induced voltage is 100 the short circuit current is 
100 

^806 ~ amperes. On halving the speed, the frequency drops 

to 25 and the impedance becomes = a/O-P + 0-4^ = 0-412 
apparent ohm. The voltage is now 60 and the short circuit 
50 

^ |2 = 121 amperes, a drop of only 3 per cent. 



Speed 

FlQ. 242.--Eflfect of Speed on Short 
Circuit Current. 


current becomes 


for a speed reduction of 50 per cent. In fact, quite a respectable 
current may be obtained by turning the armature round by hand. 
Fig. 242 shows a typical example of the variation of the short 
circuit current with the speed. 

Polyphase alternators behave in the same way as single phase 
ones in this respect, all the terminals being short-circuited through 
the necessary ammeters. 

Armature Reaction. — When the armature is supplying current 
there are two distinct sources of M.M.F. acting upon it, viz., that 
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due to the main field system and that due to the armature current 
itself. The former is approximately constant, but the latter is 
not so in a single phase case, since it alternates wifch time and 
rotates in space. Fig. 243 represents suc- 
cessive instants of time in a single phase \N [ [ S | 

alternator having one conductor per pole, 
the current being supposed to be in phase 
with the E.M.F. Assuming a sinusoidal ^ 
space distribution of the main flux and also 
that the curve of armature M.M.F. follows 



a sine law with respect to time, the maxi- 
mum induced E.M.F. will occur when the 



conductors are passing the centre line of the 
poles. The armature current will be also a 
maximum at this instant, and the curve of 



armature M.M.F. will now have its maximum 


height. Points above the line are taken to 
represent M.M.F. ’s aiding the main N pole. 
Successive instants are shown at intervals of 
30° electrical, the armature M.M.F. dying 
down and reversing synchronously with the 
current. Now consider a point situated on 
the centre line of the N pole. There is the 
constant main M.M.F. acting, but in addi- 
tion to this there is an alternating M.M.F. 
due to the armature alternately weakening 



and strengthening it. The average flux is 
unaffected, but it pulsates from instant to 


instant, now less than and now greater 
than its mean value. Next consider a point 
situated at the right-hand edge of the N pole 
(the trailing pole tip). This will be subjected 
to similar fluctuations of M.M.F., but the 


W [sj 



strengthening will be much more than the 
weakening. The opposite will be the case 
for a point situated at the leading pole tip 
of the N pole where there is more weakening 
than strengthening. The same thing occurs 
under the S pole, with the result that there 
is no resultant strengthening or weakening, 
but only distortion. What one side of a 
pole gains the other side loses, so that it 
corresponds to a pulsating swing of the flux 
from side to side of the poles. 

Next ^consider the same case when the 
current lags behind the induced E.M.F. by 
90°. These conditions are represented in 


H llJ 

150- 

w lij 

180“ 

Fig. 243.— Armature Eeac< 
tion. Current in Phase. 
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Fig. 244 and can be traced out in the same way as in the previous 
example. Taking a point lying under the centre line of a pole, it is 
found that there is always a weakening effect, although variable in 
I I I I magnitude. The trailing pole tip will be sub- 

I ^ 1 I ^ I jected to an action which is mainly weakening, 

although a slight strengthening occurs about 
\ 120° from the start. The leading pole tip is 

^ also subjected to a general weakening effect 

with a slight strengthening about 60° from the 
.... start. The net result is a perpetual weakening 
I ^ I I ^ I with a slight j^eriodical swaying of the resultant 
flux from side to side. 

When the current lags by an angle less 
^ than 90° there is both weakening and distor- 
tion, the weakening getting greater and the 
distortion less as the angle of lag increases. 

I N I I 5 I When a leading current is considered, the 

current arrives at its maximum value before 
^ — the conductor gets to the centre line of the 

60 pole, and the weakening effect is turned into a 

strengthening one, again accompanied by dis- 
tortion, the strengthening increasing and the 
I iV I I 5 } distortion decreasing as the angle of lead is 
increased. 

It is thus seen that when an alternator is 
90 — delivering a lagging current the magnetic flux 
is decreased in magnitude so that the induced 
voltage is actually less than on no-load, whilst 
I ^ I [ I the phase relationship of the current causes an 
increased loss of the voltage which is generated, 
thus accounting for the increased rate at which 
the voltage falls away when the macliine is 
supplying an inductive load. 

Conversely, when an alternator is supplying 
I TV [ [ 5 I a leading current the flux is increased, thus 

causing an increase in the voltage generated, 
whilst the phase relationship existing between 

160“ ^ 11^0 current and voltage reduces the drop in 

^ voltage and may even make it a rise if the 

current leads by a sufficient angle. The load 
\n\ Is \ characteristic of the alternator, therefore, rises 

I — I I — I with increase of load under these conditions. 

In the case of a polvphase alternator operat- 

180 “ e> - p - \ ing under a balanced load, the resultant arma- 

ture M.M.P, of the various phases is constant 
Fig. 244.— Armature and remains fixed with respect to the main 

90 ?^“^ field system so that distortion is produced 
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wh€)n the power factor is unity, this being combined with a 
weakening effect when the current is lagging and a strengthening 
effect when the current is leading. ’ 

Synchronous Impedance* — The method of determining the impe- 
dance of the armature described on p. 254 assumes that the voltage 
generated when short circuited is the same as when on open circuit, 
and this assumption is not justified, for in addition to the armature 
possessing resistance and reactance there is a true armature reaction 
as well. Armature reaction is due to the magnetising action of the 
armature upon the main field. Armature reactance is due to an 
E.M.F. being induced in the armature conductors, due to the 
crrrent carried by it. The first effect, by weakening the field, 
reduces the voltage actually generated ; the second uses up some 
o^: the generated volts before the terminals are reached. Really, 
the main induced E.M.F. and the E.M.F. of self-induction do not 
combine as they do not exist separately, but the M.M.F.’s which 
produce the respective fluxes exist and produce a resultant flux, 
li; is convenient, however, to regard the two E.M.F. ’s as separate 
from a mathematical standpoint. 

When the current in the armature is a lagging one the effect of 
armature reaction is to weaken the main field besides distorting it, 
whilst when the armature current leads the weakening action 
becomes a strengthening one. Again, when the armature current 
lags armature reactance sets up an E.M.F. which is in partial 
opposition to the induced E.M.F., causing a drop in voltage, whilst 
when the armature current leads the reactance introduces an E.M.F. 
having a component which increases the induced E.M.F. From 
this point of view the armature reaction and reactance produce 
similar effects and may be combined in what is called the synchronous 
reacta7ice. This is not a true reactance, but can be considered as 
such for a variety of purposes. When combined with the resistance 
in the usual way, a quantity called the synchronous impedance is 
obtained, which thus takes into consideration the armature reaction 
and the armature reactance in addition to its resistance. 

The synchronous reactance is usually not constant, but pulsates 
periodically on account of the varying reluctance of the armature 
magnetic circuit, which also varies between maximum and minimum 
limits synchronously. A very approximate value of the synchronous 
reactance can be obtained experimentally by passing an alternating 
current of the correct frequency through the armature whilst 
stationary and measuring the impedance for different positions of 
the armature with respect to its field system. If the resistance be 
also measured, the synchronous reactance can be calculated for each 
position. This experiment may be carried out with the main field 
either on or off, this making a considerable difference to the result, 
the average value with normal field excitation coming out lower 
than when unexcited, due to the higher values of the flux density 

s 
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obtained and the consequent drop in the permeability. 1245 
shows the way in which the synchronous reactance variei a 
particular small 4-pole alternator. 



Fia* 245.'-Variation of Synchronous Reactance with Position. 

Predetermination of Regulation by Behn-Eschenbiirg’s 
Method. — In this method the open circuit magnetisation curve 
the short circuit characteristic are necessary, so that the synchron<is 



\ 

\ 



FiG.K246.“~Behn-Eschenburg's E.M.F. Diagram. 


impedance may be obtained as explained above. The impedance 
triangle is then determined and the regulation can be obtained by 
drawing a vector diagram as shown in Fig. 246. In the first case 
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the full load current is assumed, the power factor of the external 
circuit being unity. By multiplying each side of the impedance 
triangle by the current, a voltage triangle is obtained representing 
the voltages absorbed by the armature resistance and synchronous 
reactance. Taking the phase of the current as a staining point, 
this voltage loss triangle can be erected in position. The total 
generated voltage will consist of the terminal voltage together with 
the impedance voltage added at its proper phase angle, so that the 
tip of the induced voltage vector OE will lie along a horizontal line 
drawn through Vz- The magnitude of OE is obtained from the 
open circuit magnetisation curve, and the vector can be drawn 
by taking O as centre and with OE as radius, striking an arc so as 
to cut the horizontal line through A line VE is then drawn 
equal and parallel to OF^, when OF will represent the terminal 
voltage. 

When a lagging current is dealt with [see Fig. 246 (6)], the phase 
of OF is taken as the starting point and 01 is drawn lagging behind 
it at the correct angle <f} and the same construction repeated, remem- 
bering that the voltage overcoming the resistance of the armature 
is in phase with the current. 

Fig. 246 (c) shows the vector diagram for a leading current. 

These vector diagrams can be repeated for other values of the 
load current by making the size of the impedance voltage triangle 
proportional to the current. 

In this way, points on the load characteristic can be calculated 
for all values of the load current and for any power factor. 

In practice this method gives values for the voltage drop which 
are too high and has been named, in consequence, the pessimistic 
method. 

Predetermination of Regulation by Rothert’s Ampere-Turn Method. — 

This method involves the vector addition of M.M.F.’s instead of 
E.M.F.’s, but since these are proportional to ampere-turns the vector 
diagram is usually drawn to a scale of ampere-turns instead of in 
units of M.M.F. The previous method assumed no armature reac- 
tion, including it in the synchronous reactance, whilst this method 
assumes no reactance by including its effects in those of the armature 
reaction. Thus, instead of allowing for a voltage drop, this portion 
of the voltage is assumed never to be generated. As before, the 
open circuit and short circuit characteristics are required, and since 
on short circuit there is no terminal voltage, the whole of the field 
ampere-turns are supposed to be balanced by those of the armature 
which are in direct opposition. This neglects the ohmic resistance 
of the armature, Avhich will not involve any serious error, as by far 
the greater portion of the drop of voltage on load is due to the 
armature reaction and reactance. The ampere-turns set up by the 
armature when carrying full load current can, therefore, be obtained 
from the short circuit curve by multiplying the field excitation 

s 2 



260 


ALTERNATING CURRENTS 


CH. 


by the number of turns per pole. When delivering full load current 
at unity power factor, the same armature ampere-turns will be set 
up, but since ‘the armature reaction is now purely a cross-magnetising 
or distorting effect, these ampere-turns will be in quadrature with 
those producing the terminal voltage. The vector diagram is shown 
in Fig. 247. The first diagram represents the case where the 
current is in phase with the voltage. Since OE represents the 
induced voltage, the armature current and the armature ampere- 
turns have the same phase and are represented to scale by AB. 
The field excitation for which the diagram is drawn, when multiplied 


Current 
in Phase 




Fig. 247.— Rothert’s Ampere-turn Diagram. 


by the turns per pole, gives the magnitude of OB, and the point 0 
can be definitely fixed by drawing a horizontal line through A 
and by striking an arc having the point B as centre and BO as 
radius. The triangle OAB is now determined, and the vector 
difference of OB and AB gives OA the resultant ampere-turns. 
On referring to the open circuit characteristic, the voltage corre- 
sponding to these ampere-tums can be read off, and this gives the 
terminal voltage neglecting the drop due to the armature resistance, 
which is usually justifiable. 
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If the armature current lags by an angle it makes the armature 
ampere-turns lag by a corresponding amount and the vector diagram 
then takes the form shown in Pig. 247 (6). AB and^OR have the 
same magnitude as before and consequently OA is reduced, resulting 
in a further fall in the terminal voltage. In a similar way, Fig. 247 (c) 
refers to a leading current, the line AB being inclined to the left 
instead of to the right. 

This method gives values of the voltage drop which are too 
small, particularly when working above the knee of the magnetisa- 
tion curve, and for this reason it has been termed the optimistic 
method, in contrast with that of Behn-Eschenburg (pessimistic 
method). 

Sudden Short Circuits. — When an alternator is running under 
normal conditions the strength of the field is several times as great 
as when it is running under a steady short circuit with the same 
excitation, this being due to the direct weakening action of the 
armature reaction. When a short circuit takes place suddenly, 
therefore, the field has to decrease in magnitude to a very con- 
siderable extent. This weakening of the field does not occur instan- 
taneously, but takes a certain time to accomplish, because every 
change in the flux causes a change in the number of lines of force 
linked with the field coils. As soon as the lines of force begin to 
die down, therefore, a voltage is induced in the field coils, giving 
rise to a current opposing the fall of the flux. Eddy currents are 
also induced in the iron itself, particularly in any solid portions, 
and this also helps to retard the fall of the flux, which thus takes a 
definite time to accomplish. On suddenly short circuiting the 
armature, a large current will flow before the armature reaction has 
had time to make its effects felt, and the first few current waves after 
the short circuit will indicate an abnormally high current, quickly 
dropping down until the steady short circuit current has been 
reached. But in the meantime large mechanical forces have been 
set up which may have torn the end connections from their fasten- 
ings ; hence the necessity for adequate clamping arrangements. 

Cyclical Variation in Exciting Current. — It has been shown that 
the flux linked with each pole fluctuates slightly from instant to 
instant, and this induces an alternating E.M.F. in the exciting coil 
which will produce a small alternating current superposed upon the 
main continuous exciting current. The frequency of this current 
will be double that of the armature current, as can be seen from 
Fig. 244, for the flux of any particular pole goes through its whole 
cycle of events whilst the armature coils are advancing through one 
pole pitch, during which time the armature current goes through 
Ixalf a cycle. If a third harmonic be present in the main current 
wave, a fourth harmonic will be produced in the field circuit. In 
general, only even harmonics will be generated in the field windings, 
and their magnitude will depend upon the shape of the armature 
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current wave form and upon the angle of lag. The presence of these 
fluctuations can easily be shown by allowing an alternator to come 
to rest with its load still connected. Just before it reaches stand- 
still the frequency is very low, and the field ammeter will indicate 
the beats in the exciting current. Under actual working conditions, 
their presence can be detected by means of an oscillograph or by a 
Joubert’s contact, the instantaneous voltage drop over a known 
resistance placed in series with the field being measured. 

Parallel Running. — In practice, alternators are run in parallel 
and not in series, in common with C.C. practice. Jn fact two 
separately driven alternators connected in series will always auto- 
matically adjust themselves so as to do a minimum of work. This 
results ill them setting themselves in direct phase opposition, so 
that the resultant voltage is zero. This is not true, of course, if 

the two alternators are mechanically 
coupled together, but that is not a 
practical case. 

In a generating station a number 
of alternators feed into a set of 
common bus bars from which the 
various feeder circuits are taken, and 
in a number of cases the short circuit 
current is limited in the case of a 
breakdown by the insertion of react- 
ances in series, either in the alter- 
nator or in the feeder circuits. These 
reactances are sometimes placed in 
between sections of the bus bars, 
the effect being to confine the trouble 
to the particular section in which the 
fault occurs. This results in the 
various generators being operated 
with a certain angular displacement 
in their voltages. For example, consider the two alternators, 
A and JS, in Fig. 248, connected to two feeder circuits, O and I), 
the bus bars being divided into two sections connected through 
the reactances XX. Assuming the power factor to be unity, 
the load on C greater than that on D, and the total load shared 
equally between the two generators, it follows that a certain 
amount of current must flow through the two reactances. 
Neglecting the losses in these, this current is in quadrature with 
the voltage across the terminals of the reactances. The vector 
diagram is shown in Fig. 249 (a), which represents the conditions 
for unity power factor. F,i and Vb represent the voltages of the 
two alternators and V^Vb the voltage across the reactance, and 
Ib represent the currents in the two feeder circuits. The current 
flowing through the reactance is determined by the magnitude of 
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F^F/j, and hence the phase displacement of the two alternators 
depends upon the difference in the loads on the two feeders. By 
subtracting (at right angles to V^i V n) in the one case and adding 
IbI/) in the other, these two currents being the same, the currents 



(a) 


Unity Power 
Factor 



Fig. 249. — Effect of Eeactance in Bus Bars. 


delivered by the two alternators, and 7^^, are obtained. When 
the current is a lagging one, the conditions are represented in 
Fig. 249 (6), the current = Ih^d flowing through the reactance 
being added to one alternator current and subtracted from the other 
to obtain the two feeder currents. 

Cyclical Variation. — When an alternator is driven by a recipro- 
cating steam engine its speed is not absolutely constant throughout 
a revolution, due to the varying torque developed by the engine. 
It follows, therefore, that if such an alternator were run in parallel 
with an ideal one running at a perfectly constant speed, it will 
sometimes be in advance of and sometimes behind its correct 
position with respect to its partner. The two voltages will setup 
a resultant at all positions where there is a relative phase displace- 
ment which produces a torque tending to pull the faulty machine 
into its correct position. If this angle of phase displacement is 
allowed to exceed certain limits, however, it interferes with the 
smooth running of the machine, and practice has shown that the 
maximum displacement should be limited to 3 electrical degrees 
either way. To obtain the corresponding mechanical angle, this 
figure must be divided by the number of pairs of poles. Obviously 
a three-crank engine is superior to a single-crank engine for smooth 
running. A low frequency is also an advantage in this respect, as 
this reduces the number of poles for the same speed and allows a 
larger mechanical displacement so that a smaller flywheel may be 
employed. 

Synchronising. — -The operation of pa ralleling two alternators is 
known as synchronising/ sind certain conditions must be fulfilledT 
before this cahn5e'"5fecte(l ! The incoming machine must have Tts 
voltage and frequency adjusted to that of the bus bars, and, in 
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addition, the phase of the two voltages must be the same for correct 
synchronising. The instruments or apparatus for determining when 
these conditions are fulfilled are called synchronisers or synchro- 
scopes. 

The simplest method of synchronising is by means of Ja^ojam^ 
connected across the ends of the double pole paralleling switch, as 
shown in Fig. 250. If the conditions for synchronising are fulfilled 
there will be no voltage across the lamps and the switch may be 
closed. It is very rarely that the lamps are completely black for 
any length of time, and the speed of the incoming machine must 
be adjusted as closely as possible so that the lamps light up and 
die down at a very slow rate. The alternator may then be switched 
in at the middle of the period of darkness, which must be judged by 
the speed at which the light is varying. When the incoming 
machine is 180° out of phase, there will be double the voltage of one 
machine acting across the two lamps in series, so that each lamp 
must be capable of standing the full terminal voltage of one alter- 
nator. 



Fig. 260. — Synchronising with Lamps dark. 



Fig. 251.— Synchronising with Lamps bright. 


An alternative system of connections is shown in Fig. 251, 
where the lamp connections are crossed. For synchronising there 
must be no volts across the switch, and as there are full volts between 
the two poles of the switch, it follows that the lamps will be lit with 
their maximum brilliance at the correct moment for synchronising. 
This method has an advantage over the previous one inasmuch as 
the lamps are much more sensitive to changes of voltage at their 
maximum candle power than when they are quite black, and a 
sharper definition of the exact point of synchronism is thus obtained. 
Both methods are, however, employed. 

When the voltage of the alternator is such that lamps cannot 
be used directly, small potential transformers may be installed, the 
synchronising lamps being connected across the secondaries. The 
primaries may be connected straight across the switch or they may 
be cross-connected as with low tension alternators. These two 
transformers may be replaced by a single three limb transformer, 
but it is not admissible to use a single two limbed transformer with 
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two primaries, since at certain times the ampere-turns of these two 
windings would directly oppose one another. This would practi- 
cally destroy the flux in the iron path and would render the two 
primaries approximately non-inductive except for the leakage flux, 
and the current taken by the primaries under these conditions would 
cause a burn-out. When a three limbed transformer is employed 
the coimections are those shown in Fig. 262, the secondary being 
wound for a suitable lamp voltage. At one instant the two primaries 
aid one another to drive the flux round the outer magnetic circuit, 
there being no flux in the central limb. When one primary gains 
half a period on the other, the two oppose each other, but unite 
to force the flux through the central limb. To change over from 
the lamps dark to the lamps bright method of synchronising, the 
connections to one primary must be reversed. 

A pair of special synchronising bus bars are often provided on 
switchboards where there are a number of alternators running in 
parallel. There is only one set of synchronising gear, and this is 



Fig. 252. — Synchronising Transformer. 


connected between these auxiliary bus bars and the main bus bars. 
The incoming machine is plugged on to the synchronising bus bars, 
one voltmeter indicating the main bus bar voltage, and a second 
that of the incoming machine. The one set of synchronising gear 
can thus be used for any of the alternators as desired. 

For polyphase machines it is only necessary to synchronise one 
phase, as all the other phases will then be in synchronism as well. 
When connecting up an alternator in the first place, however, it is 
necessary that they are phased up correctly, i.e. the phases must 
be connected in their correct order of 1, 2, 3 and not 1, 3, 2. In 
the latter case it is, of course, impossible ever to synchronise the 
machines. Any two leads of the new alternator must then be inter- 
changed to reverse the sequence. 

A commonly adopted method of synchronising three phase 
alternators, introduced by Siemens and Halske, consists in having 
three lamps connected as shown in Fig. 253 (a). The order in 
which the lamps light up shows whether the incoming machine is 
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running too fast or too slow. The lamps are not connected sym- 
metrically, as they would then light up and die down simultaneously, 
but Li is connected between A and X>, is connected between 
B and F (not B and E), and is connected between G and E (not 
C and F). Fig. 253 (b) shows the corresponding vector diagram. 
If the frequencies of the two machines are slightly different, the 
two stars will have a relative movement with respect to each other. 
Assuming that the incoming machine DEF is rotating a little fast, 
the star DEF will have a slow rotation in a counter-clockwise direc- 
tion with respect to the star ABC. The voltage AD on lamp 
will then be increasing from zero, the voltage CE on lamp will 
be increasing and near its maximum, and the voltage BF on lamp L, 
will be decreasing, having passed through its maximum. The lamps 
will then light up one after the other in the order 2, 3, 1, 2, 3, 1, 




Fig. 253.-— Siemens and Halske Synchroniser. 


etc. Next, suppose the machine DEF is running a trifle slow. 
The star DEF in the vector diagram will now rotate slowly in a 
clockwise direction Avith respect to the star ABC. The voltage 
AD on lamp will be decreasing, having passed through its maxi- 
mum some time previouslj^ The voltage CE on lamp will be 
decreasing, having just passed through its maximum, whilst the 
voltage BF on lamp will be increasing up to its maximum value. 
The lamps will therefore light up in the order 1 , 3, 2, 1 , 3, 2, etc. , which 
is the reverse order to that in the previous case. It is common 
practice to mount the three lamps at the angles of a triangle, and 
the apparent direction of rotation of the light indicates whether the 
machine is running too fast or too slow. The actual synchronising 
is done when the lamp is in the middle of its dark stage. 

Synchroscopes. — Synchronising by means of lamps is not very 
exact, as a considerable amount of judgment is called for in the 
operator, and in large machines even a small angle of phase displace- 
ment causes a certain amount of shock to the machines. On this 
account a number of more complicated synchroscopes have been 
devised, of which two types will be described. 

If an ordinary dynamometer wattmeter has both its fixed and 



XVII 


ALTERNATORS 


267 


moving windings made of fine wire and each is supplied with an 
alternating voltage, the defiection will depend upon the phase 
difference of these two voltages. When they are ih quadrature 
the deflection will be zero, and if one advances in phase with respect 
to the other it will cause a continued defiection of the pointer until 
they are in phase, after which the pointer will slowly retrace its 
path. It will thus appear to oscillate from side to side, assuming a 
central zero. If a condenser is placed in series with one coil, the 
defiection will be zero when the two voltages are in phase, and this 
is what is required, and to compensate for the resistance in the 
condenser circuit a little reactance is placed in the other to establish 
exact quadrature. The switch is closed when the pointer is 
stationary and on the zero. In order to indicate whether the 
incoming machine is running too fast or too slow, an ordinary 
synchronising lamp is arranged to illuminate the dial of the instru- 
ment. This lamp is bright when the pointer is swinging one way 
and dark on the return swing, which is consequently not seen. 



To Incoming 
Machine 


To Bus Bars 


When viewed from a little distance the pointer has the appearance 
of rotating in a constant direction. In this way “ too fast ’’ is 
indicated by an apparent rotation in one direction and ‘‘ too slow ” 
by an apparent rotation in the other, since the lamp now lights up 
the opposite swing of the pointer. 

A type of rotary synchroscope often employed is very similar 
in construction to the power factor indicator shown in Fig. 147. 
In reality it consists of a small motor, the field of which is provided 
by the bus bar volts, whilst the rotor currents are supplied by the 
incoming machine. The rotor is wound with two coils at right 
angles, the currents in which differ in phase by approximately 90°. 
This is obtained by connecting a resistance in series with one and a 
reactance in series with the other, as shown in Fig. 254. Only 
three slip rings are required, since a common return is used for 
both coils. A pointer is attached to the rotor and serves to indicate 
the correct time for synchronising. The E.M.F.’s of the bus bars 
and of the incoming machine will now be in phase, so that the 
currents in the stator and in coil A on the rotor will be in phase 
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since they both lag by 90° behind their respective E.M.r.’s. Coil A 
will set itself so that the path of the resultant flux is as short as 
possible. There will be no torque acting on coil B, since its current 
is in quadrature with the stator current. The pointer now rests 
on the zero of the scale. If the two alternators are running at 
the same speed but with a constant phase difference, the stator 
current will produce a torque in both the rotor coils, so that the 
rotor will take up a new position of equilibrium, the deflection of 
the pointer indicating the difference in phase of the bus bar volts 
and those of the incoming machine. If one machine is gaining on 
the other, the angle of phase difference is continually increasing, 
and this results in a continually increasing deflection. In other 
words, the pointer rotates with a speed proportional to the difference 
in the two frequencies. If the fast machine is now made to go 
slower than its companion the direction of rotation is reversed, 



Fig. 265.— Synchroscope Connections. 


and the correct time for synchronising is when the pointer is 
stationary and vertical. 

The actual instrument is made with four poles, and a double- 
ended pointer is used, either end being considered, since a gain of 
a complete cycle is now indicated by half a revolution. 

For use in engine rooms where the synchroscope is viewed from 
a distance, a signalling arrangement is provided whereby a red or 
a green light is shown, depending upon whether the speed is too 
high or too low. This is obtained by a toothed disc on the rotor 
spindle, which engages with one of two pawls according to the 
direction of rotation. These operate a vertical arm which falls 
over to one side or the other and thereby interposes a red or a 
green glass in front of the lamp. 

A diagram showing how the alternators and synchroscope are 
connected to the sjmchronising bus bars is shown in Fig. 256. 
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Earthed Neutral. — Three phase star-connected generators are 
frequently earthed at their star points in order to prevent the volts 
to earth rising to any undue value. With a balanced load and 
sinusoidal wave forms, this earth circuit will not carry any current, 
but this is not true with an unbalanced load. It was shown on 
p. 130 that the third harmonic, and all the other harmonics which 
are a multiple of 3, neutralise one another in a three phase 
star winding because they are exactly in phase opposition in two 
adjacent phases. But considering the local circuit formed by 
joining the two star points together, the outer ends of the phases 



Fia. 256.->Earthed NTeutrals. 


being paralleled on to the same bus bars, it is seen that, whilst the 
fundamental voltages are in opposition, the third harmonics aid 
one another to produce a current which is relatively large owing to 
the fact that the conditions are the equivalent of a short circuit. 
The ninth and fifteenth harmonics act in a similar way, but in 
practice the triple frequency currents are the only ones which need 
be considered. To limit this current, reactances may be inserted 
in the earth lead as shown in Fig. 266. These choking coils provide 
a triple impedance to the third harmonic currents, the value of 
which automatically drops to one-third when dealing with an 
ordinary out-of-balance current. 

Efficiency Test. — ^The most convenient method of testing an 
alternator for efficiency is by means of a motor the efficiency of 
which is known for all the required loads. The alternator can then 
be loaded under various conditions and the output and input 
measured, the latter being equal to the output of the motor. The 
efficiency can thus be obtained directly. 

Measurement of Losses. — If it is desired to measure the various 
losses separately, a motor having a capacity of about one-tenth 
that of the alternator will be found to give the best results. The 
alternator can then be run unexcited at its correct speed and the 
watts output of the motor determined from its input. This gives 
the friction and windage loss. The alternator is now normally 
excited and the increase in the watts output gives the normal iron 
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loss at no-load. In the same way, the iron loss at different excita- 
tions can be obtained. 

In order "to determine the armature copper losses, it is not 
sufficient to measure the resistance on C.C., as, owing to the skin 
effect and eddy currents, this will give values which are too low. 
A better way is to short circuit the armature and excite the fields 
sufficiently to cause full load current to flow through the armature. 
The friction and the iron loss for this excitation must be determined 
by the auxiliary motor as described above, and then the increase 
in the power to drive the alternator when the armature is short 
circuited. 

To measure the excitation loss, all that is necessary is to know 
the exciting voltage and exciting current, these being measured on a 
C.C. circuit. 

The efficiency for any output can now be calculated by adding 
all the losses to the output to get the input. The power factor of 
the load should be specified, as this affects the armature copper 
loss. Strictly speaking, the other losses are also slightly affected, 
but not to such an extent as to make it worth while allowing 
for it. 

Hopkinson Test. — ^This method of determining the efficiency is 
convenient when two similar alternators are available for the 
purpose. One acts as a generator and drives the other as a motor, 
the balance of the power being supplied mechanically by means of 
a third machine the efficiency of which at various loads must be 
known. In order to make a circulating current flow between the 
two alternators, their excitations are made different, and, in addi- 
tion, the two alternators are rigidly coupled, so that they are out 
of phase to a certain extent. An angle of phase displacement of 
about 25° gives good results. 

The output of the alternator can be measured by wattmeters 
in the usual way, and the total losses supplied by the third machine 
can be divided equally between the two test machines, and in this 
way the individual efficiency of each alternator can be calculated. 

Retardation Test. — The retardation method of testing, which is 
particularly applicable in the case of flywheel type alternators, 
consists in measuring the rate at which an alternator slows up 
under different conditions when the driving power is removed. The 
rate at which the speed is decreasing is a measure of the rate at 
which kinetic energy is given out, this being used up to overcome the 
losses at that particular instant. The instantaneous power (in 
watts) given out by the rotating system when slowing down is 

0*011 X lO""^ X Mn X instantaneous rate of decrease of speed in 

(r.p.m.) per second, 

where n is the speed in revolutions per minute and M is the moment 
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of inertia in C.G.S. units.^ Th.e test, therefore, demands a knowledge 
of the moment of inertia of the rotor and the various instantaneous 
values of the speed and the slope of the speed-time curve. In order 
to carry out the test, the alternator is run up to speed, preferably by 
means of a belt drive. The belt 
is then thrown off and the alter- 
nator allowed to come to rest with 
nothing but friction and windage ^ 
to cause it to slow up. If the 
alternator is motor-driven through ^ 
a direct coupling, the power is ^ 
switched off the motor and the 
combined set allowed to come to 
rest. The losses occasioned by the fig. 257.— Retardation curves, 
motor are then calculated by carry- 
ing out a similar test on the motor alone and deducted from the 
total to get the alternator losses. Whilst the alternator is coming 
X^st, speed measurements are taken from instant to instant, 
and these are plotted as shown in Fig. 267. The test is then 
repeated with the alternator fields excited, the machines now 
coming to rest in a shorter time since there is the added drag due 
to the iron losses. 



-Motor Alone 
-A (tern alor Fields Unexci ted 
::AUern^^ Em ted 

Time in Seronds 


At any particular speed, the slope of the speed-time curve can 
be determined by drawing a tangent to the curve at that speed and 
measuring the drop in speed corresponding to one second, i.e. 
AB 

to the correct scales (Fig. 257). It now remains to determine the 

moment of inertia. This can be done by ordinary mechanical 
methods, but this is a cumbersome task and can be avoided in the 
following way. The total power to drive the alternator light at 
one particular speed is measured by noting the input, and the 
moment of inertia is determined from the equation 


P = 0*011 X 10-7 X Mn X instantaneous rate of decrease of speed, 

P being the watts required to drive the set at n revolutions per 
minute, the slope being obtained from the retardation curve. This 
equation can now be re-written 


P ^ kn X instantaneous rate of decrease of speed, 
where the constant k can be evaluated as shown. 


^ The kinetic energy E at any angular velocity at is \Ma)^. Then 

p ^dE ^ d(iMat^) 


dt 


dt 


Ti>r dot 


M 2 n 7 l 27r dn 

W 60 Jt 


dn 


dn , 


= 0*011 C.G.S. units 

000 dt dt 

0*011 X 10-’ watts. 

dt 
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The losses can now be calculated at various speeds, and curves 
can be drawn, as shown in Mg. 258, from which the friction and the 

iron loss at any speed can be determined 
separately by means of the vertical dis- 
tance between the various curves. 

Heating Tests. — Before an alternator is 
put into actual operation it is desirable to 
test its temperature rise when working 
under full load. Since the temperature 
rise does not attain a maximum value until 

t. „ oeo a ‘ ‘ li *T many hours have elapsed, this test in- 

Fio. 258.— Separation of Losses , ^ , 

by Betardation Test. volves a considerable expenditure of energy 

which, apart from the cost, is difficult to 
get rid of. The Hopkinson test avoids the latter difficulty, but 
it is seldom that two similar alternators are available for test. It 
is therefore desirable to set up artificial conditions which will imitate 
the real heating effects, and one method of doing this is by reversing 
half the poles on the rotor, which method will now be described 
briefiy. 

Reversed Poles Test. — ^The field windings are divided into two 
halves, one of which is reversed so that the E.M.F.’s induced in the 
corresponding halves of the armature winding are in opposition. 
On short circuiting the armature, therefore, no current will flow, 
since the E.M.F.’s are balanced. But by increasing the excitation 
in one half of the field winding or by decreasing the excitation 
in the other half the equilibrium of the armature E.M.F.’s is 
destroyed and a current will flow the magnitude of which can be 
regulated by adjusting the excitations. Full load current can be 
obtained in this way without the expenditure of the full amount of 
power, since one half of the machine is acting as a generator whilst 
the other half is acting as a motor. It is, in fact, a kind of Hopkinson 
test on the two halves of a single machine. The grave disadvantage 
of this test is the large unbalanced mechanical stresses which are 
set up and which cause considerable vibration. This can be miti- 
gated to a certain extent by reversing alternate pairs of poles 
instead of reversing one half completely. Thus in a 12-pole alter- 
nator poles Nos. 3, 4, 7, 8, 11 and 12 would be reversed. It is 
necessary that the alternator should have an even number of pairs 
of poles, as otherwise there would be one pair left over and these 
two poles would have to be cut out. 
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Speed and Number of Poles. — ^When designing an alternator the 
output, voltage and frequency must be specified, the speed depending 
to a large extent upon the output and the type of prime mover 
adopted. In general, the larger the output the slower the speed, 
since the diameter goes up and the peripheral velocity must be 
kept within limits. These speeds are now to a large extent stan- 
dardised and range from about 200 r.p.m. in the case of a 100 k. V. A. 
set down to about 75 r.p.m. in the largest sizes when driven by slow 
speed reciprocating engines, these speeds being about trebled when 
high speed engines are employed. For turbine-driven sets, the 
available speeds are very limited owing to the fact that either 
2, 4 or 6 poles are almost invariably employed. In any case, only 
certain definite speeds are available as they must fulfil the equation 


number of poles = 


r.p.m. * 


The table on p. 225 shows these speeds for various numbers of 
poles and frequencies. 

Efficiency. — In order to compete with rival machines similar 
efficiencies must be obtained, and Fig. 259 shows the average 
efficiencies which ought to be reached by modern alternators. 
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Output Coefficient. — ^It has been found that an empirical expres- 
sion can be obtained connecting the output, speed and the volume 
swept out by the rotating element. This formula may be written 


k.V.A. 

r.p.m. 


= kx D^L, 
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Fig. 260.— Output Coefficients. 


where D is the air-gap diameter, L is the gross length of the armature 
core and A; is a constant known as the output coefficient. Assuming 
the output of a given carcase to be proportional to the speed, k 
4 

represents ~ times the output per unit volume at one revolution 
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per nunute, and practice has shown that this constant varies with 
the size of the machine. Fig. 260 shows the average yalues of the 
output coefficient for modem pol 3 ^ha 8 e alternators, but it must 
be remembered that these figures need not be rigidly adhered to. 
For turbo-altemators about 76 per cent, of these values should be 
taken, and they should also be multiplied by about 0*86 in the 
case of single phase machines. 

Air-gap Diameter. — When the value of E^L is known there are a 
number of various values of D and L which can be inserted. For 
example, a 600 k.V.A. polyphase alternator running at 300 r.p.m. 
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Fio. 261.— Shapes ol Kotor. 




has an output co-efficient 1*3 X 10"® (cm. measure). 
D*Z/ is, therefore. 




^ 1 ^ 

300 i-3 


= 1-28 X 10®. 


The value of 


The following values of D and L are possible : — 


D 

125 

150 

175 

200 

225 

250 

L 

82-0 

57 0 

41*8 

1 

32 0 

25 3 

20-5 


The diagrams in Fig. 261 show the shapes of the section of the 
rotating element in the different cases. 

An upper limit is reached when the peripheral speed exceeds, 
say, 8000 feet per minute or 4000 cm. per second, and a lower 
limit is reached when the poles become too crowded together. 
Assuming a minimum diameter of pole of 8 cm. and allowing 
6 cm. per side for winding and clearance, it is seen that the 
mininuim pole pitch is about 18 cm. But the pole pitch is equal to 

T 2 
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and therefore D (in cm.) should not be less than or 5*75«. 

P TT 

In the example shown in Fig. 261, the upper and lower limits of 

air-gap diameter are = 255 cm. and 5-75 x 20 = 116 cm. 

300 X TT 

respectively. Assuming a normal ratio of 0-66, the 

shapes of the pole shoes- in the six cases shown in Fig. 261 work 
out as shown in the following table and are represented in 
Fig. 262. 


Air-gap Diameter 

125 

I 150 

1 

175 

200 

225 


PoleArc=0-65~ =0 

P 

12-7 

15-3 

17*8 

20*4 

23*0 


— 

J 



- 

- -- 

- 

Area of Pole Shoe -axL 

12-7 X 82-0 

15-3 X 57-0 

17*8x41*8 

20*4x32*0 

23*0x25*3 

25* 


= 1040 

-873 

-745 

-653 

=^582 



It is preferable to choose such a diameter as will enable an 
approximately square pole to be adopted, as this reduces the amount 
of copper required by the field system. The usual ratios of armature 
length to pole arc for 26- and 60-cycle machines vary from 1 to 
1*2 and 1*7 to 2*0 respectively. 
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Fig. 262.— Shapes of Pole Shoe. 


The magnitude of the output coefficient is fixed by the maximum 
flux density in the air-gap and the permissible number of ampere- 
conductors per inch diameter on the armature. The voltage induced 
per phase is given by 

E — ik-yk^^fT X 10“ ® volts, 

where k^ is the form factor, k^ is the breadth factor, ^ is the flux 
per pole, / is the frequency, and T the turns per phase. Putting 
= l-ll and k^ — 0'96, the induced voltage becomes 

E^4:X 1-11 X 0-96 O/T X 10-8 volts 
= 4-26 X 10“ 8 volts. 

Choosing a suitable maximum flux density in the air-gap, B, 
the total useful flux per pole is given by 




xvm 


ALTERNATORS— DESIGN 


277 


<I) = — j5 X area of pole shoe 

TT 

= ^ B X 0-65 

TT p 

= 1-3 X 

p 120/ 

where the ratio is taken as 0*65. 

pole pitch 

The expression for the induced voltage then becomes 


n 


E ^ 4*26 X ^ \<^BDLfT x 10 ^ volts. 

The total output in k.V.A. is 
k.V.A. :=- mIE 

- ml X 4*26 X X hWDLfT x 10 

IZVJ 

whefe m is the number of phases. 

But k.V.A. = nlcD^L, 

Therefore 

7} 

nkD^L = ml x 4-26 x X l-WDLJT x 10-“, 

1 20 / 

, „ - 4-26 X 1-3 „„ „ 

kD = ml X j2() — X 10'^^, 

777 T 

k ^ 4-61B ^ X 10-13. 


Again, if A represents the ampere-conduetors per inch diameter, 
AD = 2mIT and _ 2-35-4 x 10’ i®. 

If B and A are fixed the magnitude of the output coefficient is 
fixed, and hence it is desirable to work with as high a flux density 
and as large a number of ampere-conductors per inch as possible. 

The following tables show the average values adopted in practice 
for the ampere-conductors per cm. and per inch diameter for 
polyphase machines and also the usual magnetic densities employed. 


Ampere conductors per inch Diameter. 


Output 

IN 

k.V.A. 

1 Flywheel Type Alternators. 

Turho-al ternators. 

/ = 25. 

/-50. 

/=25. 

1 /-50. 

100— 250 

1200 

960 




250 — 500 

1520 

1200 

— 

— 

500—1000 

1700 

1430 

1520 

1350 

1000-2000 

1850 

1600 

1680 

1620 

2000-5000 

; 2000 

1770 : 

1830 

1680 
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Ampere-conductors 

PER CM. Diameter. 

Output 





IN 

k.V.A, 

1 Flywheel Type Alternators. 

Turbo-alternators. 


/==25. 

/=50 

/=25. 

/=60. 

100- 250 

I 480 

380 



250— 500 

600 

480 

— 

— 

500-1000 

670 

560 

1 600 

540 

1000—2000 

740 

630 

! 660 

600 

2000—5000 

! 800 

700 

720 

660 


Output 


Atr GAP Flux Densities. 


TxV 

k.V.A. 

Flywheel Type Alternators. 

Turbo-alternators. 


Lines per cm . 2 

Lines per in.^ 

Lines per cm.2 

Lines per in.2 

0— 500 
500—1000 
1000—2000 
2000 -5000 

.5500—7000 
7000—8000 
8000—8500 
8500 -9000 

35000—45000 
45000—52000 
52000—55000 
55000— .58000 

4500-5500 

5500—6500 

6500-7000 

7000—7500 

30000-35000 

35000—42000 

42000—45000 

45000—48000 


The above figures are for 50-cycle machines and may be increased 
by 10 per cent, to 15 per cent, for / = 25. Also in the case of high 
voltage alternators they should be reduced by about 5 per cent, to 
10 per cent. 

Length of Stator Core. — The length of the stator core is definitely 
fixed when once the values of the output coefficient and the air- 
gap diameter have been decided upon, since 

, k.V.A. Z)2/v 

nhD^ ■ 

Ventilating Ducts. — The usual practice with respect to flywheel 
type alternators is to have a number of radial ventilating ducts in 
the stator about | in. to | in. in width and spaced about 3 in. apart. 
In the case of turbo-alternators an increased ventilation is necessary, 
since the overall dimensions are much smaller for a given output. 
This means that each cubic inch of material must dissipate more 
heat, since the efficiency and the total losses are approximately the 
same in each case. The distance between the ventilating ducts is 
therefore reduced to about 2 inches. 

Number of Slots. — These vary from two to five per pole per phase 
in the ordinary rotating field alternators. The larger the number 
of slots the nearer does the wave form approach the ideal sine wave, 
but the copper space factor of the slot goes down at the same time, 
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particularly with high voltage machines. In the latter case, there- 
fore, the tendency is to use two and three slots per pole per phase, 
whilst with low voltage machines four and five are frequently em- 
ployed. With turbo-alternators, the pole pitch is usually consider- 
ably greater, and this leads to larger numbers such as five and six 
slots per pole per phase. The total number of slots is then obtained 
by multiplying by the number of poles and the number of phases. 

Armature Winding. — The number of armature conductors is 
settled by E.M.F. considerations, but this number must be divisible 
by the total number of slots. The induced voltage per winding is 
first calculated, this being equal to the line voltage in a single 

and two phase case and times the line voltage in the case of a 

three phase star-connected alternator. The total turns in series 
per phase is then given by the equation 

E = X 10^* volts (see p. 247) 

— 4-26 4>/T X 10 ® volt.s 

as a first approximation. The approximate value of the useful 
flux per pole can be obtained from a knowledge of the dimensions 
of the pole shoe and by assuming a suitable flux density taken from 
the table on p. 278. The number of turns required can then be 
calculated, and the nearest possible number is adopted, taking into 
consideration the number of slots. The flux is then adjusted to 
suit the number of conductors. The winding itself may be either 
coil or bar wound, the particular type being chosen from amongst 
those explained on p. 239 or others. 

Size of Armature Conductors. — ^The section of the conductor to 
be employed is obtained from a knowledge of what is a suitable 
current density to adopt. This varies with the total current 
carried by the conductor, and values are shown in the curve in 
Fig. 263. Solid wire of circular cross section should be used up 
to sections of about 0’26 (cm.)^, but for larger sizes the conductor 
becomes difficult to bend and two or more conductors are connected 
in parallel. For the larger sizes of conductor rectangular strip is 
often employed, as this brings about a higher copper space factor 
in the slot. 

Size of Slots. — When the number of conductors per slot and 
the cross-sectional area of the conductors are settled, the space 
that they will occupy, when covered with the necessary insulation, 
can be drawn out and the slot dimensions fixed. Since the width 
of slot plus tooth is fixed, the dimensions of the slot determine the 
dimensions of the tooth, and this should not be too narrow. A 
suitable maximum magnetic density in the teeth is 19,000 lines per 
sq. cm. or 120,000 lines per sq. in. 

- Armature Losses. — In order to predetermine the heating of the 
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armature, it is necessary to obtain an estimate of the losses incurred 
by it. These will consist of copper and iron losses, in addition to 
which there 'is a frictional loss produced and dissipated in the 
bearings when the armature is the rotating element. 

The copper loss can be predetermined from a knowledge of the 
number and dimensions of the conductors. The mean length of 
a turn must be estimated, and the number of turns in series per 
phase. being known, the total length of conductor per phase can be 
obtained. Then, knowing the cross-sectional area, the resistance 
per phase can be calculated, taking care to allow for the rise of 
temperature. At a temperature of about 60° C. the specific resist- 
ance of copper is approximately 2 microhms per cm. cube or 0'8 
microhm per inch cube. From the current per phase and the 
number of phases the total watts lost due to ohmic resistance can 
be calculated. The figures obtained in this way will be frequently 



Fig. 263.— Current Densities. 


too low, as the current is not always uniformly distributed over the 
conductors, and this always results in an increase in the watts lost 
in a conductor. 

The iron loss, comprising the hysteresis and eddy current losses, 
is dependent upon the flux density in the core, and tests have been 
conducted by several experimenters in order to determine the 
combined iron loss at various flux densities and frequencies. It 
is fourd that for all practical purposes the losses can be taken as 
being proportional to the frequency, although this is not true 
theoretically. The curves in Fig. 264 show the watts lost per unit 
volume at unit frequency for stationary armatures. These figures 
require to be multiplied by the frequency in question. 

»«•' Cooling Surface. — ^In determining the cooling surface of the arma- 
ture, the inner and outer cylindrical surfaces of the stampings 
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may be considered together with the two ends of the iron core and 
one side of each ventilating duct. 

Estimated Temperature Rise.— The estimated temperature rise of 
the armature depends upon the watts which have to be dissipated 
per square inch of the cooling surface. With the usual ventilating 
ducts, a temperature rise of approximately 40® C. will be obtained 
when the watts per square inch are l~l| in the case of rotating 
armature alternators and f-1 in the case of rotating field alternators, 
the cooling surface being estimated in the above manner. Here 
also the temperature rise may be taken as being proportional to 
the watts per square inch of cooling surface, but these preliminary 
calculations are by no means accurate and are subject to a number 
of disturbing conditions. 

Flux per Pole. — The no-load useful flux per pole can be calcu- 
lated from the E.M.F. formula, since the number of conductors is 
now settled. The form factor, hi, and the breadth factor, Jfcg, can 




Lines per Sq. Cm. 


Fig. 264.-— Core Losses. 


also be estimated fairly accurately, and the useful flux per pole on 
no-load is given by 

.E X 10* 

ik^kjr 

f being the frequency, T the turns in series per phase and E the 
no-load induced E.M.r. per phase. For the same terminal voltage 
the induced E.M.F. on full load must be greater owing to the loss 
of voltage occasioned by the synchronous impedance of the armature. 
The resistance may be calculated from a knowledge of the dimen- 
sions of the winding and an estimate may also be made for the 
synchronous reactance, but the calculations are rather involved. 
As a rough approximation, the latter may be taken as 15 per cent, 
or 20 per cent, of the no-load voltage. The full load useful flux per 
pole is thus obtained, to which must be added the waste leakage 
flux, which will ordinarily be of the order of 10 per cent, to 35 per 
cent, of the useful flux. The figures in the following table refer 
to the leakage factors of rotating field alternators and may be 
taken as average practice. 
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1C.V.A. Output 

2-6 

5 

10 

25 

60 

100 

200 

300 

500 

1000 

2000 

Leakage Factor = A ... 


1*35 

1-30 

1-28 

1*25 

1*22 

1*20 

1*18 

ri 5 

1*12 

1*10 

i __ 


Air-gap. — The radial length of the air-gap in modern alternators 
is fairly constant for a given size of machine, increasing as the bore 
of the stator goes up. Fig. 265 shows the usual values of the air- 
gap length in the case of modern rotating field alternators for slow 
and medium speeds. The lengths given are those at the centre of 
the air-gap, where a variable length is employed for the purpose of 
improving the wave form. Considerably longer air-gaps are 
employed in the case of turbo-alternators. 




Internal Stator Diameter in Inches 

Fig. 205.~Air-gap Length. 


0 100 200 300 

Internal Stator Diameter in Cra. 


400 


Ampere-turns per Pole. — Before the ampere-turns per pole can 
be calculated, it is necessary to know the flux densities in the 
various parts of the magnetic circuit, and also the lengths of the 
lines of force in the different materials. The various magnetic 
sections are settled by choosing suitable flux densities, and for this 
purpose reference may be made to the following table : — 



Lines per S(t. In. j 

Lines per Sq. Cm. 

Armature cores 

45000- 65000 ' 

7000—10000 

Armature teeth 

65000 - 90000 1 

10000—14000 

Magnet poles 

90000—100000 

14000-15500 

Magnet yokes 

70000— 80000 , 

11000-12500 


The flux in the armature core and teeth is alternating and thus 
sets up an iron loss. At higher frequencies, therefore, a lower 
density is adopted, this accounting for the considerable range shown 
in the table, where the higher figures correspond to a frequency of 
25 and the lower figures to a frequency of 50. 

The magnetic sections being chosen and the various flux densities 
calculated, the corresponding values of H must be obtained from a 
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B — H curve of that particular material, For this purpose the 
curves in Fig. 66 may be used. From the formula 

4:7r 

*=10 X Ampere-turns per cm. 

the ampere-turns required for the various parts can be obtained. 
Adding all these ampere-turns together, the total no-load ampere- 
turns required per pole can be evaluated. It is usual to consider 
the poles and yoke as carrying all the leakage flux in addition to 
the useful flux, whilst the armature only carries the useful flux. 

The above calculation should now be repeated for full load at the 
minimum specified power factor. The difference between the two 
numbers of ampere-tums fixes the size of the field regulator required, 
a suitable margin being allowed. 

Field Winding. — A tentative length of winding space and an 
approximate depth of the winding must first be decided upon. If 
wire wound, the length of the mean turn can be estimated from the 
knt>wn dimensions. Then 


Volts per Coil = Exciting Current X Resistance of Coil (Hot) 

= Exciting Current x Turns x Resistance of Mean 
Turn (Hot) 

= Ampere-turns X Resistance of Mean Turn (Hot) 


and 


Resistance of Mean Turn (Hot) = 


Volts per Coil 
Ampere-turns 


From this the resistance per yard can be obtained, and a workshop 
rule to get the cold resistance is to multiply by f . The nearest wire 
to this in the wire tables is chosen and its insulated diameter noted. 
Allowing 6 per cent, for loss of winding space due to imperfect 
winding, the number of turns per layer and the number of layers 
can be calculated. The total number of turns per pole and the 
resistance of the winding are next evaluated, giving the current 
taken by the coil. The ampere-tums thus obtained should agree 
substantially with the number aimed at in the first instance. For 
a temperature rise of about 40® C. the watts per square inch of 
cooling surface should be about 1-1 J for rotating fields and about 
|-1 for stationary fields, as in the case of armatures. Further, 
the watts wasted in excitation should range from about 4 per cent, 
for small alternators to about 1| per cent, for very large alternators. 
To ad just the field winding for ampere-tums or for watts lost extra 
layers may be put on or taken off. Taking off turns increases the 
watts lost and increases the ampere-tums slightly, since the turns 
which are removed have 'more than the average resistance per turn, 
and tlaerefore the current is increased by a larger percentage than the 
turns »]ce decreaeed. Similsbrly, putting more turns on reduces the 
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watts lost and the ampere-tums at the same time. This does not 
apply to a winding consisting of a single layer of strip on edge, as 
all the turn^ now have the same length. The depth of winding 
having been fixed in this case, a suitable cross section is chosen so 
as to give the required ohms per turn from which the number of 
turns and the exciting current follow. 

Estimated Open Circuit Magnetisation Curve. — The ampere-turns 
for one value of the voltage and flux have already been worked out, 
and the corresponding exciting current can also be evaluated, since 
the field turns per pole are known. This gives one point on the 
curve, and a number of other points can be obtained in a similar 
manner. A value of the voltage is chosen and the corresponding 
flux calculated. The ampere-turns required to drive this flux 
through the various parts of the magnetic circuit are worked out, 
from which the exciting current is evaluated as above. 

Estimated Short Circuit Characteristic. — If the synchronous 
reactance is known, the short circuit characteristic can be obtained 
straight away, as shown on p. 253, but otherwise a more approxi- 
mate method must be adopted. The ampere-turns of the field 
may be considered as being in direct opposition to the ampere-turns 
of the armature, diverting the resultant field into leakage paths. 
For the ordinary type of alternators, the ratio of the field ampere- 
turns per pole to the armature ampere-turns per pole per phase 
will be fairly constant, and the following approximate relationship 
may be stated : 

Field ampere-turns per pole = 

Armature ampere-turns per pole per phase x Constant, 

and this constant may be taken as 2-.5-3 for three phase and 1-3-1 -6 
for single- and two-phase alternators. The short circuit current 
is then given by 

Field ampere-turns per pole 
Armature turns per pole per phase x Constant 

Since the excitation corresponding to these field ampere-turns 
is known, one point on the short circuit characteristic can be plotted 
and the graph taken as a straight line passing through the origin. 
The short circuit current should be about three or four times the 
full load current for normal excitation in the case of slow and medium 
speed sets and about twice full load current in the case of turbo- 
alternators. 

Predetermination of Regulation. — Since a predetermination has 
been made above of both the open circuit magnetisation curve and 
the short circuit characteristic, the estimated regulation for a 
particular alternator design can be calculated in the way explained 
on pp. 268-269. 

Example of Design. — As an example of a design, the main dimep- 



xvm 


ALTERNATORS— DESIGN 


285 


sions will be worked out for a three phase rotating field alternator 
having an output of 200 k.V.A., 2,200 volts, 60 cycles per second, 
and 376 r.p.m. 

rru 1 , ... 120 x 60 

Ihe number of poles is — — = 16. 

o7o 

The alternator being star connected, the volts per winding 
2200 

will be — 1270 volts. 

a/3 

The full load current will be — = 52-5 amperes. 

a/3 X 2200 ^ 


An output coefficient of 0*9 x 10"® will be chosen [see 
Fig. 260 (6)], and the value of D^L becomes 

X \ 
r.p.m. k 

The diameter is limited by the peripheral speed, which should 
not exceed 4,000 cm. per second. Then 


ttD X 375 


and 


D = 


60 

4000 X 60 
TT X 375 


= 4000 


= 204 cm. (maximum). 


The minimum diameter settled by the crowding of the poles is 
equal to 5*75 X 16 = 92 cm. 

Several corresponding values of D and L are given in the 
following table, together with the pole arcs assuming a ratio of 
pole arc _ ^ 
pole pitch ~ ^ • 


! 

D 

100 

125 

140 

150 

175 

200 

L 

59-3 

38*0 

30 2 

26*4 

19-4 

14-8 

1 

Pole Arc 

128 

1 

16 0 

17*9 

191 

22*3 

1 25-5 


Taking a ratio of armature length to pole arc about 1*7 to 2*0 
the diameter of 140 cm. is suggested, which accounts for its in- 
clusion in the table. This gives a ratio of 

Armature Length 30*2 ... 

Pole Arc m “ ’ 
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An air-gap diameter of 140 cm. and a gross core length of 30 cn?. 
will be adopted. i 

There will be three ventilating ducts, each 1 cm. wide, leaving 
four batches of stampings 7, 6*5, 6*6 and 7 cm. in width respectively. 
With three slots per pole per phase the total slots number 

nr ^ 1 

3 X 16 X 3 = 144, having a slot pitch of - — = 3 05 cm. 

Before the number of armature turns can be settled a tentative 
value of the useful flux per pole must be obtained. Referring to 
the table on p. 278, a density of 6,000 lines per sq. cm. may be 
assumed, giving a useful flux per pole of 6000 x 17’9 X 30 X 0*9 = 
2*9 X 10* lines, assuming the iron is 90 per cent, of the pole face. 
The turns in series per phase are then given by 


E 


and 


T 


2200 


: 4-26 X 10-* (see p. 279) 


X 


10 ® 


v/3 4-26 X 2-9 X 10*~X 50 


:206. 


The slots per phase are 48, and with 8 conductors per slot this gives 
192 turns per phase. The flux per pole will, therefore, need to be 
increased somewhat. 

As a check, the ampere-conductors per cm. diameter will now be 
worked out. The total armature conductors are 144 x 8 = 1152 
and the full load current is 62’6 amperes. The ampere-conductors 
per cm. diameter are, therefore 


.1152 X 52-5 
140 


= 432. 


Comparing this with the table on p. 278, it is seen to be about right. 

To determine the size of conductor reference is made to 
Fig. 263 (6) to see what is a suitable current density. This will 
be taken at 300 amperes per sq. cm., giving a conductor having an 


62-5 


approximate cross-sectional area of — = 0*175 sq. cm. Using 


round wire, this corresponds to a diameter of 0*472 cm. The nearest 
wire to this is No. 6 S.W.G. having a diameter of 0*488 cm. When 
insulated with d.c.c. the diameter becomes 0*52 cm. Allowing 
0*26 cm. of press-spahn per side for the slot lining, the width of the 
slot becomes 0*26 -f 0*62 -f- 0*62 -f 0*26 = 1*64, say 1*60 cm., and 
as the slot pitch is 3*06 cm., it leaves a minimum thickness of tooth 
of 3*06 — 1*60 = 1*46 cm. The depth of the slot is 2 x 0*26 -f 
4 X 0*62 = 2*68, say 2*70 cm., with a bridge 0*3 cm. thick and an 
opening at the mouth of the slot 0*3 cm. wide (see Fig. 266). 

The average flux per tooth is approximately 


2*9 X 10* 


= 0*32 X 10* lines. 


9 
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The maximum flux per tooth is 


X 0-32 X 10® = 0-5 X 10® lines. 

(This figure will be adjusted later, as the correct flux has not 
yet been worked out.) 

The minimum cross-sectional area of a tooth is 


1'45 X (30 — 3) X 0*9 = 35*2 sq. cm., 


and the maximum flux density is 


^ ^ — 14200, which is 


rather low. 

To get the density in the iron behind the teeth, the flux per 
magnetic circuit in the armature is 


2-9 X 10« , .. 

= 1*46 X 10® lines. 

2i 



Fio. 266.— Slot Dimoiisions. 


The diameter at the tooth roots is 140 + 2 X 2*7 = 145*4 cm. 
If a depth of 8*5 cm. of iron behind the teeth be chosen, the flux 
density behind the teeth becomes 

1*45 X 10® 

o r ..rr rTT. ^OOQ approximatcly , 

8*5 X 27 X 0-9 ' 

which is satisfactory. 

To calculate the iron loss refer to Fig. 264. Then 
Watts per c.c. at unity frequency == 0*00087, 

Watts per c.c. at 50 frequency — 50 x 0*00087 = 0*0435, 

Volume of iron = || (162-42 - 145-42) + 144 x 2-7 x 1-45| 

X 27 X 0-9 = 113000 c.c. 

Total armature iron loss = 0-0435 x 113000 = 4900 watts. 
This figure cannot be guaranteed as to its accuracy. 




288 


ALTERNATING CURRENTS 




oil* 


The copper losi=? is calculated as follows : — 

Pole pitch = — ^ 27‘5 cm. 

Length of end connection assumed = 30 cm* 
Embedded length of conductor = 30 cm. 
Length of turn “2x 30 + 2x 30= 120 cm. 
Length per circuit = 120 X 192 = 23040 cm. 

Cross-sectional area = ^ X 0*4882 _ 0*187 sq. cm. 

4 

Resistance per winding (hot) 

Total armature /^B loss 
Total armature loss 


2x10-® X 23040 

“ “ -^7 ~ 

= 0*247, say 0*25 ohm. 

= 3 X 52*52 X 0*25 
= 2070, say 2100 watts. 

= 2100 + 4900 = 7000 v:atts. 


The cooling surface is determined as follows : — 


Inner cylindrical surface 
Outer cylindrical surface 

Area of ends of iron core 

Total cooling surface 


= TT X 140 X 30 = 13200 
sq. cm. 

~ 7rX 162*4 X 30 = 15300 
sq. cm. 

= 2 X ^ (162-42 - 1402) 

= 10600 sq. cm. 

= 13200 + 15300 + 10600 
= 39100 sq. cm. 


Armature watts per sq. tun. 
or per sq. iii. 


_ 7000 
“ 39100 
== 1-15. 


0-179, 


This is rather high, and the ventilating ducts should be looked 
to in order to prevent an undue temperature rise. 


The calculations for the field system are as follows : — 
No-load useful flux per pole 

^22oqx io» 

Vs ikikjr 

_ 2200 X 

Vs 4 xMl X 0-96 X 50 X 192 
=- 3-11 X ]0«. 
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Leakage coefficient \ (from p. 282) = 1-20. 

Total no-load flux per pole = 1-20 X 3-11 X 10® 

• = 3-73 X 10» lines. 

Resistance drop per phase at full load = 52-5 x 0’25 

= 13 volts. 

Reactance „ „ „ „ == 0-20 X 1270 (say) 

= 254 volts. 

The E.M.F. required to be generated on full load at a power 
factor of 0-8 is obtained from Fig. 267 and is 1,440 volts. 



Fig. 267.--'Vector Biagram for Full Load Voltage. 


The full load flux per pole is, therefore, 

1440 

3-73 X 10® X ^ 

— 4-23 X 10® total lines 
or 3-52 X 10® useful lines. 

A length of air-gap (see Fig. 265) of 0*6 cm. will be chosen. 
The approximate air-gap flux density on full load is 


3-52 X 10® _ 

30-f27 

17-9 X — ^ — X 0-9 


= 7670. 


The field ampere-turns per pole required for the air-gap are 
10 


Density in teeth 


47r 


X 7670 X 0-6 = 3680. 


3-52 X 10® 


9 X 1-45 X 27 X 0-9 


11100 . 


H = 5 (from Fig. 57). 

Ampere-turns for teeth = ^-- X 5 x 2-7 = 11. 

47r 

Density in armature core 
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H — 4: (from Fig. 56). 

Length of path = 20 cm. (say). 

Ampere-turns for armature core X 4 X 20 = 64. 

47r 

Section of pole = 15 x 30 with semicircular ends 

= X 152 + 15 X 15 
4 

= 402 sq. cm. 

.p. ., . , 4-23 X 10« 

Density in pole = — . - = 10500. 

H = Q. 

Assume a length of 8 cm. 

Ampere-turns for pole = |- X 9 x 8 = 58. 

47r 

Assume section of yoke = 180 sq. cm. 

Density in yoke = 


R = 115. 


Length of path = — — = 11 cm. (say). 

lb X ^ 

Ampere-turns for yoke = X ll'Sx 11 — 101. 

Total ampere-turns per pole = 3680 + 11 -f- 64 -f 58 -f 101. 

= 3914. 


Assume a c.c. supply of 480 volts. 
Volts per coil = 

Resistance of mean turn (hot) = 

„ „ „ (cold) = 


480 
ItT ' 
30 

' 3914 
6 
' 7 


= 30 volts. 

= 0-00765 ohm. 
X 0-00765 


= 0-00655 ohm. 

Estimated length of mean turn with 3 cm. depth of winding 

= 7rxl8-|-2xl5 = 86-5 cm. 

Ohm per metre = 0-0076. 

The nearest wire to this is No. 16 S.W.G., having a resistance 
of 0-00818 ohm per metre and a diameter of 0-163 cm. (bare) and 
0-195 cm. (d.c.c.). 



XVIII 


ALTERNATORS— DESIGN 


291 


Turns per layer 

Number of layers 

Turns per coil 
Length of coil 


8 


X 0-96 = 39. 


X 0-95 = 14. 


0195 
^ 3 

0-i95 
= 39 X 14 = 546. 
= 546 X 0-865 
= 473 metres. 


Resistance of coil (hot) 


= 473 X 0-00818 X 


6 


Current 

Ampere-turns 


4-5 ohms. 

30 „ 

6-67 amperes. 


4-5 

= 6-67 X 546 
= 3650. 

Watts per coil = 30 x 6-67 = 200. 

Total watts lost in excitation = 16 x 200 = 3200 watts. 


Cooling surface per pole 

Watts per sq cm. 
or per. sq. in. 


(tt X 21 + 2 X 15) X 8 
770 sq. cm. 

0-26. 


770 

= 1 - 68 . 


This calculation has, however, neglected the ends of the coil 
which will bring down the watts per sq. cm. somewhat. 

Allowing about 2,000 watts for the frictional loss the full load 
efficiency works out at 


200000 

200000 + 2100 + 4900 + 3200 + 2000 


X 100 


= 94-2 per cent. 


The question of the E.M.F. wave form has not been gone into, 
but by suitably skewing the pole shoe this could be made approxi- 
mately sinusoidal. 



CHAPTER XIX 

HIGH TENSION 

Standard. Voltages. — The voltages commonly employed in electric 
supply systems are now more or less standardised, although various 
non-standard voltages are often met with, particularly in old 
schemes. The various voltages are classified by the Board of Trade 
into four groups, there being a number of regulations in force in 
this country dealing with each of the several groups. These"^ four 
groups of voltages are called low, medium, high and extra high 
pressure respectively, and their ranges are as follows : — 

Low pressure ... ... ... Not exceeding 250 volts. 

Medium pressure Above 260 and not exceeding 

650 volts. 

High pressure Above 660 and not exceeding 

3,000 volts. 

Extra high pressure Exceeding 3,000 volts. 

High pressure and extra high pressure systems are also frequently 
called High Tension (H.T.) and Extra High Tension (E.H.T.) respec- 
tively. 

For lighting purposes 110 and 220 volts are the standards, but 
200, 230, 240 and even 260 volts are also met with. For mining 
work 260 volts are used, this being the limit of the low pressure 
supply. For tramways and railways 500-660 volts is the usual 
pressure except where H.T. is used. The standard H.T. voltage 
for a single phase A.C. supply is 2,200 volts, whilst for three phase 
6,600, 1 1 ,000 and 22,000 volts are now standard practice. Extremely 
high voltages such as 65,000 and 110,000 are also occasionally met 
with, but on account of the relatively few examples in existence 
these can hardly be said as yet to be standardised by practice. 

Commercial Frequencies. — The standard frequencies are 50 for 
lighting and 25 for traction, the latter being undesirable for lighting 
on account of the flickering produced in the illumination, whilst the 
various types of traction motors employed work better on low 
frequencies. In fact, even lower frequencies such as 15 have been 
adopte<^ on occasion for traction schemes. In systems erected 
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before the standardisation took place, a number of peculiar 
frequencies are still met with, the most common being probably 
40 and 60, and these are perpetuated because extensicTns have to be 
made at the original frequencies. 

Insulation Resistance. — The insulation resistance is the joint 
resistance of all the leakage paths in parallel between the two 
insulated conductors concerned, and is determined by measuring 
the leakage current and calculating it from Ohm’s law. Iii the 
case of two insulated cables, an increase in the length is really an 
increase in the leakage surface, and results in a decrease in the 
insulation resistance which is inversely proportional to the length. 
It is usually specified in megohms per mile and varies to a con- 
siderable extent from day to day, since it is largely dependent 
upon the amount of moisture present, which in turn depends upon 
the humidity of the atmosphere, even when the insulation is impreg- 
nated with non-hygroscopic compounds. The effect of the latter 
causes a considerable time lag, however, since the impregnated 
insulg/tion does not immediately take up the moisture from the 
atmosphere. 

Dielectric Strength. — The dielectric strength of an insulator is a 
totally different thing from its insulation resistance and is measured 
by the voltage which each centimetre 
thickness of the insulation will stand, 
and a high insulation resistance does not 
at all imply a high dielectric strength, i 
The higher the voltage the greater the ^ 
strain on the insulation, and thus the 
maximum value of the voltage must be 
considered and not the R.M.S. value, since 
it is possible, by having two different 
wave forms, to strain the insulation differ- 
ently, although the R.M.S. value may be the same in the two cases. 
When a specimen of insulation breaks down it becomes punctured, 
and on a subsequent application of voltage this puncture acts as a 
conducting path, with the result that the insulation is permanently 
ruined. Further, it has been found by experiment that straining 
a specimen of insulation close up to its breakdown point is bad for 
it, since it has a weakening effect. By applying a voltage slightly 
lower than that which will cause breakdown for a considerable time, 
a reduction in the maximum voltage which the insulation will stand 
is brought about, thus necessitating a considerable factor of safety. 
In fact, time curves can be obtained for solid insulators showing the 
relation between the applied voltage and the time taken to break 
down the insulation. These curves are of the type shown in Fig. 268. 
This time effect is also present in the case of air insulation, but is 
so irregular as to prevent such a curve being obtained. Another 
point in connection with the breakdown voltage is that it is not by 



Fig. 268 .—Time Curve of an 
Insulator. 
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any means proportional to the thickness of the insulation, increasing 
more slowly than the thickness. Also two layers of material will 
give a different value from one layer of double the thickness, whilst 
different specimens of the same material, even from the same batch, 
will give surprisingly different results. 

H.T. Switchboards. — ^In view of the great personal danger which 
would be incurred in operating H.T. switchgear directly, special 
precautions have to be taken, resulting in the evolution of switch- 
boards totally different from those in use on L.T. circuits. The H.T. 
apparatus is all placed in chambers which are normally inaccessible 
when the gear is “ live ” and is operated from a distance by what is 
known as remote control. The switchboard itself, as known in 
L.T. work, is done away with and the apparatus is mounted upon 
the wall, usually in separate cells or cubicles corresponding to the 
panels of a L.T. switchboard. Two types of remote control are 
employed, viz., mechanical and electrical. In the mechanical 
remote control the switches are operated by long rods and levers, 
which project through a protecting partition in front of the switch- 
gear. In some cases the H.T. switchgear itself is placed on the 
ground level, whilst the operating is done from a gallery situated 
above, in which case the switch levers come up through the floor. 
All ammeters and voltmeters are operated through transformers, 
so that only L.T. apparatus is dealt with by the switchboard 
attendant. 

Electrical remote control consists in having the switches operated 
by means of electromagnets or small motors, the controlling gear 
being supplied from an auxiliary source at a low pressure. 

Examples of pneumatically controlled switchgear are also in 
existence, but they suffer from the disadvantage of complication in 
common with electrical remote control. 

Seetionalised Bus Bars, — In large generating stations it is 
advisable to divide the bus bars into sections in order to minimise 
the possibility of a shut-down. It may also be desired to run the 
different sections separately on occasion. Duplicate bus bars are 
employed, each one frequently being built in the form of a closed 
ring so that it may be supplied from either end. A complete set 
of synchronising gear is required for each section, and in addition 
another set is necessary for the purpose of indicating whether the 
various sections are in phase before paralleling them. A modern 
development consists in inserting reactance coils between the sections 
in order to limit the effects of a possible short circuit. These do 
not cause any loss of power and, further, do not interfere with the 
regulation, merely limiting the amount of power transferred from 
one section to another. 

H.T. Fuses. — ^The great difficulty with H.T. fuses lies in"effectually 
extinguishing the arc which is formed when they operate. For this 
purpose very long fuses are employed, often encased in porcelain 
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tubes which sometimes reach a len^h of several feet. These 
porcelain tubes are apt to become broken by the violence of the 
explosion on a sudden short circuit, and to reduce the'chance of this 
they are sometimes lined with plaster of Paris, which serves as a 
buffer. 

Oil immersed fuses (such as the Ferranti oil fuse) are also em- 
ployed, the fuse itself being kept in tension by means of springs, so 
that when it melts the broken ends are drawn rapidly apart and 
dragged under the oil, where the arc is effectually extinguished. 

Relays. — Relays are largely used on H.T. circuits for the purpose 
of operating circuit breakers and have superseded fuses to a large 
extent on account of their greater reliability. Relays may be 
divided broadly into the following groups : — 

1. Maximum or Overload Relays. 

2. Minimum Relays. 

3. No-load or No-voltage Relays. 

4. Reverse Current Relays. 

5. Reverse Power Relays. 

6. Differential Relays. 

A simple form of the solenoid type of overload relay is shown in 
Fig. 269. The main current is passed through a solenoid which 
attracts an iron plunger the move- 
ment of which is retarded by means 
of a dashpot, producing what is 
known as a time lag. In the majority 
of cases instantaneous action is not 
desired, the amount of time lag 
required being dependent upon the 
duties which the relay fulfils. 

When the plunger is lifted two 
switch contacts are closed, allowing 
an auxiliary battery to send a 269.— Overload Relay, 

current through the trip coil of the 

circuit breaker, which causes it to operate. The induction or 
Ferrari’s principle is also used, the action being the same as in the 
induction type ammeter and voltmeter except that instead of a 
pointer a cord runs over a pulley and lifts or lowers a movable 
switch contact which closes and opens the trip coil circuit. 

Minimum current and no-voltage relays are constructed on the 
same principle as the above, only the switch contacts are closed 
when the plunger sinks to a certain level. 

An example of a reverse current relay for A.C. work is shown in 
Fig. 270, which illustrates the Andrews’ discriminating relay. The 
relay contacts are carried on an iron core which is magnetised by 
two windings in parallel. As these two are magnetically in opposi- 
tion, there is no resultant pull in normal conditions. The two free 
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ends of the coils on the plunger are connected to a similar differential 
winding on a choking coil, the whole arrangement being connected 
across the bus bars through a potential transformer. The choking 
coil is also magnetised by another winding obtained from a current 
transformer in series with the main line. If the main current is 
normal the effect of this additional winding is to weaken the top 


Choking Coil~ 
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riG. 270. — Andrews* Jllscriminating Kelay. 


half of the differential winding and to strengthen the lower half, 
thus holding the plunger down. On the other hand, if a reversal 
of the current occurs, such as is obtained when an alternator takes 
a motoring current from the bus bars, the upper half of the differen- 
tial coil is strengthened and the plunger is raised, thus closing the 
trip coil contacts. 

The wattmeter principle is frequently adopted for reverse power 
relays, since the deflection of a wattmeter pointer reverses when 

the direction of transference of 
Bus Bars power is reversed. In the relay the 

pointer is replaced by a disc which 
rotates, thereby raising or lowering 
the trip coil switch contact. A 

diagram of connections of such a 

relay is given in Fig. 271. The 
relay, R, has a series and shunt coil 
fed from a current transformer, 
G.T., and a potential transformer, 
P.T., respectively. The latter cir- 
cuit is protected by a fuse, F. 
When the relay contacts are closed 
the battery, B, sends a current 
through the trip coil, T., so as to 
operate the circuit breaker and thus 
isolate the generator, O. 

Merz-Price Gear. — The Merz-Price protective gear has for its 
object the isolation of a faulty feeder when a breakdown occurs, 
the relays not operating in the case of a surge or a temporary over- 
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load. The feeder to be protected has a small current transformer, 
C.T., placed in series with it at each end, the two secondaries being 
joined in series with one another, but in opposition, and in series 
with two relays, B, as shown in Fig. 272. This necessitates a small 
auxiliary cable joining the two relays, which are situated at opposite 
ends of the feeder. Since the two current transformers are similar 
and in opposition, they will balance one another for all loads, and 
the relays will not open the circuit breakers even on an overload. 
But if a fault develops on the feeder, the current Hewing out at the 

AVVt" 

mAAn 

yr 

Fig. 272.— Arrangement of Merz-Prico Gear. 

tar end is no longer equal to the current flowing in at the near end, 
and the two secondaries will no longer balance each other. The 
resulting current in the relay circuit now operates the circuit breaker 
and isolates the faulty feeder. In the case of a feeder linking up 
two sub-stations, the current may flow either way in normal circum- 
stances, and thus a reverse current relay would not be admissible, 
whilst this apparatus would protect the circuit. 

In the case of a three phase system, a three core pilot cable 
is laid with each feeder to provide the relay circuits. 

Instruments. — For voltmeters in use on H.T. circuits the usual 
practice is to operate them through potential transformers [see 
Fig. 175 (a)], the scales of the instruments being marked so as to 
indicate the line voltage. Each voltmeter must be calibrated in 
conjunction with its own particular potential transformer. 

In a similar way, ammeters are run from the secondaries of 
current transformers [see Fig. 175 (6)], so that the instruments them- 
selves are not in electrical contact with the H.T. system. 

In the case of wattmeters and watt-hour meters, the pressure 
coils are treated like voltmeters, being run through potential trans- 
formers, and the current coils are treated like ammeters, being run 
through current transformers. 

Line Choking Coils. — Choking coils of a particular design and 
carrying the full line current are employed at the generator end 
of a transmission line for the purpose of protecting the apparatus 
behind it from the effects of a lightning discharge the frequency of 
which is supposed to be of the order of millions of cycles per second. 
These choking coils usually consist of two flat copper spirals, mounted 
one on each side of a marble slab and connected in parallel with 
one another, but in series with the main line. At the normal 






298 


ALTERNATING CURRENTS 


OH. XIX 


frequencies of supply these are practically non-inductive, but with 
the extremely high frequencies obtained in the case of a lightning 
discharge thfey produce a very strong choking effect, so that practi- 
cally none of the induced current flows through them, but is dissi- 
pated by the lightning arresters instead. 

Earthing, — ^The advisability of earthing A.C. systems has given 
rise to much discussion. In the case of single phase railway systems 
an earthed return is used, the line wire being insulated. In poly- 
phase transmission schemes it is the neutral point which is earthed, 
except in those cases where the whole system is left insulated. With 
perfectly balanced loads the neutral point automatically assumes the 
earth potential, but these conditions are by no means always ful- 
filled. The potential of the neutral point then tends to assume a 
value other than that of the earth, and this is prevented by putting 
the two points in electrical contact. This tends to maintain equality 
in the capacity currents to earth in the different phases and prevents 
the consequent unbalancing of the voltages. It also tends to 
maintain equality in the maximum stress in the insulation to earth, 
the magnitude of which would be increased if the potential of the 
neutral point were allowed to alter. 

On the other hand, a single earth fault on the system is sufficient 
to cause an interruption of the supply, which is not the case if the 
whole system is insulated throughout in normal circumstances. In 
order to limit the short circuit current resulting from such a fault, 
it is usual to insert a resistance or a choking coil in the earth 
connection from the neutral point. 



CHAPTER XXI 

SYNCHRONOUS MOTORS 

Alternator used as a Motor. — ^If two alternators are run in 
parallel and the driving force of one is suddenly cut off, the machine 
will continue to run as a motor and will take the power necessary 
to drive it from the other machine, which will be loaded to a certain 
extent on this account. The supply of C.C. to the field system 
must be maintained throughout. For an alternator to act as a\ 
motor it must, therefore, be supplied with A.C. for the armature 
and C.C. for the field system, and further, as will be seen later, the 
machine must be brought up to the speed of synchronism before the 
motoring action takes place. 

In order to examine the action in detail, take the case of the 
elementary two pole single phase synchronous motor shown in 
Fig. 285. This machine is supposed 
to be exactly the same as the corre- 
sponding alternator, and may have a 
stationary field and a rotating arma- 
ture, or vice versa, the current being 
led into the rotating element by means 
of slip rings. Consider the conductor 
which arrives at A at the moment 
when the current is zero. The instan- 
taneous value of the torque due to this 
conductor is also zero, since it is propor- 
tional to the product of the field strength 
and the armature current. The field strength is assumed to be 
constant throughout. A moment later the conductor has arrived 
at B and the armature has rotated through an angle, 0, But the 
current has also advanced in phase by 6^ and is supposed to be 
flowing away from the observer. This produces a torque in a 
clockwise direction and causes the armature to revolve. When 
the conductor reaches G the current has reached its maximum 
value, and by the time the conductor reaches D the current has 
died down to zero. Throughout the whole of this half-revolution, 
which has taken place whilst the current has advanced through half 
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Fig. 285. — ^Action of Syndironous 
Motor. 
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a cycle, the torque has been in the same direction. A little later 
the conductor arrives at E, but the current has now started to 
grow in the reverse direction. However, since this reverse current 
is cutting the magnetic field in the reverse direction, the torque still 
tends to produce rotation in a clockwise direction. By the time 
the armature has completed one whole revolution the current has 
advanced through one whole period. This is the essential condi- 
tion for the continuance of rotation ; the armature must rotate 
synchronously with the current, and hence the machine is called 
a synchronous motor. The currents in the other armature con- 
ductors produce torques which aid one another, for during the first 
half-period of the current they are cutting the field in one direc- 
tion, and during the second half-period, when the current reverses, 
they are cutting the field in the other direction. 

The same principle operates in the case of two and three phase 
synchronous motors, these being much superior in their performance 
to the single phase machines, their great advantage lying in the 
fact that they are much less likely to drop out of step when subjected 
to overloads. 

Conditions for Running. — Such a motor as is described above is 
not self-starting, and it is necessary first to run up the machine to 
synchronous speed by some external means and then to synchronise 
it with the supply, the field having first been excited. In other 
words, machine must be run up and synchronised exactly like 
an alternator, and the same conditions apply. The machine will 
then continue to run amLtake a motoring current from the supply 
as long as it keeps in step. ( By this is meant keeping in synchronism. 
If the armature does nor rotate synchronously with the variations 
of the cmrent, there come certain points in the revolution where a 
reverse torque is produced, and this tends to pull the motor up. 
The retardation of the armature causes it to fall still further out of 
step, with the result that the motor quickly comes to rest. Since 
the armature is still supplied with current, the circuit should be 
opened immediately, to prevent damage, since the motor at 
standstill has only the impedance of its armature to limit the 
current. 

Speed. — ^The speed of a two pole synchronous motor has already 
been shown to be one revolution per cycle, and this corresponds 
to a speed of 60/ revolutions per minute, where / is the frequency. 
If the motor is a multipolar machine having p poles, the armature 
conductors will advance past one pole pair every cycle, or, in other 

2 

words, the armature will rotate through - ths of a revolution. The 

P 

revolutions per minute will then be equal to 
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Fig. 286.-— Alternator driving 
Synchronous Motor. 


The speed of a polyphase synchronous motor is the same as that of 
the corresponding single phase machine with the same number of 
poles. 

The only way to vary the speed is to vary the frequency, and 
this is not a practical method. Synchronous motors are, therefore, I 
essentially constant speed machines. * 

No-load Conditions. — ^When a synchronous motor is first syn- 
chronised with an alternator, the two machines momentarily act 

as generators in parallel across the 

same bus bars, their E.M.F.’s acting 
in the same direction. Considering 
the local circuit formed by the two 
armatures, these may be regarded 
as being in series with each other 
with their two E.M.F.’s always I 
opposing, as shown in Fig. 286. 

The armature of the motor may,( ^ ^ . 

therefore, be considered as setting ^ , ,,, 

i -mi/r-n ix 286.— Alternator driving 

up a back E.M.F. equal to and j Synchronous Motor. 

opposite in phase to the applied/ 

voltage. The resultant voltage in this circuit is zero, and so 
no current is supplied to the motor armature. Since the latter 
receives no power in an electrical form from the supply, it immedi- 
ately commences to slow up when the mechanical driving power is 
removed. But as soon as the motor armatuye falls behind the 
position where it should be if it maintained an absolutely syn- 
chronous motion, the back E.M.F. and the applied E.M.F. no longer 
neutralise each other, for, notwithstanding the fact that they are 
equal, no two voltages can completely neutralise one another unless 
they are in phtase opposition. The applied and the back E.M.F. 
now prodtTce a resultant voltage which causes a current to flow 
through the motor armature and supplies it with a certain amount 
of power. If this power is sufficient to maintain the rotation, the 
motor continues to rotate synchronously, bat always lagging by a 
constant small angle. If the power supplied to the motor in this 
manner is not sufficient to overcome the losses at this speed, the 
armature is retarded and lags behind by a greater angle. The 
effect of this is to increase the resultant voltage and the armature 
current, and the power supplied to the motor is thereby increased. 
This action goes on until the motor lags by such an angle as to 
produce a resultant voltage which will cause the necessary amount 
of power to be transferred to the motor. 

The action is similar in a way to that which takes place in a 
C.C. shunt motor where the back E.M.F. is exactly in opposition 
to the applied E.M.F., only in the A.C. case the back E.M.F. lags 
by rather more than 180° behind the applied E.M!F. instead of being 
in exact phase opposition. 
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Torque. — ^In a simple two pole single phase synchronous motor 
the axis of the armature field may be considered as lying along the 

line joining the two conductors 
if '/ which are connected to the slip 

§siifd ^'Msind rings, just as in a C.C. motor the 
y armature field lies along the line 

1 y joining the brushes. This field 

{ rotates with the armature, biit 

/ /^ varies according to a sine 

/ / \^/ \\ law with time, and it reacts with 


Ahe main fi eld produced by the 
|ex citing cu r ren t. Since the latter 


cal Armature Flux. 


reverses in 




Nil ({ ^}] I I 5 (exciting current. Since the latter 
I \ / / Md is constant, the tarqn^Jg 

\ \ /i^ / / proportional to that _componen t 

\\. / I y / of^ vghich3 ^ 

, j y at ri^ht angles to the mainjfield. 

* The ntagnlfhHe**^^ armature 

fig. 287.-Hypothetlcal Armature Flux. armature has gloved 

through 6"^ from the zero position may be represented by ^ sin 0, 
where ^ is the maximum value. At the same instant, the vertical 
component of this (see Fig. 287) is sin 0 times its actual value, 
and thus the instantaneous 
torque is proportional to <I>sin2^. <psw0^ ' 

This expression shows that the 
torque is of a pulsating character, 
although it never reverses in 

direction. [io-JLVJ 

In the case of a three phase \\. /\ 

synchronous motor, the arma- xr i y 

ture field may be regarded as 
consisting of three components <psinfd*^l20r i 
spaced 120° apart in space and fig. 288.~-Hypothetlcal Armature Fluxes in 
differing by 120° in phase. The 

useful part of each component is obtained in the same way as before. 
The instantaneous magnitudes of the three hypothetical fluxes are 
<l>sin^, <I)sin (0 + 120°), and <I)sin(^ + 240°), as shown in Fig.288. 
The vertical components are ‘1> sin^ 0, <1> sin^ (0 + 120°), and 
4> sin^ {0 240°). The resultant vertical field is obtained by 

adding these^together, and is equal to 

4> sin^ ^ ^ sin^ {0 + 120°) + <I> sin^ (0 + 240°) 

= <E> {i - J cos 2^ + i - 4 cos 2 (^ + 120°) + 1 - | cos 2 (^ + 240°)} 
= <1> {f - 4 cos 2^ - 4 cos {20 + 240°) - 4 cos {20 + 120°)} 

= ^> {f — 4 cos 20 — 4 cos 20 cos 240° + 4 sm 20 sin 240° 

— 4 cos 20 cos 120° + 4 sin 20 sin 120°} 

= (f — 4 cos 20 + 4 <^ 08 20 — sin 20 + 4 cos 20 + 8in20| 

= # «i>. 


Fig. 288. —Hypothetical Armature Fluxes in 
Three Phase Motor. 


' |f — 4 cos 20 + 4 cos 20 
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In other words, the magnitude of the torque is independeilt of 
the position of the armature, and the same statement holds true 
for a two phase machine. The fact that the torque is constant in 
magnitude in a pol 3 rphase machine whilst it is of a rapidly pulsating 
character in a single phase motor, dropping to zero twice per period, 
indicates the reason why a single phase synchronous motor is so 
much more liable to drop out of step when a heavy overload or a 
sudden change of load occurs. 

Effect of Load. — ^When a load is put upon the shaft of the motor, 
the first tendency is to retard the rotation, but as soon as the arma- 
ture commences to drop beEmd, it causes the back E.M.F. to lag by 
a rather larger angle than before. It will be remembered that the 
angle of phase difference between the applied and the back voltage 
is rather more than 180®, the applied voltage leading. But an 
increase in the angle of lag of the back voltage causes an increase 
in the resultant voltage acting on the circuit, and this in turn causes 
an increased current to flow, with the result that the motor takes 
more jower from the supply. The motor armature then drops 
behind until its position, relatively to that of the driving alternator, 
is such as to produce a resultant voltage capable of causing sufficient 
current to flow to deal with the load. The armature will then 
continue to rotate synchronously with the driving alternator. If 
the motor should drop too far behind, the power which it will take 
from the supply will be greater than is 
necessary, and so the armature will be 
accelerated until it is in its correct 
relative position. Some motors are 
subject to this overshooting the mark, 
and when a motor is constantly retarded 
and accelerated in this manner the 
effect is called hjmting or phase-$wing- 
ing, 

Vector Diagran^. — ^The study of the 
vector diagram of the synchronous 
motor is the best means of under- 
standing what is really going on inside 
the motor. For the sake of simplicity, 
the case of a single phase machine 
will be considered, but the same prin- 
ciples apply in the case of polyphase 
machines. In Fig. 289 (a) OE^ re- 
presents the applied voltage and OE^ the back voltage. In the 
first instance these two voltages will be taken as equal, representing 
the conditions which occur when the machine is perfectly synchro- 
nised, OE^ lagging behind OE^ by an angle 180® + 9, Combining 
these two voltages together, the resultant voltage OEr is obtained. 
This voltage leads the applied voltage by rather less than 90®. 
For the purposes of this vector diagram, the armature reactance 


Ju-P 



(a) (h) 

Fig. 289.-— Vector Diagrams of 
Synchronous Motor. 

(a) On No-load. (6) On Load. 
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and armature reaction will be coinbincd together under the term 
synchronous reactance as in the case of alternators (see p. 257). 
The effect of armature reaction need not then be allowed for separ- 
ately, and the resultant voltage, OE^, can be considered as acting 
on a circuit having a definite resistance and synchronous reactance. 
As these two quantities are approximately constant, the angle of 
lag of the current behind the resultant voltage will be constant. 
If the synchronous impedance of the armature be known, the 
current vector, 01, can be plotted, lagging behind OE^ by a fixed 


angle, a, equal to tan 


-X? 

n' 


the magnitude of the current being given 


by 


Er 

Vr^ + 


The angle of lag or lead, <fi, of this current with 



Angle, e 

Fig. 290.— Effect of 0, 


respect to the applied voltage determines the power factor under 
which ^he motor is operating, the current leading in the example 
shown in the figure. Since the applied voltage, E^, is supposed to 
be constant, the power taken by the motor is represented to scale 
by OP, which is the projection of 01 on OE^. After subtracting 
the losses incurred by the motor, the output is obtained. 

An increase of load results in an inci'ease in the angle 6, as shown 
in Fig. 289 (6). This swings the vector OEy. round a little and 
increases its magnitude. The magnitude of the current is now also 
increased, since the synchronous impedance remains unaltered, and 
the power taken by the motor cos goes up as well. By 
choosing a number of values for 0 the corresponding values of E^, 
I and cos ^ can be obtained, and these are plotted in Fig. 290 for a 
particular example, where the applied E.M.F. is 100 volts, the 
back E.M.F. is 75 volts, R = 0*04 and X == 0*20. These curves 
are re-plotted in Fig. 291 on a base of power input instead of 6. 
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Effect of Excitation. — The direct effect of varying the excita- 
tion is to vary the back and th^ reacts upon the behaviour 

of the machine to an enormous extentV^ In a C.C. shunt motor a 
variation in the exciting current produces a variation in the speed, 
but in the synchronous motor this is not possible, and so a variation 
in the current is produced instead. But as the power supplied to 
the motor depends upon the load and not upon the exciting current 
(except in so far as the losses are varied), the variation in the current 
must be accompanied by a variation in the power factor. The effect 
can be studied best by a reference to the vector diagram. For this 
purpose Fig. 289 (6) has been reproduced in Fig. 292 (a). Now 
suppose that the exciting current has been decreased so as to reduce 
the back E.M.F. to 75 per cent, of its former value. The value of 



Power, P 

Fig. 291 — ^Power Curves. 


the angle 6 will not change appreciably, as this depends largely 
upon the load. The resultant voltage, Er, will be brought nearer 
in phase to E^, and the current, Jagging by the fixed angle a behind 
E.r, will be retarded in phase, as shown in Fig. 292 (6). A further 
reduction of the back E.M.F. to 50 per cent, of its original value 
accentuates this effect and causes the current to lag still further 
behind its former position [see Fig. 292 (c)]. On the other hand, 
an increase in the exciting current raising the back E.M.F. to 
125 per cent, of its original value advances the phase of E^ and /, 
thus tending to reduce the lag or increase the lead of the current 
[see Fig. 292 {d)l ^ 

It thus appears that the phase of the current wit ' .pect to the 
applied voltage may be adjusted at pleasure by the simple expedient 
of varying the excitation, and the motor may be made to operate 
on any power factor with either a leading or a lagging current. 
There is, of course, a limit to this reduction of the power factor, due 

y 2 
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to the dangerous heating which is set up on account of the excessive 
current, or the motor may drop out of step. . Synchronous motors 
have, however, been known to remain running even though the 
excitation has been wholly interrupted, the machines running on 
their residual magnetism. 



FiQ. 292.— Effect of Excitation. 


Vj^urves.-^ a series of vector diagrams is drawn with various 
baSFfeffiTF^s like those in Fig. 292, a number of currents can be 
obtained all relating to the same power outputT'^^ach current will 
correspond to a particular back E.M.F., which in turn will corre- 
spond to a particular excitation.^ The latter can be determined 



Exciting Current 
Fig. 293.— V-curves. 



Fig. 294.— Power Factor Curves. 


from the magnetisation curve of the machine. (By varying the 
excitation, a number of corresponding pairs of armature current 
and exciting durrent can be obtained. jQt is found that on plotting 
these figures the resulting curve takes thg form of-a V, as shown 
in Fig. 293, and is known as a V-curve.j hVhen the excitation is 
small, the back E.M.F. is low, giving rise to a resultanj^oltage leading 
the applied voltage by a relatively small angle.*^ Ifhi§ causes the 
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current to lag behind the applied voltage by a considerable angle, 
and since the power factor is small the current is relatively large. 
As the excitation is increased, the back voltage is also increased, 
thus swinging the resultant voltage vector round and advancing it 
in phase. The current is also advanced in phase, its magnitude 
decreasing since the power factor is increased, l^^^hen the current 
becomes in phase with the applied voltage it reaches a mininnim 
value, after which it commences to increase again. The excitation 
corresponding to this minimum current is called the normal exciting 
current for that particular load. The effect of over-exciting a 
synchronous motor is to cause the current to lead the applied 
voltage due to the lengthening of the back E.M.r. vector. As the 
excitation is still further increased the armature current also increases 
and the power factor falls. On no-load, the point on the V-curve 
is sharply accentuated, but if the machine is loaded the tendency 
is to round off the point, this effect being more marked at the 
higher loads. 

Po\ffer Faetor. — ^From the preceding paragraph it is seen that the 
armature current varies between wide limits for the same power 
output, and this causes the power factor to vary widely in accordance 
with it. The curves of power factor corresponding to the armature 
currents represented in Fig. 293 are shown in Fig. 294, where it is 
seen that they look like inverted current curves. Again, the no-load 
power factor curve is fairly sharp at the apex, whilst the others are 
less sharp, an increase in load tending to flatten out the curve. An 
examination of these power factor curves shows that particularly 
on no-load the armature current and the power factor are very 
susceptible to changes of excitation. The warming up of the fleld 
coils is quite sufficient to cause a material 
change in the armature current. 

Example of V-curve. — Instead of as- 
suming the angle 6 to be constant for a 
given load, the power input may be 
assumed constant instead. In this case, 
since the applied voltage is fixed, the 
power component of the current remains 
unaltered, even although the excitation 
varies. In Fig. 296, where OE^ represents 
the applied voltage and 01 the armature ! 

current, a line drawn through I at right _ ^ t,- 

angles to OE^ is the locus of the current of Synchronous Motor, 
vector. A line drawn from O to any point 

in this line represents a current the power component of which is OP. 
Taking any random value of 01, the resultant voltage producing it 
can be obtained by multiplying by the synchronous impedance. This 

voltage leads the current by an angle, a, equal to tan~i Then, 
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knowing the value of this resultant voltage and the applied 
voltage, the back E.M.F. generated is obtained by subtraction. 
The excitation corresponding to this back E.M.F. is then read 
off the magnetisation curve. Working backwards in this way, 
a series of vector diagrams can be constructed without making any 
assumption as to the magnitude of the angle 0, If a series of 
values of I are taken in this way, a series of values of and 
can be obtained and the locus drawn in for each, this being done in 
Fig. 295. The whole diagram can then be repeated, if desired, for 
another load. Strictly speaking, the locus of the current for a 
given output is not a straight line, since the losses are increased 
when the current goes up, so that the input is not quite constant. 
This can be allowed for by making the current locus bend upwards 
a little on each side. 

Experimental Determination of V-curves.— The actual experimental 
determination of one of these curves is carried out by Tuaintaining 
a constant load throughout a single series of observations and by 
varying the excitation through as wide limits as the machine will 
permit without overheating or falling out of step. The applied 
voltage should be maintained constant throughout, and this will 
often be a source of trouble, because, if the driving alternator is 
comparable in output with the motor, the large current at the very 
low power factor obtained will necessitate a certain amount of field 
regulation in order to maintain the voltage coiixstant. 

A series of such curves can be obtained from the one motor, 
each one corresponding to a particular load. 

Ampere-turn Diagrams. — In the previous paragraphs a constant 
synchronous reactance was assumed, the effects of both armature 
reactance and armature reaction being included in it. An alterna- 
tive method of treatment is to assume a constant reaction, including 
in its effects those of the true armature reactance. The armature 
is thus assumed to be non-inductive, and for the sake of simplifica- 
tion the effect of the armature resistance will be neglected. This 
will not produce a very appreciable error. With these assumptions, 
the back E.M.F. will be exactly equal and opposite in phase to the 
applied voltage and will be wholly independent of the exciting 
current. The exciting current produces an M.M.F. which can be 
split up into two components, one producing the useful air-ga]^ 
flux which generates the back E.M.F., and the other a neutralising 
M.M.F. equal and opposite to that set up by the armature ampere- 
turns. These two component M.M.F. ’s are in quadrature, and their 
vector sum gives the total M.M.F. which must be supplied by the 
exciting current. The vectorial addition of the fluxes produced by 
these M.M.F. ’s is, however, not strictly accurate, as it neglects the 
effect of changes of permeability consequent upon the changes in 
flux density. If this point be neglected, the vector diagram might 
be drawn to a scale of ampere-turns instead of M.M.F.'s, since they 
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In actually drawing a diagram of this kind it is much simpler 
to draw it to a scale of exciting current rather than ampere-turns, 
as the number of field turns is not then required. 

In order that Fig. 296 (a), (b), and (c) should represent the same 
load, it is necessary that the power component of I should be equal 
in all three cases. An increase of load would result in an increase 
in the power component of I, 

Armature Reaction. — The armature reaction of a synchronous 
motor can be investigated in the same way as is adopted in the case 
of an alternator. Reference should be made to Figs. 243 and 244, 
remembering that in the synchronous motor the current is in phase 
with the applied voltage if the power factor be unity, and conse- 
quently leads the generated back E.M.F. by an angle 180° + 

As a first approximation, therefore, if the currents in Figs. 243 
and 244 be reversed, the diagrams will represent the action in 
the synchronous motor, and proceeding in this manner it is 
seen that when the motor is operating with a lagging current 
the magnetic flux is increased in magnitude, and when a leading 
current is taken the magnetic flux is decreased, this being the 
reverse of what happens in an alternator.^ In addition, the flux 
is, of course, distorted in both cases, ^-dagging^^current thus 
te*Mi§J^Jincrease thoJba£k^JE^,M.jP., whilst a leading currenFTends 
to decreas^ ZiE. 

Overload Capacity. — If the applied voltage and the exciting 
current of a synchronous motor be kept coQs^ant, the effect of an 
increase of load is to retard the back thus causing an in- 

creased resultant voltage and an increased current. The power 
input, however, does not go on increasing indefinitely, since the 
gradual retardation of the back E.M.F. vector causes the current 
to lag more and more behind the voltage, and there comes a time 
when the power factor decreases at a greater rate than the current 
increases. A further increase of load then causes a further retarda- 
tion of the back E.M.F., resulting in a decrease in the power absorbed 
and in the driving torque. The reduced driving torque retards the 
motor again, which reduces the power input, and so this action goes 
on until the motor falls out of step and comes to rest. The difference 
between the maximum load capable of being overcome and the 
normal full load of the motor, expressed as a percentage of the full 
load, is called the overload capacity of the motor. In Fig. 290 the 
relation between the power input and the angle 6 is plotted for a 
constant excitation and back E.M.F. If these curves were continued 
for larger values of 6 it would be seen that the power developed 
reaches a maximum value, after which it commences to decrease 
for a further increase of 6, Similarly, it would be seen that in 
Fig. 291 there are two values of d corresponding to each value of 
the power input. The smaller of these two angles (shown in the 
diagram) represents the stable running condition, whilst the larger 
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angle represents the unstable condition when the motor is falling 
out of step and pulling up. 

An increase in excitation results in a roughly proportional 
increase in the overload capacity until magnetic saturation occurs. 
This can be determined by re- 
drawing Fig. 290 for a number 
of different excitations and find- 
ing the maximum power input ^ 
in each case. (The losses of the ^ 
motor are neglected. ) The rela- S 
tion between the percentage % 
overload capacity and the ex- *§ 
citing current, obtained in this o 
way, is shown in Fig. 297. 

The presence of reactance in 
the motor armature is also bad, 
and any reduction in this direc- 
tion is, accompanied by an in- 
crease in the overload capacity. 

Thus whilst reactance is beneficial from the synchronising point of 
view, it is objectionable if the motor is called upon to withstand 
sudden heavy overloads. 

Hunting. — Sudden changes of load on synchronous motors some- 
times set up oscillations which are superposed upon the normal 
rotation, giving rise to periodic variations in speed of a very low 
frequency. This effect is known as hunting or phase-swingings, 
and can be detected by ear on account of the different notes whiiSi 
are set up by the fiuctuating speed of the motor. Occasionally 
the trouble is aggravated by the motor having a natural period of 
oscillation approximating to the hunting period, when it is possible 
for the motor to be phase-swung into the unstable region, thus causing 
it to fall out of step. 

The first effect of a sudden increase of load is a retardation of the 
armature causing the vector [see Fig. 289 (a)] to take up some 
such position as is shown in Fig. 289 (6). But during this period of 
retardation the armature is running at a speed slightly less than 
that of synchronism, and when jE ^2 reached a position such that 
the power input is exactly that required to overcome the load, it 
is still running at this slightly reduced speed. Owing to the inertia 
of the armature, however, this reduced speed is maintained for a 
very short interval longer, during which the angle 9 continues to 
increase. The power input is now greater than is required for the 
load on the motor, and the armature ceases to be retarded and 
commences to accelerate. This causes the vector E^ to gain on E^ 
and the angle 9 commences to decrease. When the stable position 
is reached the armature is running a trifle faster than the absolutely 
correct synchronous speed, and, due to its inertia again, it continues 



Exciting Current. 

Eig. 297. — ^Belatinn between Excitation 
and Overload Capacity. 
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to run a little fast after this point has been reached. The angle 6 
has now become too small, resulting in a decreased power input 
which is no Ibnger capable of maintaining the rotation against the 
resisting torque of the load. The armature is thus again subjected 
to a retardation and the whole cycle of events is repeated. The 
net result is that the motor perpetually increases and decreases in 
speed, the power input periodically varying in unison. The fre- 
quency of these changes is usually quite capable of being detected 
by ear and also by observation of the wattmeter pointer, which 
oscillates about a certain mean position on the scale. 

In order to prevent hunting, modern synchronous motors are 
fitted with damping grids or amortisseurs (see p. 248). Whenever 
any motion takes place, other than the absolutely synchronous 
rotation, the flux in the poles is distorted, and the movement of 



Fig. 298.--Showing Greater Change of Torque with 0 for Strong Excitation. 


this flux across the bars of the damping grids sets up eddy currents 
which tend to damp out the superposed oscillatory movement. If 
the rotation is absolutely uniform, there is no relative movement 
of the flux and the damping grid, and so no eddy currents are set 
up and no losses occur. 

Another method of reducing hunting is to work with relatively 
strong fields, since if be made large a given change in the angle Q 
results in a greater change in the torque produced, as can be seen 
by referring to Fig. 298. The force tending to pull the motor into 
step is thus greater when strong fields are employed than when weak 
excitations are worked with. 

Starting^^ — ^As the ordinary synchronous motor is not self-starting, 
it is necessary to make arrangements for starting it by some auxiliary 
means. In some instances there is a small C.C. exciter direct coupled 
to the motor shaft, and this can be employed to start up the set. 
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This method, however, necessitates a C.C. supply for the purpose of 
running up the exciter, and if a C.C. supply is available there is no 
need for the exciter. 

A second method of starting up is to employ a small auxiliary 
motor of the induction type (see Chapter XXVI). As these motors 
always run at a speed slightly less than that of synchronism, taking 
into consideration the number of poles, it is seen that if the auxiliary 
motor has the same number of poles as the main synchronous motor 
the set can never be run up to the correct speed for synchronising. 
In order to get over this difficulty, the auxiliary induction motor is 
made with fewer poles than the main motor, so that the set can be 
synchronised as it runs through the correct speed. 

Synchronous motors direct coupled to C.C. generators are 
frequently used for sub-station work in transforming from H.T., 
A.C. to L.T., C.C. The C.C. bus bars are never dead except when 
a complete shut down occurs, and the motor-generator set can be 
run up from the C.C. side, using the generator as a motor. The 
correct speed for synchronising is obtained by shunt regulation, 
and after the A.C. motor has been thrown on to the bus bars the 
field of the C.C. machine is strengthened, which tends to lower the 
speed. But since the A.C. machine must run at synchronous speed, 
it follows that the back E.M.F. of the C.C. machine when running 
as a motor becomes greater than the bus bar pressure, and so it 
commences to generate. In the event of a complete shut down, 
these sets would be unable to commence running again, and so one 
set at least must be provided with independent means for starting 
up. 

Polyphase synchronous motors can also be started up by the 
addition of a special winding on the field system known as a squirrel 
cage. This consists of a number of bars let into the poles after the 
manner of damping grids, all the bars being joined at each end by a 
stout copper ring going right round the field system. The action of 
such a winding is discussed in full in Chapter XXVI, where squirrel 
cage induction motors are dealt with. It is sufficient to say here 
that the currents in the armature set up a rotating magnetic flux 
which cuts the squirrel cage winding on the field system and induces 
eddy currents in it. A torque is developed and the motor runs up 
to a speed a lUile less than that of synchronism. The motor will 
now be subjected to a true synchronous motor torque trying to 
pull it into step, just as is the case when hunting is set up. When 
synchronous speed is attained the exciting current may be switched 
on and the machine continues to run as a synchronous motor. This 
method of starting does away with the necessity for synchronising 
gear, and in addition the squirrel cage winding acts like a damping 
winding when running and serves to prevent hunting. On account 
of the large starting current required by this method, it is usual to 
start up the motors through auto-transformers. 
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Application to Sub-station Work. — As the synchronous motor is 
essentially a constant speed motor, it is useless where speed regula- 
tion is required, but it finds a considerable application in substation 
work in conjunction with C.C. generators. Since the motors can 
be wound for high voltages, there is no n^es^ity for transformers, 
as the motors can be run direct off the H.T. mains. Again, the 
fact that a constant C.C. voltage is required calls for a constant 
speed machine, and the difficulties of starting are easily overcome 
either by using a self -starting motor as described in the last para- 
graph, or more frequently by using the C.C. generator as a starting 
motor. In a modern sub-station a number of such sets are run in 
parallel on both sides, the power factor being regulated by adjust- 
ment of the motor field. 
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Effect of Low Power Factor. — ^In view of the fact that the great 
majority of loads contain more inductance than capacity, the current 
in most transmission lines lags behind the voltage, giving rise to 
power factors of less than unity. This means that the line current 
for a given power transmitted is greater than it need be and causes 
two results. First, the losses in transmission are increased, or, 
conversely, the size of wire is increased, leading to the employment 
of larger quantities of copper, and, second, the voltage regiilation 
is made poorer, due to the increased voltage drop in the line with the 
larger currents. To illustrate this fact, the case will be considered 
where a given amount of power is transmitted at a power factor of 
0'7, and comparison will be made with what would be the case if 
the power factor were unity. The current is inversely proportional 

to the power factor and is ^ of its minimum value, or 43 per cent. 

greater than it need be. If the size of wire be kept constant through- 
out, the losses, being proportional to the square of the current, are 

(^) ’ approximately double their value in the ideal case. If 

the losses are kept the same, approximately double the amount of 
copper must be employed. The latter arrangement leaves the 
regulation unaltered, but the former results in an increased voltage 
drop. These figures, which are quite practical ones, will suffice' 
to show the magnitude of the effect and the desirability for 
improving the power factor wherever possible. 

General Method of Improvement. — ^The power factor of a system 
can be improved in two main ways. The first is to use only that 
apparatus which works at approximately unity power factor, and 
some supply authorities make it a rule not to allow motors of more 
than a given output and working below a certain power factor to 
be connected to their mains. In general, however, this method is 
impracticable. The second method is to add to the existing load, 
apparatus which will take a leading current of such a magnitude as^ 
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to neutralise the lagging current brought about by the general 
character of the load. This method is now widely adopted. 

Magnitude of the Required Idle Current —For the purposes of 
investigation the load current, which is imagined to lag behind the 
line voltage, can be split up into a power component and an idle 
component, the latter lagging by 90° behind the line voltage. In 

Fig. 299, I represents the load current 
lagging behind the line voltage E by an 
angle cf) such that cos cf? is equal to the 
power factor. The power component of 
the current is equal to Ip = I cos (f) and 
the idle component is equal to 
In order to neutralise this idle current, 
it is necessary to add a leading current, 
/^, of the same magnitude. The vector 
sum of 1 and 7^ is then given by 7p, which is less than 7. The 
current is thus brought into phase with the voltage, raising the 
power factor to unity, and its magnitude is decreased at the same 
time without any reduction in the amount of power transmitted. 
The magnitude of the required leading idle current is, therefore, 



Fig. 299. — Showing Effect of Added 
Leading Current on Power Factor. 


= / sin <f> 

= / X Vl 
— I X Vf 


COS^ ^ 


(power factor)^. ‘ 

The relation between the power factor and the value of 
expressed as a percentage of the line current 7 is represented in 



0 9-2 0-4 0-6 0-8 I’O 

Initial Power Factor 

Fig. 300.— Relation between Added Leading Current and Initial Power Factor. 


Fig. 300. The varying steepness of this curve shows that different 
amounts of leading current are required at different power factors 
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in order to effect the same improvement. When in the neighbour- 
hood of unity power factor a greater amount of additional leading 
current is required for a given improvement than is th^ case at low 
power factors. This really means that it is easier to raise the power 
factor when it is very bad than when it is high. 

The above reasoning applies equally well to a polyphase system, 
provided that in Fig. 300 the added leading idle current and the 
line current refer to the same circuit. 

Improvement by Condensers. — The first obvious way of providing 
a leading current in addition to the existing load current is to 
connect a number of condensers in parallel across the mains at 
the receiving end. The capacity C necessary to bring the power 
factor up to unity is easily calculated from a knowledge of the 
power transmitted, voltage, frequency and initial power factor. 
Considering first a single phase case where these quantities are 
represented by P, P, / and (^./.) respectively, the magnitude of the 
required condenser current is 


Then 


and 


27r/Ci? =/ xVi- (p.f.f 
^ ipf-) 

p 


1 


^ 27r/7i?2 ^ 


(P-f-)^ 

V («./.)> 


It is thus seen that a high frequency is desirable when condensers 
are used for improving the power factor. At first sight, it also 
appears as if a high voltage is very favourable to this method, since 
the capacity is inversely proportional to the square of the voltage, 
but the use of higher voltages necessitates a greater thickness of 
insulation and considerably increases the cost per mfd., so that the 
total cost is not affected to any enormous extent. 

In a three phase transmission, the power is given by 

P = V3EI X (p.f.), 

where E and I are the line voltage and line current respectively. 

P 

The latter is equal to 7 - — , and the idle component of 

V'SE X (p.f.) 

the line current is equal to 


VSE X (p.f.) 


X Vi'— (p.f.)^ 


V^E 
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AsanTniTig the condensers to be connected in mesh across the 
lines, the current per condenser circuit is 2'7rfCE. The condenser 
current per line is the vector sum of the currents of two condenser 
circuits, and is, therefore, V3 X iirfGE. If the fina l power factor 


is to be unity, this must be equal to - 7 =^ X 

ydE 

therefore, 


/_ 1 _ 


1 , and, 


and 


V3 X 

• 0= ^ 


X 


/ 1 


1 . 


Since there are three condenser circuits, the total capacity 
required is 


2-7r/^2 




which is the same as in the single phase case for the same line 
voltage. 

If the condensers are connected in star instead of mesh, the 

voltage across each condenser is reduced to = 0'677 times its 

former value, and the cost per mfd. is correspondingly reduced. 

E 

But the current per condenser circuit is now equal to and 

p r 1 

this must neutralise a lagging idle current of - 7=^ X \ — 1. 

V3E ^ {p-f f 


The capacity per condenser circuit is, therefore, 

c-_Z_xJ3_ 

^“27r/^2 ^{p.f.Y 

and the total capacity required is 


3P 


X 


27r/^2 V (p./.) 


u 


1 , 


or three times as much as when the condensers were connected in 
mesh. Provided the condensers will stand the voltage, therefore, 
the mesh connection is the more preferable of the two. 

In any case, this method is too expensive in practice, and other 
methods are usually adopted. 

Synchronous Motor as Rotary Condenser or Phase Advancer. — 

Since a synchronous motor can be made to take a leading current 
y over-exciting it, such a motor might be employed to produce 
e required leading current for the purpose of improving the power 


t 



xxn 


POWER FACTOR IMPROVEMENT 


337 


factor. The magnitude of the current taken by a synchronous 
motor depends to an enormous extent upon the excitajiion, and full 
load current can easily be attained even when the motor is running 
light. The function of a synchronous motor used in this manner 
is to act as a variable rotary condenser, and the general term 'phase 
advancer is applied to machines which have for their object the 
improvement of the power factor. The motor is not for the purpose 
of overcoming any load, although in practical cases it may be utilised 
for this purpose as well, but only in a subsidiary way. The primary 
object is to produce a leading current to neutralise the existing 
lag. 

Considering first an ideal motor with no losses, the current taken 
will lead the voltage by 90® if it is over-excited, and the magnitude 
of this current will depend upon the value of the excitation. The 
current can thus be adjusted to suit the load and the power factor 
by varying the excitation of the machine, this being much more 
convenient than varying the number of condensers, which would be 
necessary if they were employed. 

If the losses of the synchronous motor are taken into considera- 
tion, it means that a certain power component must be added, 
vectorially, to the leading current already mentioned, the result 
being that the motor current leads the voltage by an angle which is 
less than 90®. The extra power taken from the mains is, of course, 
wasted. 

This method is equally applicable to the case of polyphase 
systems, being, in fact, cheaper in first cost, since polyphase syn- 
chronous motors cost less per k.V.A. than single phase ones. Since 
the construction of these motors is the same as for alternators, it 
follows that they can be designed for any line voltages which are 
obtained directly from alternators. 

One of the disadvantages of this method of power factor improve- 
ment lies in the starting of the motor. Unless a self-synchronising 
motor be adopted, some auxiliary means of running up the motor 
must be provided. 

Situation of Phase Advancer* — ^The correct situation for the phase 
advancer is at the receiving end of the line as close to the load as 
possible. If placed at the generator end of the line, it would improve 
the power factor of the generators and reduce their current, but it 
would not relieve the line at all, nor would it affect the voltage 
regulation of the line. When placed at the receiving end of the 
line, however, it not only improves the power factor of the generators 
and reduces their armature currents, but it reduces the main line 
current and improves the regulation. The ideal spot for the motor 
is alongside the actual load taking the lagging current, but this is 
impracticable in the great majority of cases. In the case of H.T. 
transmissions where the voltage is stepped down and distributed 
from a number of sub-stations, the phase advancer is placed in the 
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sub-station. Its effects are thus felt throughout the whole of the 
H.T. system, but the L.T. network is unaffected. 

There is an obvious disadvantage in placing the phase advancer 
alongside the load, even when the latter is sufficiently large to 
warrant the employment of a phase advancer all to itself, since the 
load is usually on the consumer’s premises, whilst the phase advancer 
is naturally the property of the supply company. 

Idle Current Generator. — ^When a synchronous motor is employed 
as a phase advancer, it may be regarded as an idle current generator. 
Considered as a motor, it receives a small in-phase current which 
supplies the losses of the machine together with an idle current 
leading the voltage by 90°. This leading motoring current may be 
regarded as a generator current by reversing its direction, so that 
the synchronous motor may be said to receive an in-phase motoring 
current to supply its losses and to generate an idle current lagging 
by 90° behind the voltage. There is, of course, no power associated 
with this idle current which supplies the purely inductive portion of 



the load. The main generators supplying the power may thus be 
regarded as working on a non-inductive load. There is a kind of 
local circuit formed by the inductive portion of the load and the 
synchronous motor in which resonance is set up, this resonating 
current being superposed on to the main in-phase current flowing 
between the generators and the load. The general idea of the 
system applied to a three phase case is shown in Fig. 301, where the 
generator is working at a power factor of unity and is delivering a 
current {Ip -)- /^), the latter term representing the power current 
supplied to the phase advancer to overcome its losses. The syn- 
chronous motor is working at a very low power factor and receiving 
a power current /^, whilst generating a purely lagging current 
The load, the power factor of which is less than unity, is receiving 
a current which is the vector sum of Ip and 4', the angle of lag 
being determine^ by the power factor. 

K.V.A, Capacity of Phase Advancer. — Since a phase advancer is 
only required for the purpose of producing a purely idle current, 
the only power which it receives is that necessary to overcome its 
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losses. The machine will also work on a very low power factor, so 
that it is obviously unfair to rate it on a kilowa^it basis. The 
proper unit for specifying the capacity ^ of the machine is the 
kilovolt-ampere. In a single phase case, neglecting the losses, the 
idle current is given by / X VT— and the total k.V.A. 

capacity of the phase advancer is 

El X X 10-8. 

Expressed as a percentage of the k.V.A. capacity of the alter- 
nators, this is 

Vl - X 100, 


and this expression applies equally to the case of a polyphase 
system. 

The size of the phase advancer is thus seen to be unaffected by 
the value of the current or the voltage, provided the power trans- 
mitted and the power factor are constant. A high voltage is 
associated with a low current and vice versa, but it is their product 
which determines the size of the machine, just as in the case of 
alternators. 


Effect of Motor Losses. — ^If the synchronous motor is running 
unloaded the only power which it takes is that required to overcome 
its losses. The angle of lead of the 
current is thus not quite 90°, but ipa 


rather less. The heating of the 
machine is dependent upon the 
losses, and since it is to be heavily 
over-excited, special care must be 
taken in the design of the field 
system to prevent over-heating. 
The fact that the power factor is 
greater than zero affects the k.V.A. 



capacity to a slight extent and also ^ t 

... Fia. 302.— Power I’actor Improvement 

modifies the vector diagram, the by Synchronous Motor. 


general form of which is shown in 


Fig. 302, which is drawn for a single phase case. The line current, 
Ii, is drawn lagging behind the line voltage, E, by an angle 


where cos (f>i is the power factor of the load. The synchronous 
motor which is used as a phase advancer takes a current, , 


leading the line voltage by an angle, , where cos « is its 
power factor. The magnitude of is so adjusted that the 


vector sum of Ii and Ip ^ gives a current in the mains, in phase 
with the voltage. In order to bring this about, the leading idle 


1 The term “capacity’^ here has no reference whatever to 
effect, the unit of which is the farad. 


the condenser 

z 2 
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current of the phase advancer must be equal to the lagging idle 
current of the load, so that 


and 


=/isin^i 

T —T . 

The k.V.A. capacity of the synchronous motor is thus 


X 10-» 


Elt 




sin <f>p.a. 

V/ 


X 10 


-3 


iPf-pA? 


X 10-3. 


The power factor of the synchronous motor will usually lie 
somewhere between 0*1 and 0*2, so that, taking the larger value, 
the expression Vl — (p / becomes equal to Vl — 0*22 = 0*98. 
The effect of taking the losses into account is thus seen to increase 
the. k.V.A. capacity by only 2 per cent., and it can, therefore, be 
neglected in the majority of cases. 

As an actual example, the case will be taken where a load of 
1,000 k.W. is transmitted at a power factor of 0*7, the phase 
advancer running at a leading power factor of 0*15 so as to bring 
the resultant power factor up to unity. The total k.V.A., ex- 
cluding the phase advancer, is == 1430, and the idle k.V.A. is 


\/l430^ — 1000^ = 1022. If the power factor is OdS, then 
sin (f)p^ = Vi — 0*152 0*989, and the capacity of the phase 

1022 

advancer is = 1033 k.V.A., the power taken by it being 

1033 X 0-15 — 156 k.W. The total power transmitted is now 
1156 k.W. instead of 1000 k.W., an increase of 15*5 per cent., but 
the total current in the mains is reduced in the ratio of 1430 to 
1000, and as the copper losses are proportional to the square of 


the current they are reduced to 



or 0*49 of their initial 


value. There is, therefore, a saving of 61 per cent, of the copper 
losses in the mains against an additional loss of 16-6 per cent, of 
the total useful load. The question as to whether there is a 
resultant saving or not depends upon the resistance of the mains 
and must be settled for each individual case 

Partial Improvement of Power Factor. — ^Instead of raising the power 
factor from its initial value to unity, it might be raised to some such 
value as, say, 0*9 by the employment of a smaller phase advancer. 
A considerable improvement is still effected if this be done, and it 
is found to be much more expensive to raise the power factor by a 
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given amount when it is near unity than when it has a much lower 
value. It is thus possible to instal a phase advancer having a k. V. A. 
capacity insufficient to raise the power factor to unity, but sufficient 
to raise it to some predetermined lower value. This machine will 
be considerably smaller than one designed to raise the power factor 
to unity and may be more economical to instal on account of the 
reduced capital outlay required. 

The k.VA. capacity of the phase advancer for a partial 
improvement can be calculated in the following way. Let p./.j 
be the power factor of the load in the first instance, p./., be the 
resultant power factor after the phase advancer has been installed, 
and p-f-pn. be the leading power factor of the phase advancer 
itself. The idle component of the load current is /j x VT—{pTf^, 
where 1 1 is the load current. The power component of the current 
in the mains after the improvement ha^i been effected is 

1 1 X P-f-i “1- Ip,a. X P-fp.a, 

where' Ip „ is the current taken by the phase advancer, and the 
total final current is 

■ ^1 X P-/. I Ip.a, X P - f‘p.a . ^ 

Pfr 

The idle component of the resultant current is 
^ X VI— 

— (I I X p./.j 4- Ip.a. X p..f-pa.) X -yj 1 — v-w. — 1 . 

The difference between the idle components before and after the 
phase advancer is installed represents the idle current taken by 
the latter, and this is equal to x Vi '— Ip./.^,.^,)^. Therefore, 

X Vi— (p./.,,,„..)® 

=IixVi-{p.f.i)^-{IiXp.f.i+lp.„. xp./.„,„,) X V(p 772 

and 

= 7, X Vi-ip.f.ir-hxp.f.i X -1- 

Ip.a. \_VT^\p.f.p.ay+p.f.p.a. X 

=Ii {vr-{p.f.^^p.f, X yj -I ■ 
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Vl-{p.f.l)^-p.f.lX^J^ 

Ii 

ip.ur 

Vl--{p.f.p.a)^+P-f-p.a. X ^ 

1 ^-1 
^(p-ur 



_ ^pJl 


Pfp.a. 

r 1 


^(plp-a)^ 



-1 

-1 


But the ratio is the ratio of the k.V.A. of the phase advancer 

to the k.V.A. of the load, so that, expressing the k.V.A. capacity 
of the phase advancer as a percentage of the k.V.A. of the load, 
it becomes 


Pfi 

P-f-p.a. 



X 100 per cent'. 


Expressing the k.V.A. capacity of the phase advancer as a per- 
centage of the k.W. transmitted to the load, it becomes 


1 

P-f-p.a. 


X 



/ ' -1 1 

’{p-ur 


/ ‘ 1' " , 

r 1 “ ~ 




X 100 per cent. 


The above expression can be utilised to work out in a particular 
example the sizes of the various phase advancers for the purpose of 
raising the power factor from 0-7 to different final power factors, 
the power factors of the synchronous motors being taken as 0‘15. 
The required k.V.A. per 100 k.W. of load are shown in the following 
table, together with the increase in the k.V.A. for each additional 
increase of 0*05 in the power factor, showing the relative expense of 
increasing the power factor from 0'95 to unity. 


Final Power Factor 

0-75 

0-80 

0*85 

1 

0-90 

0-95 

1*00 

k.V.A. per 100 k.W. load 

1 

12*2 

24*5 

37*0 

50*3 

66-5 

103-0 

Additional k.V.A. 

12-3 

12*6 

13*3 

16-2 

36-5 



xxn 


POWER, FACTOR IMPROVEMENT 


343 


Most Economical Final Power Factor. — The question as to what is 
the most economical Aral power factor is a very important and 
practical one and is ultimately decided by considerations of cost. 
When the power factor is raised it involves an extra expenditure 
on account of the phase advancer, but there is a reduction in the 
cost of the mains, or, alternatively, they are capable of transmitting 
a greater load. If the load is expanding it may be more economical 
to instal a phase advancer in preference to laying down additional 
mains. 

Starting from the low power factor due to the load and gradually 
raising it, the saving in the mains at first far outweighs the extra 
cost of the phase advancer in the majority of cases, but as the power 
factor is raised still further the cost of the phase advancer begins to 
approximate to the saving in the mains, and finally any additional 
saving in the mains is only obtained by a greater expenditure in 
increasing the size of the phase advancer. There is a point, there- 
fore, beyond which it is not economical still further to improve the 
power factor, and this usually occurs at a power factor somewhere 
about \)*95. 

Phase Advancer with Mechanical Load. — A synchronous motor used 

as a phase advancer can be utilised to develop mechanical power 
in the same way as an ordinary synchronous motor. All that is 
necessary is that the motor whould be over-excited to a certain 
extent. The idle component of the motor current tends to eliminate 
the lagging idle current of the remainder of the load, whilst the 
power component of the motor current serves to develop the torque 
required for the load. Whilst the motor adds to the useful power 
load on the supply, it materially increases the total power factor. 

An example will be worked out wherein a 600 k. V. A. synchronous 
motor developing 360 B.H.P. is installed to improve the power 
factor of a three phase transmission line having a load of 1000 k. V. ' . 
at a power factor of 0*8, the line voltage being 6600. 

The line current is, excluding the synchronous motor, 


1000 X W 
Vi X 6600 


= 87*5 amperes. 


i 


and lags behind the phase volts by an angle of 37°, since 
cos 37° = 0-8 [see Fig. 303 (a)]. Assuming an efficiency of 0-9 

for the synchronous motor, its input is ~ k.W., 


and its power factor is 


^0 


0-50. 


The motor current is 


= 52-5 amperes, and leads the phase volts by an angle 

Vs X 6600 ^ ^ O' s 

of 60°, since cos 60° = 0"60. The lagging idle current of the load 
is 87*6 X sin 37° = 62-5 amperes, and the leading idle current of 
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rotor circuit of an induction motor. As will be shown in Chapter 
XXVI, these motors generate a rotor current which ordinarily 
lags behind the flux by 90®, and 
if this angle can be reduced the 
stator current becomes automatic- 
ally advanced in phase with a 
consequent improvement in the 
power factor and overload capa- 
city. 

The Kapp vibrator is con- 
nected in series with the rotor 



circuit of the motor and the starter 304._Kapp vibrator, 

and actually reduces the lagging 

current taken by the motor. Its action is thus totally different 
from that of the over-excited synchronous motor which compen- 
sates for the lagging current, whereas this machine prevents its 
production in the first place. 

Th© vibrator consists of an armature having a commutator on 
which two brushes press at opposite ends of a diameter, as shown in 
Fig. 304. This armature is placed in an ordinary bipolar field 
system excited from an auxiliary battery. The armature, being 
connected in series with the rotor circuit of the motor,- receives an 


A.C. of very low frequency (see Chapter XXVI for the theory of the 
induction motor) and experiences a torque due to the combined 
action of the field and the armature current. The armature will 


thus commence to rotate. When the current reverses the torque 
reverses and the armature slows down until it comes to rest at the 


moment when the current reaches its maximum value. During 
the next quarter of a period when the current is dying down the 
armature commences to rotate in the opposite direction. When 
the current becomes zero, the velocity reaches a maximum, and for 
the next quarter of a period whilst the current is growing it exerts 
a retarding effect on the armature. As a net result, the armature 
never becomes displaced to any great extent, but merely vibrates 
to and fro. An alternating back E.M.F. proportional to the speed 
is generated in the armature. This reaches a maximum when the 
velocity is a maximum, but the current at this instant is zero. 
The back E.M.F. is thus in quadrature with the current, and as no 
mechanical power is supplied to the vibrator, the energy associated 
with its movement must therefore be derived from an electrical 


source and obviously comes from the rotor of the induction motor. 
The vibrator armature executes approximately a simple harmonic 
motion and has its maximum velocity in the middle of its swing. 
At this moment its kinetic energy is also a maximum, whilst at 
the extremity of its swing -its velocity and kinetic energy are zero. 
When the current is decreasing the velocity and kinetic energy are 
iQOjreasing. Energy is being transferred to the vibrator and with- 
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drawn from the electrical circuit. The current, therefore, dies 
down at an increased rate. Again, when the current is increasing 
the velocity' and kinetic energy are decreasing. The energy is 
being transferred back to the electrical circuit, so that the growth 
of the current is accelerated. The action of the vibrator is thus to 
advance the phase of the current all the time, and this reacts on the 
main stator current, advancing its phase and improving the power 
factor of the motor. 

Since the rotor circuits are always wound for low voltages, even 
when the stators are run from H.T. mains, there is no trouble from 
commutation. In fact, metal brushes are used. When the main 
induction motor is started up, however, high voltages are induced 
temporarily in the rotor circuit, so that arrangements are made 
to cut out the vibrator during this period. 

When applied to a three phase motor, three vibrator armatures 
are employed, these being arranged inside a common field system, 
as shown in Fig. 305. 



Leblanc’s Exciters. — ^In the previous paragraph it was shown 
that if a leading E.M.F. were injected into the rotor circuit of an 
induction motor the general power factor would be improved. This 
can be done by coupling a number of exciters to the shaft of the 
motor, one for each phase. These exciters are made like single 
phase series motors provided with compensating windings (see 
Chapter XXX). The action can be most easily followed in the case 
of a two phase rotor (see Fig. 306). Wi and represent the two 
phase windings of the rotor and and E^ the armatures of the 
two exciters. The current from the phase Tfj passes from the slip 
ring through the compensating winding Ci, through the armature 
and then through the field of the exciter in the second phase, 
and thence to the star point. The current from the phase 
passes through the compensating winding C^, through the armature 
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E^, and then through the field Fj of the exciter in the first phase 
and to the star point. The resistances and are those of the 
starter for the main motor, the exciters being short-circuited during 
starting up. When the motor is running, the armature E-i has 
generated in it an E.M.P. which is in phase with, the current in 



Fiq. 306. — ^Leblanc’s Exciters for Two Phase Rotor. 


the second phase. If the polarity of the poles is suitably arranged 
this E.M.F. will lead the current in the first phase by 90^. In a 
similar manner, the armature J&g g^^nerates an E.M.F. in the second 
phase, again leading the current by 90°. The introduction of this 
leading E.M.F. advances the phase of the whole rotor current, which 
in turn advances the stator current, so that, if desired, the induc- 
tion motor can be made to take a leading current from the supply. 



Fio. 307.— Leblanc's Exciters for Tliree Phase Rotor. 


In the case of a three phase rotor three exciters are required, 
and this constitutes the main drawback to the method. In this 
case each exciter receives its magnetising current from the next 
phase, as shown in Fig. 307, which shows the connections of the 
main field and armature windings. 
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Scherbius Phase Advaneer. — ^The three exciters described above 
can be combined in one machine, the armature of which is made 
like an ordinary drum wound C.C. armature. This is surrounded 
by a ring of laminations having inwardly projecting poles, but 
without any field windings. The commutator is provided with 
four brushes spaced 90° apart if used on a two phase circuit, and 
with three brushes spaced 120° apart if used on a three phase circuit. 
This is shown diagrammatically in Fig. 308 (a) and (6). These 
brushes are connected, through the starting resistances, to the slip 
rings of the induction motor. The action of the two phase machine 
will be studied as being the simpler, remembering that the three 
phase machine behaves in a similar manner. Considering the 
first phase where the current is led into and out of the armature 
at Ai and Ag, an alternating magnetic flux will be set up having 
for its axis the line of the brushes and Ag. Similarly, the second 



(a) (6) 


Two Phase Three Phase 

Fig. 308.— Scherbius Arrangement. 

phase will set up a magnetic flux 90° out of phase with the first 
along the axis These two component fluxes do not really 

exist separately, but it is convenient to treat them as if they did. 
Actually, there is only one resultant flux. Each phase winding in 
the armature will have an E.M.F. induced in it, due to rotation in 
the flux produced by the other phase. This is equivalent to exciting 
each phase by means of a magnetising current obtained from the 
other phase. The similarity to the arrangement in Fig. 306 is now 
apparent. A great advantage is obtained over the separate Leblanc 
exciters, inasmuch as the armature currents themselves excite the 
field. It will also be seen that the stator iron stampings are not 
really necessary, except in so far as they may reduce the reluctance 
of the magnetic circuit when an open slot winding is used on the 
armature. If a winding with closed slots is used, the magnetic 
circuit may lie wholly within the armature, the external stator 
being altogether dispensed with. The use of the external frame, 
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however, possesses several advantages from the designer’s point of 
view. 

If the phase advancer be stationary it acts like a three phase 
choking coil, but if it is driven from the shaft of the motor the power 
factor of which it is going to raise, then a leading E.M.F. will be 
induced in each phase, the effect of which is to advance the phase 
of the current. 

The main advantage possessed by the phase advancers described 
above over the over-excited synchronous motor is that they are 
machines of relatively small output. The reason for this is that 
the phase advancer stands in the same relation to an induction motor 
as an exciter does to a synchronous motor. An exciter of compara- 
tively small capacity can over-excite a synchronous motor so as 
to make it supply a wattless load fifty times as great, measured in 
k.V.A., as the rating of the exciter. A phase advancer of only 
30 k.V.A. capacity is capable of effecting a total change of 1000 idle 
k.V.A. in the main circuit, since it only deals with the rotor circuit 
of the jjiduction motor, and the k.V.A. in the rotor circuit is small 
compared with that drawn by the stator circuit from the supply. 



CHAPTER XXIII 


ROTAR'T OOTVVERTERS 

Methods of Transformation. — number of pieces of apparatus are 
at present on the market for converting alternating into continuous 
current. The main application of such machinery is in the equip- 
ment of a sub-station where A.C. is received from the H.T. mains 
and an L.T., C.C. is delivered to the consumers. There are three 
chief types of converting plant, viz., 

1. Motor Generators. 

2. Rotary Converters. 

3. Motor Converters. 

The first type consists of a C.C. generator mechanically coupled 
to an A.C. motor which drives it. As A.C. motors can be built for 
high voltages, there is no need for transformers on this system. 
Two rotary machines are employed. 

The second t 5 rpe consists of a single machine, the construction 
and performance of which will be discussed in the following para- 
graphs, but since the voltage ratio between the A.C. and C.C. ends 
is fixed, this method also necessitates the use of transformers for 
the purpose of stepping down the voltage. Thus one rotary machine 
is employed together with one or more statical transformers. 

The third type of converting plant consists of two rot ary machines, 
direct coupled, as will be discussed in Chapter XXIX, and may be 
described as a cross between a motor-generator and a rotary con- 
verter, from which the name of motor converter is obtained. 

Other forms of converting apparatus are the mercury vapour 
converter and the electrolytic rectifier or electric valve. 

Principle of the Rotary Converter. —The ordinary C.C. dynamo 
really generates an alternating E.M.P. which is made continuous by 
the action of the commutator. If a pair of slip rings be mounted 
on the armature of such a generator at the non-commutator end, 
these slip rings being connected to conductors situated diametri- 
cally opposite each other in a bipolar case, the machine will also 
act as an A.C. generator. Moreover, it is possible to make it 
generate both C.C. and A.C. at the same time by mechanically driving 
it. An A.C. generator is, however, capable of acting as a synchro- 
nous motor, so that the rotation may be produced by supplying the 
A.C. end with power in an electrical form instead of driving the 
machine mechanically. Driven in this way, the machine is known 
as a rotary converter. The rotation of the armature induces an 
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alternating back E.M.F. in it, and this is converted into a continuous 
E.M.E. by the action of the commutator. If no current is delivered 
by the C.C. end, the motoring current taken by the A.d. end is only 
that required to overcome the losses of the machine and maintain 
its rotation. When the C.C. end is connected to some form of 
load resistance, a drag on the armature conductors is produced 
and is the equivalent of putting a load on the motoring A.C. end, 
which consequently takes a larger current. The power input to 
the rotary converter is obviously equal to the power output together 
with the power, wasted in its losses. 

This machine must not be confused with a motor-generator 
employing a single armature core and field system. The latter 
machine has a double armature winding and the conductors carrying 
the motoring current are quite distinct electrically from those 
carrying the generated current. In a rotary converter the same 
conductors carry both currents superposed on one another, and 
since, generally speaking, the motoring current is flowing in the 
opposite direction to the generated current, the resultant current 
at any instant is the difference of the two. 

Inverted Rotary Converter. — Instead of supplying the A.C. end 
with a motoring current and generating a continuous E.M.F. at 
the C.C. end, the reverse may be done. The commutator is then 
supplied with C.C., in which case the machine runs as a C.C. motor 
and acts like an A.C. generator. When run in this reverse manner, 
the machine is known as an inverted rotary converter. 

Polyphase Rotary Converter. — If an inverted rotary converter 
be supplied with three slip rings comiected to conductors situated 
one-third of a cycle apart it will generate a three phase supply. 
Conversely, when run in the ordinary way it may be supplied with 
a polyphase current if suitable slip ring connections are made. The 
number of slip rings necessary for the various polyphase supplies 
are the same *as in the case of a rotating armature alternator or 
synchronous motor. 

Since the performance of a single phase rotary converter is very 
unsatisfactory, these machines are seldom employed, and, as a 
general rule, the larger the number of phases, the better do the 
machines work. 

Ratio of Transformation. — The brushes on the commutator are 
placed so as to obtain the maximum voltage generated, and, in a 
single phase bipolar machine, once during each half -re volution or 
half-cycle the conductors connected to the slip rings come under 
the brushes as shown diagrammatically in Fig. 309. In every 
other position the voltage across the slip rings is less than it is at 
this instant. In the position shown, therefore, the voltage across 
the slip rings is also a maximum, and, neglecting the losses in the 
machine, this is equal to the commutator voltage. The maximum 
value of the A.C. voltage is thus equal to the C.C. voltage in a single 
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phase rotary converter, and, assuming a sinusoidal wave form, the 

1 

R.M.S. value of the A.C. voltage is equal to times the C.C. 


voltage. 

Still neglecting the losses, the watts at the two ends of the 
machine are equal, or 


and 


Bch' = cos (f>, 

T T 1 

I A - Ic X ^ 

= Ic X X 

1 COS (p 


If the machine is operating on unity power factor the alternating 
current is equal to \/2 or 1*414 times the continuous current. 



Fig. 309.— Armature Position for Maximum 
Voltage. Single Phase. 



Fig. 310.— Two Phase Rotary 
Converter. 


In the case of a two phase rotary converter (bipolar machine) 
there are four slip rings connected to conductors situated 90° apart 
(see Fig. 310). Since the armature winding is necessarily of the 
distributed type as used in C.C. machines, the two phases are linked 
together in the armature of the rotary converter itself, and conse- 
quently the phases of the supply must be linked at the centre and 
not at one end. The three wire system of transmission is therefore 
inadmissible. The two slip rings belonging to each phase being 
connected to conductors situated diametrically opposite, the voltage 


per phase is the same as in the single phase case, viz., or 0’707 


times the C.C. voltage. 

Equating the C.C. and A.C. power, we get 

cos ^ 


T ^ w 1 

E^ 2 cos ^ 


Iv X 


VZ cos <f> 


and 
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On unity power factor, the A.C. line current is therefore 0-707 times 
the continuous current. 

In a three phase rotary converter, the conductors connected to 
any two slip rings cannot be connected to the brushes at the same 
time, since the slip ring connections are spaced 120° apart instead 
of 180°, as in the single and two phase machines. The position 
of the slijj ring connections for maximum voltage must therefore 
be determined. In the single phase ease it was seen that this 




Fig. 311.— Three Phase Rotary Converter. 

position was the one where the slip ring conductors enclosed the 
maximum number of lines of force. In other words, the vertical 
distance between a and b in Fig. 311 must be a maximum. Calling 
the radius of the circle unity, this distance is 1 + sin 30° = 1-5 in 
Fig. 311 (a) and 2 sin 60° = 1-732 in Fig. 311 (b). The latter position 
will be found to give the maximum value for all the various positions, 

a/3 

the length of the vertical line being - times the full diameter of 


the circle.^ 


^ This can be shown by the calculus as follows : — 

Vertical distance ~ sin Q + sin (120° — 0) 

— sin 0 + sin 120° cos 0 — cos 120° sin 0 


V 3 

I sin 0 -j-* o ^ 2/- 


chj 


For 7/ = max., = 0, 


= ;j COS 0 — sin 0 = 0. 

de ^ 2 

Vs . 

i! cos 0 = “ 2 " 

V 3 cos 0 = sin 0, 

tan 0 “ V3 and 0 = 60°. 


A A 
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The maximum A.C. line voltage is therefore 


V3 


times the C.C. 


voltage, and the R.M.S. value of the A.C. voltage is 
times the C.C. voltage. 

Equating the C.C. and A.C. power again, we get 


Vs 

2V2 


= 0-612 


E(;Ic ~ VSE^I^ cos (f> 


and 


I A If X 

== Ic X 


■®6- ^ _ 1 

Vs COS (f) 

W2 ^ 1 

Vs Vs cos <j> 
0-943 ^ 
cos ^ 


Similar calculations can be worked out for six and twelve 
phase rotary converters. 

The various ratios for different numbers of phases, assuming 
100 volts and 100 amperes at the C.C. end, are tabulated as 
follows 



C.C. 

Single 

Two 

Three 

Six 

Twelve 


Phase. 

Phase. 

Plirase. 

Phase. 

Phase. 

Volts between Slip Ilings ... 

100 

707 

70*7 

61-2 

35*4 

18-3 

Current per Slip Ring at 

— 

— — 

- 

— - - 

. — - 



Unity Power Factor 

100 

141 4 

70 7 

94-3 

47*2 

23-6 

i 


These ratios of transformation are somewhat affected by the 
ratio of pole arc to pole pitch, just as this ratio affects the E.M.F. 
generated in an alternator (see p. 245). As a general rule, the 
A.C. voltage is raised by reducing the ratio of pole arc to pole pitch 
and vice versci, this being done at the expense of the wave form. 
The ratios calculated above have been worked out on the assump- 
tion of a sinusoidal wave form which involves a ratio of pole arc 
to pole pitch of approximatfely 0*7. 

Effect of Output on Ratio of Transformation. — Owing \o the 
presence of resistance and reactance in the armature, the ratio of 
transformation does not remain constant for all values of the load. 
A certain amount of voltage is lost in this way, the magnitude 
depending upon the value of the load. If the A.C. supply pressure 
be maintained constant, the C.C. voltage gradually falls as the load 
comes on, after the manner of a shunt dynamo, and the relation 
between the C.C. load current and C.C. terminal voltage is called 
the characteristic of the rotary converter. 
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Construction. — The construction of a simple rotary converter 
differs very little from that of a C.C. dynamo, with ^he exception 
that slip rings are mounted at the non-commutator end of the 
armature. They are, however, frequently complicated by the 
addition of boosters for the purpose of improving the regulation, 
the two armatures being carried on the same shaft. Interpoles 
are also usually employed on modern machines for the purpose of 
improving the operation. Owing to the fact that the alternating 
and continuous currents tend to neutralise each other in the arma- 
ture, the heating is considerably reduced, wliich means that a larger 
output can be obtained from a particular armature with a given 
temperature rise than would be the case if the currents flowed in 
separate conductors instead of being superposed on one another 
in the same bar. The size of a rotary converter for a given output 
and speed is thus less than that of the corresponding C.C. dynamo. 
Another advantage lies in the fact that a single magnetic field 
system serves the machine, whilst two field systems are required 
in the^case of a motor-generator set. For these reasons, the rotary 
converter, together with its complement of transformers, has a 
higher efficiency than the motor-generator, a gain of 3-4 per cent, 
being obtained on a 1,000 k.W. set. 

Number of Poles. — The relation between the number of poles and 
the frequency and speed is the same as in the case of a synchronous 
motor or an alternator. Rotary converters work better on low 
frequencies, and consequently a frequency of 26 has become more 
or less a standard for rotary converter work. Successful operation 
can also be obtained at a frequency of 60, but this is about the 
limit from a practical point of view. For a given frequency the 
speed depends to a large extent upon the armature diameter, and, 
as this goes up with the output, the speed must come down with a 
corresponding increase in the number of poles. The following table 
shows the number of poles which may be expected for various 
outputs : — 


Output. 

1 

25 Cycles. 

50 Cycles. 

100— 200 k W. 

4 Poles 

6 — 8 Poles 

300- 500 k.W. 

6 „ 

8-10 „ 

600— 900 k.W. 

8 „ 

12-16 „ 

1000—1200 k.W. 

12 „ 

20-24 „ 

1500 k.W. 

16 „ 



Armature Windings. — Drum wound armatures are employed with 
windings exactly like those in C.C. dynamos. Either two circuit 
(wave) or multiple circuit (lap) windings may be used, but it is the 
usual practice to adopt the two circuit winding for outputs up to 
about 100 k:W., whilst multiple circuit windings are used for the 
larger outputs. 


A A 2 
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When two circuit windings are adopted there is only one con- 
nection requned per slip ring, corresponding to the single brush 
spindle in the C.C. dynamo. When multiple circuit windings 
are adopted there must be as many connections to each slip 
ring as there are pairs of poles, corresponding to the number of 
brush spindles in parallel in the C.C. dynamo. The total number 
of tappings required is therefore equal to the number of slip rings 
in a two circuit winding and the number of slip rings multiplied 
by the pairs of poles in a multiple circuit winding. 

^ Consider as an example the case of a 6-pole multiple circuit 
armature having 144 conductors. Used on single phase, there would 
be 6 tappings spaced 24 conductors apart ; as a two phase machine 
there would be 12 tappings spaced 12 conductors apart ; as a three 
phase machine there would be 9 tappings spaced 16 conductors 



Fig. 312. — Tliree Phase Armature Winding for Rotary Converter. 


apart ; and as a six phase machine there would bo 18 tappings spaced 
8 conductors apart. 

A development of a portion of this winding when used for three 
phase is shown in Fig. 312. 

Transformer Connections for Six Phase Rotary Converter. — Owing 
to their improved performance, six phase rotary converters are 
largely adopted on three phase systems, since the six phases can be 
produced merely by connecting up the single three phase or the 
three single phase transformers in certain ways. 

The first way is called the double mesh method of connection. 
Each phase of the transformer is provided with a double secondary 
and each set of three secondaries is connected in mesh or delta. 
The three primaries are usually connected in mesh as well, since 
the continuity of supply is still maintained by these connections, 
even if one transformer should break down. Fig. 313 shows the 
diagram of connections and also the vector diagram. The potential 


xxni 


ROTARY CONVERTERS 


357 


of the neutral point of each mesh coincides, since the systems are 
symmetrically linked together in the armature itself.. If the C.C. 
voltage is E^, the transformer secondary voltage is 0-612£?c. Calling 
the ratio of A.C. line voltage to C.C. voltage R, the transformer 

It 

ratio must be made 1*63J2 

0-612 



Diagram of Connections 


Vector Diagram 

Fig. 313.*-“I)ouble Mesh Connections for Six Phase liotary Converter. 



The second method is called the double star method of con- 
nection and is occasionally employed. Double secondary windings 
are again required, each set being connected in simple star. The 
two star points are joined together and the six free ends connected 
as shown in Fig. 314, which also shows the vector diagram. The 

transformer secondary voltage per phase is now E,. = 0-354j5Jo, 

and if the, primaries are still connected in mesh, the transformer 
It 

ratio must be made = 2'83i?, 

0*o64 
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The third method, called the diametral melhod, is really a develop- 
ment of the previous one and is now largely adopted. Referring 
to Fig. 314, it is seen that each pair of secondaries can bo replaced 
by a single winding, the middle points being taken to a common 
star point. But this latter connection is unnecessary, as in a 
three phase transmission scheme, the armature itself fixes the 


1 

^ 


jllllllMIIIIIIIIH 

pRimj 





Vector Diagram 

Fig. 314. — Double Star Connections for Six Phase Rotary Converter. 


neutral point by its various connections. This method, therefore, 
only requires three single secondaries instead of six, these being 
connected as indicated in Fig. 315, which shows the vector diagram 
in addition. The latter also shows that the middle points of the 
three secondaries are all at the same potential. Since the single 
secondary takes the place of two in the second method, the trans- 
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former secondary voltage must be doubled, thus halving the trans- 
former ratio, which now becomes l*41i2. 

Twelve Phase Rotary Converter operated from Three Phase Supply. — 
By using a combination of the double mesh and the diametral 
systems of connections, it is possible to operate a twelve phase 
rotary converter from three phase mains. Referring to Rig. 316, 



Diagram of Connections 


I 



Sector Diagram. 

Fia. 315. — Diametral Connections for Six Phase Rotary Converter. 


which represents the armature, it is seen that six of the phases can 
be supplied by the double mesh connections, whilst the intermediate 
six phases can be supplied by diametral connections. The phase 
of the voltage across each of the latter pair of points coincides 
with that across one leg of the mesh, so that there are really only 
voltages of three different phases required. These can be obtained 
from three single phase transformers having three secondaries each. 
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The two secondaries belonging to the double mesh will have the 
same number of turns, whilst the third one will need to have rather 


more turns. In fact this secondary will require to give 


V3 


1-15 


times the voltage given by either of the other two, this ratio being 
obtained, from the relative lengths of the lines 2, 8 and 1, 9 or 3, 7 




Vecfor Diagram 

Fig. 316 .— Connections of Twelve Phase Rotary Converter operated from Three Phase Supply. 


in Fig. 316. It is seen from the vector diagram that the neutral 
points of each mesh and of the diametrally connected secondaries 
have the same potential, which is halfway between the potentials 
of the two sets of brushes on the commutator. 

Twelve Phase Rotary Converter operated from Two]^Phase Supply. — 
By employing a somewhat similar arrangement to that shown in 
Fig. 316, a twelve phase rotary converter can be supplied from two 
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phase mains (see Fig. 317). Each transformer has three secondaries 
as before, arranged so as to give the same relative vqltages as in 
the three phase case. Two of them give the same voltage as each 


other, whilst the third gives 


A- 

V3 


1-15 times the voltage of the other 


two. The commutator voltage is a/ 2 = 1*41 times this latter 
voltage. 




Diagram of Connections 



Vector Diagram 


Fig. 317.--Coniiections of Twelve Phase Rotary Converter operated from Two Phase Supply. 


Three Wire Rotary Converters. — Rotary converters can be used to 
supply a three wire C.C. system without employing separate 
balancers, provided that the neutral point of the transformer 
low tension windings is available. 'With a balanced load, this 
neutral point maintains a potential midway between the potentials 
of any two slip rings connected to opposite points on the armature. 
The potential of this neutral point is thus constant, and is also 
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midway between the potentials of the two sets of brushes on the 
commutator, The middle wire of the C.C. system is therefore 
connected to the neutral of the A.C. side as shown in Fig. 318, 
which represents a six phase three wire rotary converter. The out- 
of-balance current of the three wire system is thus led back to the 
star point of the transformer secondaries, where it distributes 
itself amongst the various phases, producing an unbalanced effect 



„ CC 
BasBars 


similar to an ordinary unbalanced load. This disturbs the regula- 
tion to a certain extent, but out-of-balance currents up to 26 per 
cent, of the full load current can be dealt with in this manner 
without detriment. If close regulation is desired, the series field 
windings and the interpole windings can be split into two halves, 
one being connected on the positive side of the machine and the 
other on the negative. 

Static Balancers. — ^If the neutral point of the transformer secon- 
daries is not available, an artificial neutral point can be made by a 
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Single Phase 


system of choking coils connected across the slip rings. Such an 
arrangement is called a static balancer. In the case pf a single 
phase machine a single choking coil is all that is necessary, the 
middle point being connected to the middle wire [see Fig. 319 (a)]. 
In a two phase machine two choking coils are necessary, their 
middle points being joined together to form the neutral point 
[see Fig. 319 (6)]. Three and six 
phase rotary converters require three 
choking coils [see Fig. 319 (c), repre- 
senting a three phase machine]. 

Strictly speaking, a six phase machine 
requires six choking coils, but three 
are sufficient to provide the neutral 
point, the other three being neglected 
as far as the static balancer is con- 
cerned. The neutral point of the 
static balancer takes up a constant 
potent!?,! midway between those of 
the brushes on the commutator, 
exactly as in the three wire rotary 
converter, where the neutral point 
of the transformer secondaries is 
available. Any out-of-balance cur- 
rent is dealt with in the same way 
as described in the previous para- 
graph. ^ 

Effect of Excitation.— W hen run 
from the C.C. side a rotary con- 
verter acts as a C.C. shunt motor, 
the speed varying with the excita- 
tion if the A.C. side is on open 
circuit. When driven from the A.C. 
side, it runs as a synchronous motor 
without any speed variation. When 
connected to the supply on both 
sides, either may a;ct as a motor 
driving the other part as a genera- 
tor, depending upon the voltages 
and the excitation. If running with 
a weak field, the C.C. side may 
try to run faster than the speed of 

S 3 mchronism, the result being to make the A.C. side act as a 
generator. If over-excited, the C.C. side tries to run below the 
speed of synchronism, and is consequently driven by the A.C. 
side, which is now motoring whilst the C.C. side is generating. At 
one excitation, therefore, the C.C. current will die down to zero and 
then reverse in direction as the excitation is still further increased, 



(h) Tu^o Phase 



Fig. 319. — Connections of Static 
Balancers. 
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whilst just before this point is reached it will he found that both 
sides are motoring, neither being strong enough to make the other 
side generate. Raising the C.C. line voltage is the equivalent of 

weakening the field and has the 
same effect. The variations in the 
main currents for different excitations 
is shown in Fig. 320. 

Armature Current and Heating. — 
The resultant current in the arma- 
ture of a rotary converter is the 
difference between the continuous and 
the alternating currents flowing at 
Fio. 320.— Effect of Excitation. the instant Under consideration. This 

current will vary from instant to 
instant and also will be different in different conductors, depending 
upon their proximity to the slip ring tappings. 

Consider a single phase bipolar case. The A.C. is a maximum 
when the conductors connected to the slip rings come under the 
commutator brushes, assuming this current to be in phase with the 
E.M.F. In the position shown in Fig. 321 {a), therefore, the con- 
ductors aa' are just carrying their maximum A.C., but at this 
instant theye conductors pass under the brushes and the C.C. 
flowing through them reverses. The A.C. and C.C. components 
of the current in the conductors da', together with their resultant, 
are shown in Fig. 321 (6). For an efficiency of 100 per cent., the 
R.M.S. value of the A.C. is ■\/2 times and the maximum value double 
that of the C.C. In the case of the conductors aa', the C.C. reversal 
occurs at the peak of the A.C. wave, and consequently the resultant 
current takes on a momentary value far in excess of the normal C.C., 
but this state of affairs does not apply to all the other conductors. 
For example, the conductors dd' also have the maximum A.C. 
flowing in them in the position shown in Fig. 321 {a), but the C.C. 
reversal does not take place until a quarter of a period later. The 
resultant current in these conductors is shown in Fig. 321 (e), whilst 
the currents in intermediate conductors such as hh' and cc' are 
shown in Fig. 321 (c) and {d). The maximum height of the A.C. 
wave remains the same throughout, but the different positions at 
the time of the C.C. reversal cause vast changes in the resultant 
armature current. The most complete neutralisation occurs at 
those conductors situated midway between the slip ring tappings, 
and these conductors carry the minimum resultant current. As 
the slip ring tappings are approached, the R.M.S. value of the 
resultant current increases until it attains a maximum at the con- 
ductors nearest to the tappings themselves. 

Next consider a three phase bipolar case. In Fig. 322 (o) 
maximum voltage exists between the slip rings (1) and (2) in the 
position shown. Again assuming unity power, the current in this 
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Current In 
Conductors a a' 


CJurrent in 
Conductors h V 


Current in 
Conductors c c' 
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section of the mesh-connected armature will also be a maximum 
in the same position. (The fact that the line current is 30° out of 
phase with the voltage across slip rings does not matter. It is the 
armature current that is desired.) The conductor a, immediately, 
to the right of slip ring No. 1, will therefore come under the brushes 
30° after the point of maximum A.C. The C.C. and A.C. com- 
ponents of the current in this section of the armature, together with 



Current in 
Conductor a 



Resullanl Currenl 


npi^ 


mHiis 

/ Current in 

/ Conductor c 






Fiq. 322.— Armature Currents in Three Phase Rotary Converter. 

their resultant, are shown in Fig. 322 (6). Considering conductor h, 
situated 30° behind a, the maximum A.C. occurs at the same instant 
as in a, but the C.C. reversal in this case occurs 60° after the instant 
of maximum A.C. The currents are shown in Fig. 322 (c). Con- 
ductor c is situated 60° behind a and is midway between the two 
slip ring tappings. The component currents and their resultant 
in this case are shown in Fig. 322 (d). Here the most complete 
neutralisation is obtained, and, in consequence, this conductor 
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carries the minimum current. In fact, whatever the number of 
phases, the conductor situated midway between two slip ring 
tappings will carry the minimum current. * 

The maximum height of the A.C. wave compared with the 




Fia. 323.— Armature Currents in Rotary Converter. 

(a) Single Phase. A.C. only. (b) Single Phase. C.C, on A.C. 
(c) Three Phase. A.C. only. (d) Three Phase. C.C, on A.C. 


height of the C.C. curve is calculated from the voltage ratio. The 

Vs 

R.M.S. line voltage is times the C.C. voltage, and the R.M.S. 

line current is, therefore, X times the C.C. The 

Vs Vs S 
2\/ 2 /— 4 

maximum line current is — X V 2 = ^ times the C.C. , and the 

o o 

4 

maximum armature A.C. is — -7=. = 0-77 times the line value of the 

•3V^ 

C.C. and r64 times the armature value. 





368 


ALTERNATING CURRENTS 


CH. 


On studying Figs. 321 and 322 it is seen that the further the 
conductor is situated from the midway position the larger is the 
current whfch it has to carry. In this respect the three-phaser has 
an obvious advantage over the single phase machine, particularly 
as the heating effect is proportional to the square of the current. 

The armature currents for various positions relative to the 
poles can be studied further by referring to Fig. 323, which repre- 
sents the armature of a bipolar rotary converter in various positions, 
the poles being supposed to lie along a horizontal axis. Fig. 323 (a) 
represents the A.C. only in a single phase winding. In Fig. 323 (6) 
the C.C. is superposed, the resultant current being shown. Fig. 323 (c) 
represents the A.C. only in a three phase winding, whilst Fig. 323 {d ) 
shows the resultant effect of superposing the C.C. on the A.C. 

One conclusion to be drawn is that the closer the slip ring 
tappings are made the less will be the armature heating, and this 
forms one of the chief reasons for the modern preference for six 
and twelve phase rotary converters. 

Effect of Number of Slip Rings on Output. — It was shown above 
that the greater the number of slip rings the less was the amount 
of heating produced in the armature conductors. This is equivalent 
to saying that for the same temperature rise of the armature the 
output is greater the greater the number of slip rings, or, conversely, 
for a given output and temperature rise, a six phase machine is 
smaller than one with fewer phases. 

Starting. — There are three methods of starting up a rotary con- 
verter, viz. : — 

(1) By means of an auxiliary starting motor. 

(2) From the C.C. side. 

(3) From the A.C. side. 

The first method is to employ a small auxiliary induction motor 
(see Chapter XXVI), exactly as in the case of a synchronous motor. 
This is described on p. 331. After being synchronised, the C.C. 
side is paralleled on to the bus bars. 

The second method is to run the set up from the C.C. side as an 
ordinary shunt motor, synchronising when the correct speed is 
attained. When this method is employed in a sub-station a complete 
shut-down renders it impossible to start up again, since the C.C. 
bus bars would be dead. To obviate this danger, it is the usual 
practice to have at least one of the rotary converters started up by 
means of an auxiliary motor. In addition, the sub-station is usually 
linked up to others from which it is possible to obtain the necessary 
C.C. supply. 

In order to avoid the large currents in the L.T. circuit it is usual 
to S 3 mchronise on the H.T. side of the transformers. Fig. 324 shows 
the chief connections for starting up a rotary converter in this 
manner. When the load is subjected to heavy fluctuations a some- 
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what different procedure is commonly adopted. The rotary 
converter is run up to a speed slightly above that of synchronism. 
The C.C. side is then opened and the A.C. side immediately closed. 
The machine then pulls itself into step, when the C.C. switches are 
again closed. 

The third method is applicable to polyphase rotary converters, 
the procedure being the same as in the case of self -starting syn- 
chronous motors (see p. 331). Unfortunately, however, the polarity 
of the C.C. side is not definite, this depending upon the position of 
the armature at the instant of switching in. To see the reason 
for this, consider a machine started up and ready to be synchronised. 
If the armature be now suddenly retarded so that it loses half a 
cycle, the current being reversed at the same instant, the condi- 
tions for synchronising are still maintained, but the polarity on 



the commutator is also reversed. When the armature is started 
up by means of the eddy currents in the pole shoes, either of these 
two conditions may be set up, depending upon the moment at 
which synchronism is reached. To determine the polarity on the 
commutator, a moving coil voltmeter is employed, the pointer of 
which will indicate a voltage of a very low frequency (the difference 
between that of the supply and that of the machine) when near 
synchronism. The field switch is then closed when the voltmeter 
indicates that the polarity is correct and the voltage is a maximum. 
Another method of correcting the polarity is to provide the field 
with a double pole change-over switch. If the C.C. voltage is found 
to be reversed, this switch is thrown over and then back again. 
Since the rotation is maintained ip the same direction, the first 
reversal causes the exciting current to demagnetise the field, whilst 
the second change-over causes it to be built up in the other direc- 

B B 
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tion, the armature having been retarded half a period in the mean- 
time. 

Parallel Running. — Rotary converters driven from the same A.C. 
system are often required to run in parallel on the C.C. side. If 
they are directly paralleled at the commutator and slip rings, how- 
ever, a complete local circuit is formed by two converters by way of 
the A.C. and C.C. bus bars, and large cross currents are liable to 
be set up in this local circuit, due to slight differences in the opera- 
tion of the two machines. To avoid this, the rotary converters are 
usually operated from separate transformers. When the same bank 
of transformers is used, the rotary converters should be operated 
from independent secondaries. 

For good parallel running it is desirable that there should be a 
comparatively large voltage drop from no-load to full load, as in 
the case of alternators. When run in conjunction with a battery, 
it is usual to include a reverse current cut-out on the C.C. side to 
prevent the rotary converter running back should a large drop in 
voltage occur on the A.C. side. 

Hunting. — Rotary converters, like synchronous motors, are subject 
to hunting troubles, and the way in which hunting is set up has 
already been described (see p. 329). The armature currents of a 
polyphase converter set up a field which, under perfect conditions, 
is stationary in space. When hunting occurs, however, this field 
oscillates to and fro and sets up an E.M.F. in the coils undergoing 
short-circuit by the brushes on the commutator, and thus is the 
cause of violent sparking. To avoid this trouble, which in early 
machines was frequently of considerable magnitude, damping grids, 
or amortisseurs, are fitted on to the poles. Any oscillation of the 
flux across the pole face, produced by irregularities in the speed, 
generates an E.M.F. in the damping grids, setting up eddy currents 
which tend to damp out the oscillations which produce them. 

In addition to adopting the above expedients, the wave form 
employed should be as close an approximation to a sine wave as 
possible. 

Overload Capacity. — Well-designed rotary converters have a high 
overload capacity, since the heating is less than in a corresponding 
C.C. generator. Also the armature reaction due to the motoring 
and generating action is a differential effect, and as interpoles are 
used the sparking is not so acute as it otherwise might be. A 
good machine will have an overload capacity of 100 per cent, for 
short periods, this being an important fact when considering the 
spares required in a sub-station. 

Power Factor. — The power factor of a rotary converter depends 
upon its excitation, just as in the case of a synchronous motor, 
and, as a general rule, it is advisable to operate it at as near unity 
power factor as possible. If there is othter apparatus connected to 
the line, taking a lagging current, the resultant power factor of the 
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system can be improved by over-e 2 :citmg the rotary converter so 
as to make it take a leading current at a power factor pf, say, 0*9. 
Unfortunately, however, this affects the armature heating to a 
serious extent, particularly in the neighbourhood of the slip ring 
tappings. In fact, in a six phase converter, the heating in such a 
coil is increased by about 80 per cent, if the power factor is changed 
from unity to 0-9 leading. As this is the equivalent of a very con- 
siderable overload, it is very necessary to operate the machine at 
as near unity power factor as possible when on or about full load. 

It is thus seen that from a practical standpoint the rotary 
converter is not nearly so good as a synchronous motor-generator 
set for the purpose of improving the power factor. 

Compounding. — Rotary converters may be compounded in just the 
same way as C.C. shunt generators, this winding being in addition 
to that of the interpoles. In such a case, the C.C. bus bars should 
include an equalising bar for the purpose of paralleling the various 
scries coils of the different converters running in parallel. 

Arfliature Reaction. — In a C.C. generator the armature reaction 
acts in such a direction as to require a forward lead of the brushes, 
whilst in a motor the armature reaction is in the opposite direction. 
In the rotary converter the C.C. and A.C. currents may be con- 
sidered as being superposed on one another in the armature so that 
there will be two armature reactions tending to neutralise one another. 
In a polyphase machine the A.C. and C.C. currents are roughly of 
the same magnitude, so that the two reactions will be approximately 
equal. Successful commutation may therefore be obtained for all 
loads up to full load, and even for overloads, by fixing the brushes 
in the no-load neutral position. This neutralisation of the armature 
reactions has the effect of considerably raising the limiting load 
from the sparking point of view, this being much higher than would 
be the case if the machine were used as a C.C. generator. 

Voltage Regulation. — The C.C. voltage obtained from a given 
rotary converter depends upon the impressed A.C. voltage and 
di'ops slightly as the load comes on. In an ordinary generator 
this can be corrected by adjusting the field strength, but in the 
present instance this is of no avail, since it merely changes the 
power factor on the A.C. side. In order to obtain a certain amount 
of voltage regulation on the C.C. side, various methods have been 
devised of which the following are the chief : — 

(1) Reactance regulation. 

(2) Booster regulation. 

(3) Induction regulator control. 

(4) Split pole regulation. 

Reactance Regulation. — A change in the excitation of a rotary 
converter does not affect its C.C. voltage, but it alters the power 
factor and the armature current. If a choking coil be placed in 
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series with the rotary converter it will absorb a variable voltage 
depending i?pon the value of the current. The phase of this voltage 
will also depend upon the current in the converter armature, which 
in turn depends upon the excitation. The terminal voltage of the 
converter is the vector difference of the supply voltage and that 
absorbed by the choking coil, and by adjusting the excitation the 
phase and magnitude of the voltage absorbed by the choking coil 
can be regulated so that a practically constant voltage is obtained 
at the C.C. end for all loads. 

In order to maintain a constant C.C. voltage, the voltage across 
the converter slip rings must rise slightly as the load comes on, 
and the way in which this is brought about is shown in Fig. 325, 
which represents the vector diagram of the quantities concerned. 
Fig. 325 (a) is drawn for a weak excitation, the armature current, I, 
lagging behind the slip ring voltage, The voltage drop across 

the choking coil is represented by F,.,.. and leads the current by 
90"^, whilst the voltage supplied by the transformer secondary is 



represented by Vt and is assumed to be constant throughout. 
Vt is the vector sum of Vs,r^ and The weak excitation and 

lagging armature current correspond to the conditions existing on 
light loads. Fig. 325 (6) represents the conditions on a larger load. 
The excitation of the rotary converter has been increased so as to 
bring the power factor up to unity. F,. still leads the current by 
90*^, whilst its magnitude is reduced on account of the improved 
power factor, but is increased on account of the increased load. 
It is the displacement in phase, however, which is the chief cause 
of the increased slip ring volts F, 9 .r.> as is seen from the diagram. 
Fig. 325 (c) represents the conditions on full load. The rotary 
converter is now over-excited, so that its armature current leads the 
slip ring voltage. The voltage absorbed by the choking coil is 
now increased, both on account of the increased load and the 
decreased power factor. But, again, the chief feature of the diagram 
is the advance in phase of this voltage which still leads the 
current by 90®. The result is clearly shown to be a further increase 
in the voltage supplied to the slip rings, and this increase can, by 
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a suitable design, be made to counteract the increased drop in voltage 
due to the load coming on. It is also possible to obtjain a rising 
C.C. voltage, as in the case of an over-compounded C.C. generator, 
by increasing the size of the reactance. 

The desired reactance may be obtained in two ways. A special 
reactance coil may be inserted in each phase between the trans- 
former and the slip rings, or, alternatively, the reactance may be 
supplied by the transformer itself. 

The disadvantage of this method of control is that the rotary 
converter cannot always be worked on the best power factor, since 
the regulation depends to a large extent upon the angle of phase 
difference between the slip ring voltage and the armature current. 

Booster Regulation. — The additional voltage required at the slip 
rings of the rotary converter is here obtained by means of a booster, 
which is carried on the main shaft and is 


situated between the slip rings and the 
armature of the rotary converter as shown 
in Fig. 326. The booster consists of a 
rotating armature A.C. generator having 
the same number of phases and poles as 
the converter itself. Each phase of the 
booster armature is connected in series 
with one of the slip ring leads, the far 
end being taken to one of the tappings 
on the converter armature. The function 



Rotdjy 

Convener 


Fiq, 326.— Rotary Converter 
with Booster. 


of the booster is to generate a small 

voltage proportional to the C.C. load, this small voltage being 
added to that at the slip rings in order to counteract the natural 
drop as the load comes on. To effect this the booster receives its 
excitation from the C.C. end of the converter, its fields being con- 
nected in series with the load, like the compounding coils on the 
converter itself. On no-load the excitation of the booster is zero. 


so that it supplies no voltage at all As the load increases the field 
current increases and the generated E.M.F. boosts up the supply 
so as to maintain a practically constant voltage at the commutator 
for all loads. If desired, a larger booster voltage may be induced, 
so that the C.C. terminal pressure rises with the load, as in the case 
of an over-compounded generator. 

With booster control, the power factor is independent of the 
load, so that unity power factor can be obtained, or, if desired, a 
leading current can be drawn from the mains. 

Induction Regulator Control. — ^The simplest method of hand 
regulation is to employ a small boosting transformer, as shown in 
Fig. 176, in addition to the main transformers, so that boost can be 
applied gradually as the load comes on. Unfortunately, either 
very heavy currents or very high voltages have to be dealt with, 
according as the boost is obtained on the H.T. or L.T. side of the 
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main transformers. The method is therefore comparatively 
expensive, hut close regulation can be obtained by it, such as is 
desired if the rotary converter is operating on a lighting load. 

Instead of using a boosting transformer of the type shown in 
Fig. 176, another piece of apparatus called an induction regulator 
may be employed. This really consists of a slip ring induction 
motor (see Chapter XXVI) in which the rotor is held stationary, 
arrangements being made for rocking it to and fro through a certain 
angle. This induction regulator acts just like a transformer, the 
stator winding being used as the primary and the rotor winding 
as the secondary. Connections for a three phase rotary converter 
are made as shown in Fig. 327. The phase of the voltage generated 
in the induction motor rotor depends upon the position of the rotor, 
so that by slowly rotating it by hand the main transformer voltage 
can be boosted up or down at will. The two extreme positions of 
the induction regulator are those in which the boost voltage is 



directly added and subtracted, intermediate voltages being obtained 
in between. This method of control is not as satisfactory as some 
of the other methods, whilst the regulator itself is expensive. 

Split Pole Regulation. — The regulation in this method is provided 
by distorting the voltage wave form by means of split poles. The 
main portion of the pole receives a constant excitation, whilst the 
auxiliary part receives a variable excitation. In this way, the 
distribution of the flux along the pole face is disturbed and the wave 
form is distorted. The voltage on the A.C. side is determined by 
the R.M.S. value, whilst the commutator voltage depends upon the 
maximum value of the wave, so that by making the wave more 
peaked the C.C. voltage is kept up as the load comes on. Split 
pole converters are practically limited to frequencies of 26 cycles 
per second, since for higher frequencies commutation troubles are 
set up. 

Rotary Converters v. Motor-generators. — In comparing rotary 
converters with motor-generators for transforming purposes, the 
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former must be considered in conjunction with the necessary trans- 
formers and control gear, whilst the latter is a more s^lf-contained 
unit in which a voltage variation is quite easily obtained by means 
of shunt regulation. On the other hand, the motor-generator set 
consists of two rotating machines as compared with one in the case 
of the rotary converter, and usually works out a little more expensive. 
On the score of efficiency, also, the two systems are much the same, 
the rotary converter probably having a little advantage again, but 
up to the last few years the motor-generator was supposed to score 
from the point of view of reliability. Both systems are in common 
use. 
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Mercury Vapour Converter, — The essential part of a mercury 
vapour or mercury arc converter consists of an arc which is struck 
between a graphite anode ( + ) and a mercury cathode ( — ). With 
such electrodes it is found that a current will only flow one way, and 
that if the graphite is made the cathode no current flows at all. 
If such an arc is set up by an alternating pressure, one half of the 
current wave will be cut off, leaving a uni-directional current having 
a wave form similar to that shown in Fig. 328 (a). In order to make 
use of both half-waves, a second anode is provided, this being con- 
nected to the other A.C. line wire, a common cathode being employed. 
With this arfangement the theoretical wave form obtained is that 
shown in Fig. 328 (6). 
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Fig. 328. — Current Wave Form. 


Description of Apparatus. — The arc is formed in an exhausted 
glass vessel, T, called the rectifier tube (see Fig. 329). This contains 
two graphite anodes, AA, each connected with the exterior by means 
of a platinum wire fused through the glass. At the bottom is a 
pool of mercury, C, forming the cathode, also connected with the 
outside by a platinum wire fused through the glass. Unfortunately, 
however, the arrangement is not s^f-ptarting, so an auxiliary 
electrode, 8, is used as a temporary anode for starting the arc. 
This coixsists of another little pool of mercury lying close to the 
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main pool as shown, and is connected to one of the main anodes 
through a resistance, R. In order to start the arc, the# whole glass 
bulb is tilted to one side, thus causing momentary contact between 
the mercury in the two pools. An arc is thus struck producing 
sufficient mercury vapour to start the main arcs from the graphite 
anodes. The resistance, J?, is included to limit the violence of the 
starting arc. 

The A.C. supply is brought to the two ends of an auto-trans- 
former, each end being further connected to one of the anodes. 
One of the C.C. supply leads is connected to the mercury cathode, 
whilst the other is connected through a choking coil to the middle 
point of the transformer. The choking coil is for the purpose of 
smoothing out the irregularities of the current wave form, and does 



not cause any loss, since it is connected on the C.C. side. The C.C. 
supply is thus obtained from the left- and the right-hand side of the 
transformer alternately. 

Three Phase Converter. — ^In the case of a three phase converter 
the negative pole is formed by the neutral point of the star-connected 
transformer secondaries, as shown in Fig. 330. The bulb is now 
provided with three anodes, but otherwise the arrangement is the 
same. 

Performance. — ^The rectified voltage gradually falls as the load 
comes on in common with various types of rotating machines, in 
addition to which there is a constant voltage drop of 15 volts in 
the mercury arc. There is also the loss in the transformer and an 
PR loss. An efficieiicy of 80-90 per cent, can be obtained and 
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maintained over a large range of loads, whilst power factors of 
0*9~0'96 are reached. 





CC Supply 

Fig. 330.— Three Phase Mercury Vapour Converter. 

These mercury vapour converters can be constructed with glass 
bulbs for currents up to 80 amperes, whilst it has been suggested 



Time 

Fig. 331. Curves for Converter Charging Accumulators. 


to use metal bulbs for larger currents. They find a considerable 
application in battery charging and projection arcs when only an 
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A.C. supj)ly is available. As an illustration, the curves in Fig. 331 
represent the current and voltage variations when used^or charging 
a battery of accumulators. 

Electrolytic Rectifiers or Electric Valves. — When two metallic 
electrodes are dipped in an electrolyte and the whole is subjected to 
a difference of potential a valve effect is produced. This means that 
the resistance of the apparatus when the current is flowing one 
way is vastly different from what it is when the current is reversed. 
If such an arrangement is subjected to an alternating pressure, half 
of the current wave is eliminated and a uni-directional current of 
varying magnitude results. Aluminium is usually employed as 
the cathode (— ), whilst lead or iron is generally used as the 
anode (-}-). 

Nodon Valve. — In the Nodon valve the cathode consists of a 
hollow cylinder of aluminium alloyed with a small proportion of 
foreign material. Surrounding this is a somewhat larger cylindrical 
lead plate, used as the anode. These are immersed in a solution 
of neijtral ammonium phosphate, the whole being contained in an 
iron pot. In order to keep the apparatus cool when working, water 
is passed through the central hollow aluminium cylinder, but in 
the larger sizes air cooling is employed, this being provided by means 
of a small fan. , 

Arrangement of Cells. — ^If only one cell is used, an intermittent 
current is obtained having a wave form like that shown in Fig. 328 (a), 
but the disadvantages of this are overcome 
by a grouping invented by Gratz. This 
employs four cells and is a kind of Wheat- 
stone bridge arrangement, as shown in 
Fig. 332. The A.C. supply is fed into a 
transformer the secondary of which is 
connected across the two points AG. A 
pulsating uni-directional current is then 
obtained from the points BD, which are 
connected to the load. When the point A 
is positive, the current flows through the 
cells 1, 3 along the path ABDC. When 
the point C is positive, the current flows 
through the cells along the path CBDA. 

Thus the point B is always positive and 
the point D always negative. With this 
arrangement two cells are always active, 
whilst the other two are inactive, the result being a uni-directional 
current having a wave form like that shown in Fig. 328 (6). 

Groups of such cells can also be arranged for two- and three- 
phase currents, in which cases the rectified current has a much 
more uniform value. 





B 
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Fio. 332.— Arrangement of 
Nodon Valves. 
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Performance. — Efficiencies of 75 per cent, can be reached whilst 
high power , factors of 0-9 and over are obtained. They are not 
suitable for voltages much above 100, but they have been con- 
structed for currents of 300 amperes. With currents of this magni- 
tude, however, trouble is experienced on account of the tempera- 
ture rise, and special cooling arrangements must be adopted. 



CHAPTER XXV 


ROTATING FIELDS 

Production of a Rotating Field. — A rotating magnetic field is 
one in which the flnx rotates round a fixed axis and can be produced 
by merely rotating a magnet or a coil of wire in which a C.C. is 
flowing. 

A rotating field can also be produced by a system of stationary 
coils supplied with pol^qfiiase currents. Consider Fig. 333, which 
represents a simple 2-pole (not a 4-pole) two phase system, the two 



horizontal projections being supplied from one phase and the two 
vertical projections from the other. The combined effect of these 
two phases is to produce a resultant field the axis of which changes 
from instant to instant, and it will be seen that this resultant 
field gradually rotates whilst maintaining a constant magnitude. 
At the instant when the current in the first phase is zero that in 
the other is a maximum. The combined M.M.P. is therefore vertical, 
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since there is no horizontal component, and the resultant flux is 
also vertical, as shown at (a). In order to determine the axis of 
the resultant field, each phase will be imagined to produce its own 
flux, the two component fluxes then being added together vectorially . 
This is not theoretically accurate, but it is a convenient method of 
dealing with the problem and leads to accurate results. As the 
current in the first phase grows that in the second phase dies down. 
The vertical field is now not so great, but there is a horizontal 
field to be added to it vectorially, the result being a magnetic flux 
having an axis lying along an inclined line, as shown at (6). After 
a time, the current in phase I reaches a maximum whilst that in 
phase II has died down to zero. The resultant flux is now hori- 
zontal, as shown at (c). The axis of the resultant flux at succeeding 
instants is shown at (d), (e), (/), etc., from which it is seen that the 
magnetic flux gradually revolves, completing one revolution in 
the time taken to pass through one cycle in a bipolar case. In a 
multipolar case the magnetic flux swings past a pair of poles for 


In order to determine the magnitude 


every cycle, and consequently the speed of revolution is th that in 

7h 

the bipolar case, where n is the number of pairs of poles. 

Care must be taken in determining the number of poles, which 
is the same as the number of poles per phase. 

Two Phase Rotating Field, 
of the resultant field, a sinusoidal current wave form will be assumed 
and also a sinusoidal flux distribution. This 
latter assumption will be found to be unjusti- 
fied later on, but it enables the resultant flux 
to be calculated with greater ease. 

Let <I> represent the maximum flux pro- 
duced by each phase separately. Considering 
an instant when the current in the first phase 
has advanced through an angle 6 from its 
maximum value, the flux due to this phase 
is represented by cos 6, and lies along a 
horizontal axis. At the same instant the flux due to the other 
phase, which is lagging behind, is represented by cos {6 — 90°) 
and lies along a vertical axis. The resultant flux, <I>^ (see Pig. 334), 
is equal to 



<j)cos0 


Fig. 334. — Combination of 
Fluxes (Two Phase). 


«I)^ == V{4> cos ey^ + cos (0 - 90“)}2 
= V cos^ 0 + cos^ {0 — 90°) 

= Q>\/ cos^ 0 + siu‘^ 0 


= 4 >. 


It is thus seen that the resultant flux due to the two phases is 
equal to the maximum flux produced hy each phase separately 
and is constant in magnitude and independent of the angle 0. 
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The angle through which the axis of the resultant flux has 
rotated, corresponding to an advance in phase of the, current of 
can also be calculated. This angle is represented by a in Fig. 334 
and 


tana 


<^os J^j- 90°) 
<I>cos6^ 


sin 0 

COS0 

= tan0. 



3 h. L J h L 


Fig, 335,— Three Phase Uotatlng Field. 

Therefore a is equal to 6 and an advance of 6° in phase corre- 
sponds to a rotation of a° of the magnetic flux. The flux is thus 
seen to rotate uniformly, having a constant magnitude all the 
time. 

Three Phase Rotating Field. — A simple bipolar arrangement for 
three phases would be provided with six projections (see Fig. 336) 
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instead of four, as in the two phase case. The coils belonging to 
each phase are wound on to two opposite projections, care being 
taken to obtain a space displacement of 120° instead of 60°. This 
is done by connecting the three front ends, I, II, III, to the supply, 
the three rear ends, I', II', III', being joined together to form a 
star point. A mesh connection can also be adopted if desired. 
Commencing with the current in phase I at zero, the current 

a/3 

in phase II (lagging by 120°) is — times its forward maximum 

Vs 

value and the current in phase III (lagging by 240°) is + times 

its forward maximum value. The flux vector diagram representing 
these conditions is shown at (a) in Fig. 335. After an interval of 
30°, the current in phase I has risen to half its maximum value, 
the component flux due to this phase doing the same. The flux due 
to the second phase has now reached its maximum, whilst that due 
to phase III has died down to half its maximum value, as shown 
at (6). The flux due to phase HE continues to die away, falling to 
zero 30° later, when the resultant flux is due to phases I and II 
only, as shown at (c). The values of the component fluxes at further 
successive intervals of 30° are shown at (d), (e), (/), etc., from which 
it is seen that the resultant magnetic field makes one complete 
revolution per cycle as in the two phase case. The magnitude of 

the resultant flux is also seen to 
be constant for all the instants 
illustrated, and it will now be 
shown that it is constant through- 
out. 

Using the same notation as 
before, the values of the com- 
ponent fluxes at any instant are 
<I> cos Q, 4> cos {Q — 120°), and 
<I>cos {0 — 240°). These fluxes 
act along axes which are mutually 
inclined to each other at 120°, so 
that in order to obtain an ex- 
pression for the resultant flux all 
the instantaneous horizontal components and all the instantaneous 
vertical components will be determined and the two resultants 
added together vectorially. 

The resultant horizontal component (see Fig. 336) is 

<I> cos ^ ^ cos {B - 120°) cos 60° - <I> cos {B - 240°) cos 60° 

== 4> j^cos B + I cos B — sin 0 + ] cos 6 ~f sin 0 J 
= X f cos 



Fia. 336.— Combination of Fluxes (Three 
Phase) 
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The resultant vertical component is 

0 - $ cos (^ - 120°) sin 60° + O cos {6 - 240°) sin 60° 

~ <t> cos 6 \ sin 9 — cos 0 2 sin 6 

<1> X ( — f sin^). 

The resultant field is, therefore, 


X (|eos^)‘^ -h X ( — #sin^)2 

— f; ^ X Vcos^ 9 -P sin^ 9 


-i! 4>. 

The resultant field is again 
constant and independent of 9 as 
in the two phase case and is [i 
times tlie maximum field produced 
by each phase separately. It will 
be shown later that this constant 
has a value of 2 when the non- 
sinusoidal flux distribution is taken 
into account. The flux also ro- 
tates with uniform speed, making 
one complete revolution pei- ej^cle 
in a bipolar case. 

Flux Distribution with Concen- 
trated Winding, — It is usual to 
arrange the magnetising winding 
in slots in preference to putting 
it on salient pole pieces, a uniform 
air-gap being thus obtained when 
a cylindrical rotor is placed in 
the field system. In a bipolai* 
arrangement each coil will lie in 
two slots and will span an arc of 
180°. That portion of the air-gap 
lying between the two slots on 
one side forms one pole, whilst 
the other portion of the air-gap 
lying between the two slots on 
the other side forms the other 
pole. There is thus one coil 
per pair of poles. The M.M.F. 
is proportional to the ainpere- 
turns, and has the same value 
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Fig. 337.— Flux Distribution with Concen- 
trated Winding. 
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over the whole are of 180*^. Over the remaining 180° it is 
equal in magnitude, but opposite in sign. As the reluctance is 
approximately uniform all round the air-gap, the flux density is 
constant all over the pole, and is represented by Fig. 337. When 
the magnetising current dies down, the flux density diminishes 
proportionally, successive intervals of 30° being shown. After 
90° the flux reverses and grows sinusoidally with time until it reaches 
a maximum, as shown in Fig. 337 {g). The action is then repeated. 

For two phases ipur slots would be necessary, and for three 
phases six slots, these numbers being multiplied by the number 
of pairs of poles if a multipolar field is required. 

Flux Distribution with Distributed Winding. — ^It is not usual, 
however, to concentrate the whole of the winding for one pole into 
a single slot, the general practice being to distribute it over a number 
of slots. This modifies the shape of the flux wave to a certain 
extent, since the coils in the different slots embrace slightly different 
arcs. Consider a case where there are five slots per pole for one 
phase (see Fig. 338). The flux set up by each of the five cpils will 



Fia. 308.— Flu V Distribution with Distributed Winding. 


be confined to the space lying betw^een the two conductors of that 
coil. Since the current in each coil is the same, there will be five 
times the ampere-turns per coil acting on the space between the 
inner conductors. Between these and the next adjacent conductors 
there will only be four times the ampere-turns per coil, since the 
inner conductors are inoperative on their outside. Finally, in the 
space between the outer conductors and the next ones inside there 
is only that due to the single outside coil. The curve of flux distribu- 
tion for this pole is shown in curve (a). Fig. 338. Next considering 
theiflux over the adjacent pole pitch, the same considerations lead 
to a curve of flux distribution as shoAvn in curve (6), and combining 
these two flux curves together the resultant flux distribution is 
obtained as shown in curve (c). Owing to the fringing of the lines, 
it is sufficiently near to consider the sloping zig-zag lines as straight 
lines, in which case the curve of flux distribution takes the form 
shown in Fig. 339. The horizontal distance between a and h is 
equal to the pole pitch, whilst that between c and d is equal to half 
the pole pitch in a two phase case and one-third the pole pitch in 
a three phase case. The space between d and e is filled up by the 
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remaining phases, each of which produces a component flux wave 
of its own. These component flux waves change sinusoidally with 
time and are displaced with respect to one another in space as well. 

Change of Flux Distribution with Time. — The component flux set 
up by each phase varies sinusoidally with time, as was shown in 



Fig. 337. Each phase produces a similar component flux different 
in phase and displaced in position, and the resultant flux is obtained 
by adding all these components together at any instant. The 
resultant flux travels along the air-gap at a speed equal to a double 
pole pitch per cycle. • 

Resultant Flux Distribution due to Two Phases. — If the whole of 
the surface is utilised by the magnetising winding, the coils for one 
phase will cover an arc corresponding to 
90° electrical for each pole, since both 
phases cover an arc of 360° for a pair 
of poles. For example, in a two phase 
four pole fleld system the coils for one 
phase belonging to each pole would occux^y 
an arc of 45° geometrical or 90° electrical, 
as shown in Fig. 340. 

The flux distribution for such a case 
is shown in Fig. 341. At (a) the current 
in the first phase is a maximum, whilst 
that in the second phase is zero. The 
current in the first phase now begins 
to decrease, whilst that in the second 
phase begins to grow, and 30° later 
the conditions are represented at (6). 
height of the flux wave due to one phase unity, the two heights are 
now cos 60° — 0-866 and sin 30° = 0-5. The maximum flux density 
is now 0-866 + 0-5 = 1-366. At 45° from the start (c) is obtained. 
The maximum flux density is now cos 45° + sin 45° = 0-707 + 
0-707 = 1-414. Up to this point the wave has been getting gradu- 
ally more peaked, but from 45° to 90° it gets flatter again, until 
at 90° from the start it has regained its original shape and has 

C C 2 



Fig. 340. — Two Phase Four Pole 
Field System. 

Calling the maximum 
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advanced 90*^ electrical along the air-gap. The same series of 
events is then repeated every quarter-cycle. 

It is seen that the flux distribution is not constant, but is concen- 
trated and spread out alternately. This can be seen from Pig. 342, 



which shows the resultant flux distribution every 15"^ throughout 
a quarter of a cycle, the change in shape of the curve and its gradual 
advance being shown. In addition to the change in its distribution, 
the flux undergoes a slight change in magnitude which is propor- 





' O' 15'' 30" 0' 60" 75' 90" O' 15" 30'' ^5" 60" 75" 90' 

Fia. 342. — Gradual Advance of Flux (Two Phase). 


tional to the area enclosed between the curve and the axis. The 
total flux has a maximum value when the current in one phase is 
a maximum. Its minimum value, which is about 6 per cent. less, 
occurs when the two currents are equal 45° later. The absolute 



XXV 


ROTATING FIELDS 


389 


constancy of the flux as worked out on p. 382 is thus only correct 
for concentrated windings which are not used in practice. The 
distribution of the winding also causes a concentration of the flux 
at certain instants and results in the instantaneous maximum flux 
density being 1‘41 times that due to one phase alone. This further 
reacts on the wave form of the current and distorts it to a certain 
extent by introducing harmonics. 

Calling the height of the flat topped wave unity, the average 

flux density, which is given by is 0-75 when the wave is flat 

topped and 0*71 when the wave is peaked (triangular), having a 

• 1 r T mi 1 • 0*7O — f“ 0*71 ^ ^ 

maximum value of 1*41. The mean value is ^ = 0*73, 

and the ratio of maximum to average flux density is, therefore, 

^ 1-94 

0-73 

Resultant Flux Distribution due to Three Phases. — Each of the 


phases 'will now utilise one-third of the available winding space, 
so that the coils cover an arc of 60° instead of 90° in the two phase 
case. The flux distribution is shown in Fig. 343. At (a) the current 
in phase I is a maximum, and hence the currents in phases II and 
III arc equal to half their maximum values, but are ifi the reverse 
direction. Advancing by 120° to the right of the flux wave due 
to phase I, the flux wave due to phase II is plotted. This is in 
the reverse direction and has only half the amplitude, since a sine 
wave has a value of — 0*5 when it has passed its maximum value 


in the positive direction by 120°. Advancing by another 120° 
to the right, the flux wave due to phase III is obtained. This is 
also in the reverse direction and again has only half its maximum 
amplitude, since a sine wave also has a value of ™ 0*5 when it has 
passed its maximum value by 240°. Adding these three component 
flux waves together, the resultant flux wave is obtained. This 
wave approximates to a sine wave, but* is rather more peaked. 

As the current advances in phase the wave form gradually 
changes, Fig. 343 (b) representing the conditions 15° after it has 
passed its maximum The resultant flux wave has now advanced 
to the left and has become incidentally a closer approximation to 
a sine wave. Fig. 343 (c) represents the conditions 30° from the 
start. The current in phase III has now dropped to zero, whilst 


VO 

phase I has ^ times its maximum positive value and phase II 


has 


- V3 

2 


times its maximum positive value. 


The resultant wave 


form has now become slightly more flat-topped than a sine wave, 
after which it tends to get a little more peaked again. The flux 
wave thus oscillates between the two extremes shown in Figs. 343 (a) 
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and (c) every 30°, there being six peaked and six flat-topped values 
every cycle. The changes in the distribution of the flux are thus seen 
to be less than in the two phase case, slight variations in magnitude 
occurring in both instances. 

Maximum Resultant Flux. — ^The maximum resultant flux density 
is twice the maximum due to each .phase separately, the value f 



obtained on p. 384 only being correct for a concentrated winding. 
The distribution of the winding thus has the effect of raising the 
maximum flux density. 

The total flux is proportional to the area of the curve and only 
varies by about 1 per cent, between its extreme values. Calling 
the maximum flux density due to each phase unity, the average 
height of the wave is 1-17. The ratio of maximum to average 
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flux dciK-ity is therefore ^ -pj “ I*"^! instead of 1*57 for a pure sine 
wave. 

Effect on Magnetising Current. — In order to produce a given total 
flux in a given air-gap, the average flux density is fixed. The effect 
of distributing the winding is therefore to raise the maximum flux 
density, and as the magnetising current is estimated from this 
quantity it follows that this also is increased. The actual increase 
in the R.M.S. value of the magnetising current is about 8 per cent., 
1*71 

since = 1*08. The current wave form is also distorted to a 
1*57 

certain extent. 

Alternating Field produced by Single Phase Current. — A rotating 
field cannot be set up by a single phase current, the field in this case 
merely alternating in synchronism with the magnetising current. 
To produce the rotating effect, it is necessary to have at least one 
other phase, but it is not necessary that the currents should be equal. 
If they are unequal it means that the rotating field will not be 
constant in magnitude as it rotates. 


.m 

1 

Fig. 344. — Three Phase Travelling Field. 
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Travelling Field. — Imagine the stator shown in Fig. 340 to be 
cut open and straightened out. The magnetic field will then 
appear to travel from one end to the other instead of rotating. In 
order to strengthen the effect, another winding may be added on 
the other side of a short air-gap, as shown in Fig. 344. The xioles 
formed by the second winding must occur opposite to those of the 
first and at the same instant, but, of course, a south pole must lie 
opposite to a north. The corresponding phases of these Wo windings 
are connected in series. 

Reversal of Rotation. — In order to reverse the direction of 
rotation, the connections of any two phases are interchanged. 
If this is done in a three phase case, it is seen that instead of advancing 
in the order 1, 2, 3, the field advances in the order 3, 2, 1. The 
same argument holds good for the travelling field, which then moves 
from right to left instead of from left to right. 



CHAPTER XXVI 

INDUCTION MOTOKR. — PKINCIPLER AND CONSTRUCTION 

^ General Construction. — An induction motor consists of two main 
parts, a stator and a rotor. The stator consists of a number of 
stampings slotted so as to receive the windings, these stampings 
being held between two end plates, which arc carried from the 
outer carcase of the motor. This outer carcase serves merely as a 
mechanical protection for the stampings and does not carry any 
flux, as is the case in the outer yoke of a C.C. motor. The stator 
winding is called the primary, and is connected to the supply, 
producing the rotating field on which the induction motor depends 
for its action* 

The rotor consists of another set of stam})ings mounted on a 
spider, which is carried from the shaft. These stampings are also 
slotted and receive the rotor winding, which is called the secondary, 
since it has currents induced in it, as in the case of the transformer. 
Since there are no salient pole pieces, a uniform air-ga]) is obtained 
all the way round, this being, in general, smaller than in the case 
of a C.C. motor of similar size. 

In some induction motors the rotor windings are short-circuited 
on themselves, having no external connections, whilst in others the 
rotor conductors are brought Out to slip rings (usually three) and 
then joined through a resistance, which is used for starting up. 

Production of Rotation. — The primary (stator) winding is supplied 
with a polyphase current in order to produce the rotating field, and 
this field, issuing from the stator stampings, crosses the air-gap 
and enters the rotor. It there cuts the rotor conductors, which 
form the secondary winding, and induces an E.M.F. in them. The 
rotor circuit being closed, this E.M.F. sets up a current in the rotor, 
which consequently absorbs a certain amount of power, this re- 
appearing as heat. The winding then tends to place itself in such 
a position that it generates a minimum amount of electrical power, 
and in order to do this it follows the rotating field and commences 
to rotate. The induced E.M.F. is thereupon reduced, since this is 
proportional to the rate at which the rotor conductors are cut by 
the rotating field, and this in turn causes a drop in the rotor 
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current. The power wasted in the rotor circuit is thus reduced, 
when rotation is set up. 

Another way of looking at the problem is to consider the inter- 
action of the fluxes set up by both the stator and the rotor windings. 
Fig. 345 (a) represents a portion of the air-gap showing the stator 
flux by itself rotating in a counter-clockwise direction. These 
lines of force are cutting the rotor conductors from right to left, 
and this is equivalent to a movement of the rotor conductors from 
left to right. E.M.F.’s are induced in these rotor conductors 
which are short-circuited, producing currents flowing away from 
the observer. A hypothetical secondary flux is thus set up, con- 
sisting of clockwise lines of force surrounding the rotor conductors, 
as shown in Fig. 345 (b). Combining the stator and rotor fluxes. 



(a) Stator Flux 




(b) Kotor Flux 



V ’ _ 

we get the resultant flux actually existing. This is shown in 
Fig. 345 (c), and as the field tends to straighten itself out the rotor 
conductors are urged in a counter-clockwise direction and folloAv 
the field in its rotation. 

The same result can be obtained straight away by applying 
Fleming's left-hand rule, which shows that the rotor conductors 
are subjected to a motoring force in a counter-clockwise direction. 

. — The rotating field revolves with the speed of synchronism, 
and if the rotor conductors were to follow at exactly the same speed 
there would be no relative movement of the field and the rotor. 
In this case, there would be no E.M.F. induced in the rotor and the 
rotor current would drop to zero. The distortion of the field 
causing the motoring action now disappears, and the rotor immedi- 
ately commences to slow down. As soon as it does this, however, 
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the rotor conductors begin to be cut by the rotating field at a rate 
depending upon the difference in the speeds of rotation of the flux 
land the rotor. The slower the speed of the rotor the greater is 
the rotor E.M.F. and current, and, consequently, the greater is 
[the motoring force. Actually, the speed of the rotor adjusts itself, 
so that the magnitude of the rotor current is just sufficient to exert 
the necessary torque to overcome the mechanical resistance to motion 
of the rotor. If it is running too fast, the rotor current is too small 
to maintain the rotation, and the speed falls. If it is running too 
slow, the rotor current is greater than necessary, and produces an 
acceleration which speeds the rotor up. 

The difference between the speed of the rotating field and the 
actual speed of the rotor is called the slip of the motor, and may be 
expressed in revolutions per minute, but a much more common way 
is to express it as a percentage of the S5mchronous speed. With 
modern induction motors, the slip generally lies between zero and 
about 5 per cent. 

On account of the fact that it must run at a speed rather less 
than that of synchronism, the induction motor is sometimes termed 
an asynchronous motor. 


If / represents the frequency of supply and n the revolutions 
per second of the rotor, then the frequency of slip is {f — n) in a 
two pole motor and (/ — pn) in a multipolar motor, where p is the 
number of pairs of poles. Expressing this as a fraction of the 

supply frequency, it becomes*^- or*^— X 100 per cent. 

Rotor Current. — When the rotating field is set up by switching 
on the stator current, the motor acts like a polyphase transformer 
with a short-circuited secondary. A current is produced in the 
rotor winding, which is usually wound for three phases, and this 
develops the torque necessary to set the rotor in motion. The magni- 
tude of this current depends upon the induced E.M.E. per phase and 
also upon the impedance per phase. The induced E.M.F. is pro- 
portional to the rate of cutting lines of force, and this in turn is 
proportional to the difference in speed of the rotating field and the 
rotor, i.e. the slip. CThe resistance of the rotor winding is constant, 
but the reactance also depends upon the slip, since the frequency of 
the rotor currents is the same as the frequency of slipA If the slip 
is doubled the induced E.M.F. is also doubled, but the impedance is 
not doubled, although it is very materially increased. As a result, 
the rotor current is increased, but it does not increase proportionally 
to the slip. Another effect of the reactance in the rotor circuit is 
to cause the rotor current to lag behind the induced rotor E.M.F. 
by a certain angle, this having the twofold effect of reducing the 
power factor and the torque developed per ampere. 

Stator Construetion. — The construction of the stator of a modern 


induction motor follows the general lines of that of the stator of a 
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rotating field alternator of a similar size (see Figs. 201, 202 and 203).' 
It consists in the main of a ring of stampings Ijeld between 
end cheeks and supported from the outer casting, which serves 
only as a mechanical support and fulfils no magnetic function. 
This outer casting is perforated with a number of large holes for 
ventilation and supports the two end shields, which also carry the 
bearings. These are of the rigid type, since the spherical seating 
adopted in C.C. motors is not suitable on account of the much smaller 
g,ir-gaps employed in induction motors. In the larger sizes pedestal 
bearings are adopted. The stator is wound in the same way as 



the armature of an alternator, three types of slots being employed,, 
as shown in Fig. 210. Of these, the open and semi-closed are mosfj 
used on account of the greater ease of winding and the reduced' 
leakage flux which is set up. Radial ventilating ducts are spaced 
every few inches along the stator core, these being arranged opposite 
to those in the rotor, so that a through passage is provided for the 
air right from the centre of the machine to the outside. 

A section of a typical induction motor stator is shown in 
Fig. 346. 

Stator Winding. — ^The stator can be either bar- or coil-wound, 
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exactly as in the case of alternators. The winding also is distri- 
buted over a* number of slots per pole so as to utilise the surface 
of the stator to a greater extent. The appearance often differs 
considerably from that of alternators, inasmuch as induction 
motors generally have a smaller number of poles. It is usual to 
have one coil per pair of poles for each phase, so that a four pole 
three phase motor will have six coils in all, The arrangement of 
the coils in this case is indicated in Fig. 347, which shows three 
shapes of coils. These have an actual space displacement of 30^ 
(or 60° electrical), but the connections to the middle coil are 
reversed in order to get the correct phase angle. This arrangement 
enables the winding to be split up into two portions, so that in 
case of a burn-out in one coil it is not necessary to strip the whole 
stator winding. 

The practice of winding one coil per pair of poles is not adopted 
in the case of two pole motors, as it would mean that a very large 
bunch of end connections would have to lie on top of one another. 
By using two coils per pair of poles, no extra ampere-turns are 



riG. 347.— Arrangement of Coils in Kour Fia. 348.— End Connections for Two 

Pole Three Phase Stator. Pole Three Phase Stator. 

required, and half the end connections are carried round one side 
of the stator, whilst the other half are carried round the other 
side. The end connections for one phase of a three phase two pole 
stator having six slots per pole per phase are shown in Fig. 348. 

Construction of Wound -Rotors. — ^The usual type of wound rotor 
consists of a ring of sheet iron stampings mounted directly on the 
shaft in the smaller sizes and built on to a cast iron spider in the 
larger sizes. The rotor winding is carried in slots arranged along 
the outer periphery. Ventilating holes are punched in the plates 
to provide an entrance for the air, which is thrown outwards radially 
by means of the ventilating ducts. The three phase winding is 
connected in star, and the three ends are brought out to three slip 
rings. In small motors, these usually lie on the outside of the 
bearing, the shaft being made hollow to allow the three conductors 
to pass through the bearing. The current is collected from these 
slip rings by means of carbon or copper brushes, from which it is 
led to a resistance which is used for starting purposes. When the 
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motor is running, these slip rings are short circuited by means of a 
collar, which is pushed along the shaft and connects .all three slip 
rings together on the inside. The brushes are provided in a large* 
number of cases with a device for lifting them from the slip rings 
when the motor has been started up, thus reducing the wear and 
the frictional loss. 

Rotor Winding.— The simplest form of rotor winding is a coil 
winding of the same type as that employed on the stator. There 
is an exact number of slots per pole per phase, with one coil for each 
phase per pair of poles. 

For heavier currents a bar winding is adopted in which the end 
connections take on the familiar appearance shown in a C.C. motor. 
Owing to the number of slots being a multiple of the phases times 
the poles, a certain amount of asymmetry is set up in the winding. 
For example, each end connection spans a pole pitch, but when the 
winding has travelled once roimd the armature it would close on 



itself, and to avoid this an unsymmetrical end connection is included 
here, so as to enable all the conductors in one phase to be connected 
in series. 

As an example, consider a three phase four pole winding having 
24 slots in all with two conductors per slot arranged one on top of 
the other. There are thus 8 slots per phase and 2 slots per pole 
per phase. Imagine the conductors to be numbered consecutively 
I, 2, 3, 4, etc., round the rotor, the odd numbers being at the top 
and the even numbers at the bottom of a slot. The mean pitch 
is 12, but an odd number must be adopted so as to enable both 
odd and even numbers to be included in the winding. A winding 
pitch of 13 and 11 will therefore be used alternately. The con- 
ductors are then connected up in the order 1, 14, 25, 38, but instead 
of using a short end connection and going to 49 (which is 1), a long 
one is used, taking the winding to 3. The winding then proceeds 
3, 16, 27, 40. The winding must now retrace its path, because if 
it goes on it trespasses on the next phase, which commences at 
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conductor No. 5. An unsymmetrical end connection going to 28 
(employing the mean pitch) is now used, and the remaining half 
of the phase is wound backwards, just like the first half. One end 
of the winding is connected to one of the slip rings and the other 
to the star point. One phase of this winding is shown in Fig. 349. 

Squirrel Cage Rotors. — A simple and effective form of rotor is 
that known as the squirrel cage, which consists of a laminated core 
as in the wound rotor with a single conductor lying in each slot. 
These conductors consist of heavy copper bars lightly insulated 
from the core and short circuited at each end by means of a pair 
of stout end rings of phosphor bronze or brass. Each conductor 
is riveted or screwed on to both end rings, the joints being soldered 
in addition. The whole rotor winding thus consists of a perma- 
nently short circuited system having as many phases as conductors. 
Fig. 350 shows a section of a typical small squirrel cage rotor. 



The great advantage of such a rotor lies in the soundness and 
simplicity of the mechanical design. There are no moving contacts 
at all, and the construction of the whole squirrel cage rotor is 
exceedingly simple. Its great disadvantage lies in the small starting 
torque and large starting current which is characteristic of the type. 

Torque. — ^The torque developed by the rotor is proportional to the 
•instantaneous product of the rotor current and the strength of the 
magnetic field cutting the rotor. If the whole motor, stator and 
rotor together, be imagined to rotate in the opposite direction to that 
of the rotating field and at the same speed, the field will appear to 
stand stationary in space and will have an approximately sinusoidal 
distribution over the air-gap. The rotor will appear to have a 
slow rotation in the opposite direction to that in which it is really 
rotating, the speed of this slow rotation being that of the slip. The 
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induced rotor E.M.F. will have a sinusoidal wave form, the maximum 
value occurring when it passes the centre line of the pole where 
the maximum flux density occurSv Owing to the rotor reactance, 
however, the maximum current will not occur until a little later, 
so that the field and the current are not quite in phase. The 
average product of these two quantities, which is proportional to 
the torque, is therefore reduced, just as in the same way that the 
power in a circuit is reduced when the current is made to lag behind 
the voltage. The amount of this reduction is given by cos 6, 
where 6 is the angle of lag of the current behind the voltage in the 
rotor. Reactance in the rotor circuit is thus seen to be harmful, 
inasmuch as it reduces the torque which is developed. 

Let e and i represent the induced rotor voltage and current per 
phase, the frequency of slip, R and L the rotor resistance and 
inductance per phase respectively. Then 



« 

JcRfff 


The maximum value of this expression is obtained when 
E = when the maximum torque becomes 


m, _^ kf kf, _ k 

R‘^ + ■ 2R 47r7,L ~ 


Relation between Slip and Torque. — If the resistance and in- 
ductance of a given rotor bo kept constant, the magnitude of the 
torque depends solely upon the slip, provided the magnitude of 


^ The maximum torque is obtained by differentiating with reapoet to /, and 
equating to zero ; thus : 

l/i* + (27r/,L)21 X kR- kRf. X 2 X 2irf.Lx 2irL „ 

{R' + (2r,S.L)V ' " ~ 

\R^ + (2irf,L)*\ X kB = kRf, x 2 X 2ir/,L X 2rrL. 

R* = Stt*/,*!,* - 4,rV,>L* 

= 

R = 2irf,L. 
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the rotating field is also constant. For low values of the slip, the 

reactance is negligible compared with the resistance, and the 

kRf kRf 

expression ^2 b<^comes approximately so that the 

torque is practically proportional to the slip. For large values of 

the slip, the reactance is large compared with the resistance, 

so that the expression for the torque becomes approximately 

kRfs kR . • , . . 

Ihe torque is now approximately inversely 


or 


|(27rLL)2 4'7r^L% 

iproportional to the slip. As the slip increases from zero, there- 
jfore, the torque at first increases, then reaches a maximum, when 
== 27 r/sL and then decreases. 

As an example, consider the case of a motor operating on a 
frequency of 50, where = 1, i; = 1, and R — 


Since T, 


The expression 


k ? _ ^ 1 

4^’ ~4,r7^,r 47r' 

kRf, 


R^~^i^TrfLf evaluated for 

various values of f„ and this has been done in the second line of 
the following table. Next let the resistance be increased to four 
times its original value, viz., R ~ 5. The new values of the torque 
are shown in the third line in the table, from which it is seen that 
the torque now attains a maximum value for four times the slip 
in the previous case. 
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The above figures are plotted in Fig. 351, which shows the 
general shape of the torque-slip curves. 

The value of the slip for maximum torque depends upon the 
relative values of R and L. If R is low compared with L, the 
maximum torque occurs with a small slip, and vice versa. For a, 
given rotor, the inductance is fixed, but if it were possible to reduce 
it the maximum torque would be increased and would occur at 
an increased slip, assuming a constant resistance. A reduction of 
both resistance and inductance in the rotor would therefore increase 
the maximum torque and keep down the slip; 

Relation between Rotor Resistance and Torque. — ^It was shown on 
p. 399 that the torque developed in the rotor was proportional to 



XXVI 


INDUCTION MOTORS 


401 


an expression which included, amongst other terms, the rotor 
resistance. Of course the resistance of the rotor itself is a fixed 
(juantity, but by inserting an external resistance in series with 
each phase the total amount can be varied. The maximum value' 
of the torque is independent of the resistance, but the slip at which 
this maximum torque is obtained is proportional to the total 
resistance per phase. A means of speed regulation is thus obtained 
by varying the rotor i*esistance, since the maximum torque can be 
obtained at any speed from standstill up to that of synchronism 
simply by varying the rotor resistance. When no resistance is 
inserted at all, the rotor runs at full speed, and to increase this 
speed, i.e. decrease the normal slip, it would be necessary to decrease 
the rotor resistance, which is only possible by re-designing the 
winding. 

i-o 
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Fig. 351. — Torqiie-sllp Curves. 

If the load on the shaft necessitates a certain torque being 
developed, an increase in the rotor resistance will cause a corre- 
sponding increase in the slip and thus bring the speed down. To 
illustrate the relationship which exists between the rotor resistance 
and the slip for a given torque, three other curves have been drawn 
in Fig. 351, corresponding to J? 10, R ~ 25, and R 50. All 
these curves obey the same law, their only difference being that 
they attain their maximum values at different points. In fact 
the last curve for iJ 50 never does reach its maximum by the 
time standstill is reached, but it would attain the same height as 
the others at the hypothetical slip of 200 per cent., which, of course, 
is impossible in ordinary circumstances. 

Another series of curves can be derived from those shown in 
Fig. 351, giving the relation between the rotor resistance and the 

B D 
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slip for a given torque. These are obtained by drawing a horizontal 
line through, say, 0*5 X maximum torque and noting the corre- 
sponding values of the rotor resistance and the slip. These curves 
are drawn in Fig. 352 for values of the torque equal to 0*25, 0-60, 
0'75, and 1*00 times the maximum. 

Speed Regulation. — In ordinary circumstances, an induction mot or 
is practically a constant speed machine, since the slip is very small 
even at full load^ In this respect it is comparable with the C.C. 
shunt motor, the speed of which also drops very slightly as the 
load comes on. The introduction of the rotor resistance, however, 
causes a reduction in speed, enabling all values from standstill up 
to very nearly synchronous speed to be obtained. It is not possible 
to obtain an increase in speed in this way, since the motor must run 
at a speed less than that of synchronism. The only way in which 
this can be done is by increasing the frequency, which is not 



0 10 20 30 40 50 

Rotor Resistance 

Fig. 352. — Relation between Slip and Rotor Resistance. 

practicable, or by changing the number of poles. This is done in some 
iastances, but it usually leads to a poorer performance of the motor. 

The insertion of the additional resistance is brought about by 
bringing the three ends of the three phase rotor to the slip rings, 
from which external connections are made to the three phase 
variable resistance. 

In the case of squirrel cage rotors, it is not possible to insert 
external resistance in circuit, and so no speed regulation is possible 
other than the small natural drop caused by the increase of load. 
P^'^tarting Torque. — ^At the moment of switching on, the frequency 
of slip is the same as the frequency of supply, and thus the starting 
torque is obtained by substituting / for fg in the expression for the 
torque, which now becomes 

T - W • 

* “ + (27r/X)2' 
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The only practicable way to vary this is again to vary the resistance, 
and there is one particular value of R which will give the maximum 
starting torque. This is obtained when R — 27r/L, / being the 
frequency of supply. Not only should the rotor resistance and 
reactance be equal, but they should both be small if a large starting 
torque is desired, since the maximum torque obtainable is inversely 
proportional to the inductance. Both a higher and a lower rotor 
resistance result in a decreased starting torque, since if a higher 
resistance is employed the increased impedance brings the rotor 
current down, whilst if a lower resistance is employed the reduction 
in the power factor more than counterbalances the increase in the 
current. The case is, in fact, similar to that discussed on p. 71, 
where it was shown that the maximum power in a circuit occurs 
when the angle of lag is 45*^ and the resistance equals the reactance. 



Fig. 353.— Relation between Starting Torque and Rotor Resistance. 

In the j^resent problem it is desired to get a rotor current which 
has a maximum component in phase with the held. 

Considering the same example taken on p. 400, the values of 
the starting torque have been worked out for various resistances, 
and these values are tabulated in the following table and plotted 
in Fig. 353. 
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Starting Resistances. — ^The three phase resistances used for 
starting up induction motors consist of three separate variable 

B D 2 
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resistances joined together by means of a three-armed handle which 
forms a star point. Three movable contacts are thus formed, 
rigidly attached to one another so as to make them move in unison, 
and these move over three rows of contacts. The arrangement of 
the various circuits is shown in diagrammatic form in Fig. 354, 
whilst the internal connections of a starting resistance are shown 
in Fig. 355. The three terminals make connection with the ends 




Fig. — Biagram of Connections of Jiidiiction ^totor. 


of the three resistances and are joined to the three slip rin^s. The 
rotation of the starting handle is limited to approximately oiie-third 
of a revolution by means of stops, the position shown being that 
when the supply is first switched on, all the resistance being in. 
To start the motor up, the main switch is closed and the starting 
handle slowly moved round in a clockwise direction through 
approximately 120°. The resistance is then all cut out, only that 
of the leads and switch contacts remaining. As, however, these 
are usually comparable with the resistance of 
the rotor itself, it is necessary to short circuit 
the rotor at the slip rings themselves as 
well. This is done by means of a metal 
collar, which is forced along the shaft under 
the slip rings, touching them all, thereby 
eliminating the resistance of the brush con- 
tacts on the slip rings, which is quite appre- 
ciable. The brushes are then raised to reduce 
the wear and the frictional loss. 

Another type of starter is the liquid 
resistance. This consists of a tank containing 
the liquid into which three blades, B (see 
Fig. 356), are dipped gradually by means of 
the handle, H, until they engage in three short 
circuited contacts, G, at the bottom. The short circuiting device 
at the slip rings is then employed as before. 

Auto-transformer Starters. — ^The use of the starting resistance is 
not possible in the case of squirrel cage rotors, and so other means 
must be adopted to limit the starting current. This is usually 
done by means of an auto-transformer starter, which consists, as 
its name implies, of an auto-transformer of which the primary is 



Fig. 355.~Internal 
Connections of Starting 
Resistance. 
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connected to the line, whilst the secondary, giving a reduced voltage, 
is connected to the stator of the induction motor. The effect of 
the reduced voltage on the motor is to reduce, proportionally, the 
strength of the rotating field. This in turn reduces the E.M.F. 
generated in the rotor circuit, and hence the rotor current also. 
Since the torque developed is proportional to the product of the' 
rotor current and the strength of the rotating field, it is seen that 
it is proportional to the square of the voltage ax)plied to the stator. 
A reduction in the applied voltage at starting, therefore, causes a 
considerable drop in the starting torque, but is necessary in view 
of the reduction in the starting current which it also brings about. 
By the action of the auto-transformer, however, the current drawn 
from the line is less than that supplied to the motor, so that an 
excess current can be taken by the motor without an overload being 
])ut upon the mains. For example, consider a motor which would 
take six times full load current if suddenly thrown straight on to 
the mains, developing twice full load torque in so doing. If the 



Fig. 356.— J.iqiiid Starter. 


auto-transformer had a ratio of 2 : 1 the motor current would be 
reduced to three times full load current and the line current to 
1*5 times full load current. The torque would go down as the 
square of the voltage ratio, and Avould thus be only 0*5 times full 
load torque. This is a very inferior starting torque, but it is 
practicable, whereas without the auto-transformer, the motor would 
blow its fuses. To obtain full load starting torque, the motor 

voltage must be reduced to = 0*71 times the line voltage. The 

motor current is now 6 x 0*71 ~ 4*26 times full load current and 
the lino current 0*71 x 4*26 — 3 times full load current. The 
values of the starting torque available, together with the corre- 
sponding values of the voltage applied to the stator and the motor 
and the line currents, expressed as percentages of the normal full 
load values, for various ^ tappings on the auto-transformer, are 
shown in Fig. 357. It is thus seen that the squirrel cage induction 
motor is not very suitable for starting up under full load torque 
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conditions in view of the heavy current taken, slip ring motors 
being much preferable in such cases. 

The auto-transformer may have a number of tappings on it, 
but it is usual, particularly in the smaller motors, to use one tapping 
only, this being determined experimentally as the one giving the 
best all-round starting properties. The auto-transformer is then 



0 0*2 0*4 0*6 0*8 ro 

Auto-transformer Eatio 
Fig. 357. — Effect of Auto-transtormer. 


provided with a change-over switch, one position being for starting 
and the other for running, as shown in Eig. 358. To start up the 
motor the switch is closed on the “ starting ’’ side, and when a 
certain speed is attained it is thrown over quickly to the running ” 
side. 

Star*delta Connections. — Another method of reducing the voltage 
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Fig. 358.— Auto-transformer Switch Connections. 


on an induction motor at starting is to connect the phases in star 
for starting and in delta (or mesh) for running. In this way the 

volts per circuit are reduced to times the line volts at starting, 

whilst when running each circuit receives the full line pressure. 
The motor operates as if an auto-transformer were used having a 
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voltage ratio of VS : 1, the motor receiving 57‘7 per cent, of the full 
voltage at starting. Since the torque is proportional to the square 
of the applied voltage, this arrangement results in a reduction in 
the starting torque to one-third of its value when switched on direct, 
whilst the current per phase winding is reduced in the ratio of 
Vs : 1. Since the line current is VS times the current per phase 
winding when delta connected, the line current at starting is also 
one-third of what it would be if switched on direct. The necessary 
operations may be performed by means of a small drum type 
controller, the connections of which are shown in Fig. 359. 

The disadvantages of this method of starting are, (1) only one 
starting position is obtained, so that the method is not suitable for 


Starling Running 



large motors ; (2) an induction motor runs better with star than 
with delta connections, since any lack of electrical balance in the 
latter case causes circulating currents to flow round the stator 
winding ; and (3) the motor starts up with a low torque. 

Reversal of Rotation. — In order to reverse a two phase motor, all 
that is necessary is to reverse the connections of one of the stator 
phases, this causing the rotating field to rotate in the opposite 
direction. In the case of a three phase motor, any two of the 
stator leads must be interchanged, this having the same effect. 

Output of Rotor. — Of the poAver supplied to the stator, a portion 
is wasted in stator copper loss and another portion in stator iron 
loss. The remainder is supplied to the rotor. The effect of the 
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copper loss is to absorb a portion of the applied voltage, the 
remainder, obtained by vectorial subtraction, being utilised for the 
production of the rotating field. This corresponds to that com- 
ponent of the primary?' voltage of a transformer which remains after 
the IR drop has been deducted. The power associated with this 
voltage is transferred to the secondary through the medium of 
the magnetic flux. The same thing applies to the induction motor. 
The stator current, also, may be divided into two components, 
one of which supplies the no-load magnetising current and the 
constant iron loss current. The other component provides the 
ampere-turns necessary to balance the ampere-turns set up by the 
rotor current. The power transferred to the rotor consists, there- 
fore, of the product of this component of the current and the voltage 
producing the flux, multiplied by the cosine of the angle of phase 
difference between the two. Let L, and cos (f> represent these 
cpiantities respectively, line values being considered. The power 
supplied to the rotor in a three phase case is therefore eos <j). 

If N is the ratio of the turns per phase on the stator to the turns pet- 
phase on the rotor, the voltage induced in the rotor at standstill 

, Eg 

is When the rotor is rotating with a frequency of slip, y\., the 

* E f 

induced voltage becomes x j. 

The rotor current is Nfg and the angle of lag is the same as in 
the stator, as was explained when discussing the transformer. The 
power wasted in heating the rotor is therefore 


X NI, X iioHtf, 

VSEJs cos (f> X 

The power output of the rotor is obtained by subtracting the 
losses from the input and is 

/. 


VSEgl^ cos (f) — ^/liEglg cos (f) X 


/ 


Vs EJ, COS cf> 

The efficiency of the rotor is thus 

VSEJ,cos<f> x^~^* 
VSEJs cos 

= f-ls 

actual speed 

synchronous speed 
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Similarly, the ratio of loss to input may be expressed by 

/.« __ speed of slip 
f synchronous speed 

Summarising, Ave get 

Output actual speed 

Input synchronous speed 

Loss __ speed of slip 
Input synchronous speed 

Loss speed of slip 

Output actual speed 

It is thus seen that for a high efficiency the slip must be low^* 
In fact, the efficiency is reduced by a percentage equal to the per- 
centage slip. 

Jn^thc above argument, the power necessary to supply the 
friction loss is included in the output of the rotor. 

Magnetic Leakage. — Magnetic leakage occurs in both the stator 
and rotor. The stator leakage Hux consists of a number of lines 
of force set up by the stator current, but not linking with the rotor 
winding, whilst the rotor leakage flux consists of another number 
of lines of force set up by the rotor current, but not linking with 
the stator winding. 

The stator leakage causes the stator winding to possess induc- 
tance, and this absorbs a certain portion of the applied voltage, 
although there is no direct loss of power associated with it. This 
is equivalent to reducing the voltage producing the useful rotating 
field cutting the rotor. This in turn reduces the induced E.M.F. 
in the rotor, and hence the rotor durrent. Since the torque developed 
depends upon both the strength of the rotating field and the rotor 
current, the presence of stator leakage reduces the torque. 

The effect of rotor leakage is to give inductance to the rotor 
winding. Owing to the increased impedance of the circuit, the 
rotor current is decreased, thereby decreasing the torque, whilst 
it also causes the rotor current to lag behind the rotor induced 
E.M.F. This Avas shoAvn on p. 399 to result in a reduction of the 
torque as well, so that both the rotor and the stator leakage fluxes 
cause the output of the motor to be reduced and the power factor 
made Avorse. 

When considering the performance of the induction motor, it 
is usual to imagine the whole of the leakage flux as being supplied 
from the stator winding, the rotor being non-inductive. This is 
permissible, since that portion of the induced rotor E.M.F. used 
up in overcoming the rotor reactance is supplied from the stator 
winding by transformer action. In fact, the whole of the rotor 
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effects come from the stator, since the latter receives the external 
electrical supply. 

Number of Stator Conductors. — ^The number of stator conductors 
per phase required to produce the rotating field can be calculated 
in the same way as is done with transformers. The formula is 
(see p. 172) 

E - 4-44/4>y X 10-^. 

E is now the E.M.F. per phase, <I> the flux per pole, and T the turns 
per phase. Substituting conductors for turns, it becomes 


and 


=2-22/cbiV X 10-« 
^ ^ X 10^ 

^ “ 2*22/cl> ‘ 


The constant 2*22 only holds good when all the turns link with 
all the flux, and this is only obtained when the winding is concen- 
trated in one slot. In a practical case, the winding is distributed 
over a number of slots, and this introduces a constant called the 
Breadth Factor. 

Breadth Factor. — In the case of alternators, the effect of 
distributing the winding is to cause a slight reduction in the 
induced E.MfF. ; in the case of induction motors, the effect of 
employing several slots per pole per phase is to reduce slightly 
the number of linkages set up. In order to generate the same 
flux, therefore, slightly more turns are necessary, which means 
that the constant 2*22 is slightly reduced. This reduction factor 
is called the Breadth Factor, and has a value of approximately 0*95 
for commercial three phase motors and 0‘9 for two phase motors. 

The number of stator conductors per phase becomes, therefore, 


and 


N 


N 


K X 108 
0-95 X 2-22/^ 
E X 108 
^ 2-l/<J) 

E X 10« 

^ 0-9 X 2-22/<t 
Ex 108 


for three phase motors 


for two phase motors. 


Number of Rotor Conductors. — ^'Phe number of rotor conductors 
bears no fixed ratio to those on tlie stator, since if a small number 
of turns are employed the cross section of the conductors can be 
made correspondingly large. The impedance of the short circuited 
winding is thus proportional to the square of the number of turns, 
assuming a constant copper space factor, whilst the induced E.M.F. 
is directly proportional to the number of turns. The current is 
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therefore inversely proportional to the number of turns, so that the 
total ampere-turns on the rotor are approximately constant, 
depending only on the available slot space. 

Three Phase Rotor for Two Phase Motor. — It is not at all necessary 
for the rotor to be wound for the same number of phases as the 
stator, since the function of the stator winding is to set up a rotating 
field which can be obtained from any polyphase source. For' 
example, a squirrel cage rotor is one which has as many phases as 
conductors, since the current in eaeh bar has a slightly different phase 
from that in its neighbours. 

Since three phase rotors only require three slip rings and three 
terminals, instead of four for two phase rotors, and have a 
slightly higher breadth factor, they are always used for two phase 
motors. Another very important advantage possessed by the 
three phase rotor, from the manufacturer’s point of view, lies in 
the fact that one rotor can be utilised for both two- and three-phase 
machines, and since many more three phase motors are made than 
two p^hase, it is convenient to make all the rotors three phase. 

Single Phase Induction Motor. — A single phase winding is only 
capable of producing an alternating magnetic field, and is not 
capable of producing a rotating field 
unaided. A single phase motor eon- 
structed on the rotating field principle 
must have some auxiliary help, therefore, 
to enable a rotating field to be set up. 

It is found that if a polyphase induction 
motor has all its phases broken except 
one, the motor will continue to run, 
although it will not start up again after 
having been shut down. The reason for 
this is that when running the induced 
currents in the rotor set up a true 
rotating field of their own which enables the rotation to be 
maintained, but the effect disappears when the motor comes to 
rest. This can be shown by considering Fig. 360, which indicates 
a two pole stator wound with a single phase winding and a rotor 
on which two short circuited windings are placed at right angles. 
First, consider the action of the vertical rotor winding, which acts 
like the secondary of a transformer and has a voltage induced in it 
proportional to the rate of change of the stator flux. This voltage 
is, therefore, in quadrature {i.e. 90^^ out of phase) with the flux. 
The horizontal coil has no induced voltage due to transformer 
action, since the turns do not link with the stator flux, but owing 
to the rotation of the rotor these turns cut the stator flux and have 
a voltage induced in them. This voltage is in phase with the stator 
flux. The two sets of ’turns will produce two fluxes having a 
space displacement of 90"^ and differing in phase by 90°. The 



Fig. 360. — Single Phase 
Induction Motor. 
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combination of these two sets up the desired rotating held. It is 
not, of course, necessary to confine the rotor winding to two simple 
coils at right angles, since any polyphase winding will produce the 
same result. In fact, a squirrel cage rotor is quite satisfactory. 
Since the whole of the magnetisation must be supplied from the one 
phase, the magnetising current is larger than in a similar polyphase 
motor, and the behaviour of the machine under load is very inferior 
|is regards efficiency, power factor and overload capacity. 

^ Starting of Single Phase Induction Motors. — In order to enable 
the motor to start up, it is necessary to produce an initial rotating 
field, and this is done by means of a '’'split phase.'' A second 
wiiiding is placed on the stator after the manner of the second phase 
of a two phase motor. This winding need not be as strong as the 
main winding, and is made of smaller wire, since it is only in use 
during the starting period. The main- and the starting-windings 
are connected in parallel, and both supplied from the same singU'. 
phase source, but to obtain the difference in phase an additional 
reactance is placed in the starting winding. The currents in 
the two branches now set up a rotating field, not uniform in 



magnitude, but sufficient to cause the motor to rotate. When 
a fair speed is attained, the starting winding is cut out. Instead 
of adding inductance to the starting winding, a condenser may be 
placed in series wdth it, whilst in some motors resistance is actually 
added, the idea being that since the two windings already yjossess a 
fair amount of inductance in themselves, the necessary phase dis- 
placement can be obtained by bringing the current in one branch 
more into phase with the voltage. 

Cascade Arrangement. — A system of connections sometimes 
adopted with polyphase motors for obtaining two speeds is that 
known as the cascade arrangement. This employs two motors 
mechanically coupled together, the stator of the first being con- 
nected to the supply. The rotor of the first is connected to the 
stator of the second, and the rotor of the second is connected to a 
starting resistance in the usual way. The diagram of connections 
is shown in Fig. 361. 

The frequency of the current supplied to the second stator is 
the frequency of slip of the first .motor, and the frequency of slip 
of the second motor is the usual small value of a few per cent. 
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Neglecting the second slip and assuming the same number of poles 
for both motors, it is seen that the synchronous speed of the 
second motor is the same as the speed of slip of the first. If there 
are p pairs of poles, the speed of the first motor is 


/ V P 

Neglecting the second slip, the speed of the second motor 
Equating these two, we get 


is 


p' 


p p’ 


/-A 



The synchronous speed of the set connected in cascade is thus 
half the synchronous speed of either when connected in the 
ordinary way. 

If the number of pairs of poles on the two motors be different, 
let them be represented by Pi and 2h respectively. The speed of 

/*“/*> /.V 

the first motor is then - — and the speed of the second ' 


But 

and 


The speed is therefore 


Vi 

Pi Pt 
fPi -f.^P2 ^f.4h- 
fApi 4 - p-z) 

Is -I X 

p-i Pi + Pi 


Pi 


Pi + Pz 


In other words, the synchronous speed of the set is the same as 
that of a single motor having as many poles as both component 
machines added together. 

If the two motors are not mechanically coupled together, the 
arrangement is unworkable, since the moment any load is put upon 
one motor it stops and acts just like a transformer, whilst the other 
motor runs up to its normal speed. 

Induction Generator. — If the rotor of an induction motor is driven 
mechanically from some external source at a speed higher than 
that of synchronism, the machine will act as a generator and the 
stator will supply a current to the mains. Unfortunately, such a 
machine is not capable 6f acting independently, but must run in 
parallel with another A.C. generator, as otherwise there will be no 
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rotating field set up and no generator action will take place. In 
other words,, the other generator must supply the A.C. magnetising 
current for the induction generator. The effect of raising the speed 
is to increase the output of the machine, the frequency remaining 
constant. In fact, the frequency is determined by the other 
generator and is independent of the speed. For this reason, the 
machine is sometimes called an asynchronous generator, since it 
does not run at synchronous speed. 

Machines of this kind have not a wide application in practice, 
but the principle is sometimes employed with induction motors 
where a regenerative control is used, as in lift motors on the down- 
ward journey and railway motors when descending a steep gradient. 



CHAPTER XXVII 


INDUCTION MOTORS. — PERFORMANCE AND TESTING 

-load Conditions. — If the rotor winding be open-circuited by 
raising the brushes on the slip rings, no current will flow in the rotor 
and no torque will be developed. In these circumstances, the rotor 
will remain stationary, and the stator winding will take only that 
current necessary to maintain the rotating field and to provide 
for the stator iron loss. The former component will be a purely 
magnetising current and will lag behind the E.M.F. by 90*^, whilst 
the latter will be a power component, relatively small in magnitude. 
On short circuiting the rotor, the motor runs up to full speed, the 
only torque which is developed being that necessary to overcome 
the friction and the rotor iron loss. A very small rotor current is 
sufficient to produce this torque, so that the slip is extremely small 
and the motor runs at very nearly synchronous speed. Owing to 
the extremely low frequency in the rotor circuit, the rotor iron loss 
is quite negligible. This small rotor current will cause a corre- 
sponding current to flow in the stator winding, and this component, 
combined vectoriallj^ with the current obtained in the stator with 
the rotor on open circuit, forms the no-load current of the motor. 

The power factor will be considerably less than 0*5 in an ordinary 
case, so that when measuring the power of a three phase motor 
running light by means of the two wattmeter method, one wattmeter 
will read negative (see p. 126), and the total power will be obtained 
by subtracting the two wattmeter readings. 

If the voltage be applied to the stator very gradually, the motor 
may be made to run at a very much lower speed than normal, but 
as this is an unstable state it has no very great practical value. 

Effect of Voltage. — If the applied voltage be gradually lowered, 
the magnitude of the rotating field will be reduced proportionally. 
The rotor current required to produce the no-load torque will be, 
therefore, slightly increased, since the torque is proportional to 
the product of the field strength and the rotor current. This does 
not produce any appreciable effect on the no-load stator current, 
however, until very low Voltages are reached, and in the meantime 
the magnetising and the stator iron loss currents are falling with 
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the voltage, so that the resultant stator current first of all falls as 
the voltage is reduced, but after a time rises again. 

The power absorbed falls away as the voltage is reduced, but 
not so fast as the idle magnetising current, so that the power factor 
rises. In fact, when a motor is started up by means of an auto- 
transformer it happens quite frequently that the second wattmeter 
reads positive for a time, going behind the zero as the voltage is 
raised. 

The slip remains practically constant over a Avide range of voltage, 
but commences to increase at a considerable rate when very low 
voltages are reached. 

Effect of Frequency. — The relation between the applied voltage, 
the flux per pole and the frequency is given by the formula 

With a constant applied voltage, therefore, the flux is inversely 
^oportional to the frequency, so that reducing the frequency below 
its normal value causes an increased flux, which increases the 
magnetic saturation in the iron and thereby reduces the permeability. 
The magnetising current is thus increased both on account of the 
increased flux and the decreased permeability. This makes the 
power factor poorer, and results in an increased copper and iron loss. 

If the motor be designed for a low frequency in the first place, 
the flux density is prevented from reaching such high limits by 
employing a larger number of turns on the stator. With a given 
number and size of slots this results in a smaller size of wire being 
used, and this only permits a smaller current to flow. Both the 
output and the speed of the motor are thus reduced more or h\ss 
proportionally. 

For example, consider an 8-pole 50-cycle motor having a syn- 
chronous speed of 750 r.yj.m. If the same carcase bo employed for 
a 25-cycle motor Avith the same number of poles, the synchronous 
speed Avould be 375 r.p.m., and there would be tAvice as many con- 
ductors per slot half the size of those in the first case. Carrying- 
half the current, therefore, the motor Avould do half the output. If 
the number of poles be reduced to four, the synchronous speed would 
be 750 r.p.m., as in the first case. The pole pitch is thus doubled 
and the original cross section could be used, since there will be 
twice as many slots per pole. The same current per conductor can 
now be allowed as in the 50-cycIe motor, so that the output is the 
same for the same synchronous speed. 

The above 4-pole 25-cycle motor is superior to the 8-pole 50-cycle 
motor, since the pole pitch is longer, and in all probability less 
leakage will take place. The magnetic leakage plays a most impor- 
tant part in determining the performance of the motor and affects 
not only the power factor, but also the* overload capacity of the 
motor. 
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In order to get a reasonable length of pole pitch, few poles are 
required, and this leads to high speeds unless low frequencies are 
adopted. In general, motors designed for low frequencies will 
operate with better power factors than those intended for higher 
frequencies 

Load Test.^ — In order to carry out a load test on a three phase 
induction motor, the motor is connected up as shown in Fig. 3G2, 
the instruments required being a voltmeter, an ammeter, and a 
three phase wattmeter. Instead of the latter, two single x>hase 
wattmeters may be used (see Fig. 98), or one single phase wattmeter 
in conjunction with the special change-over switch shown in Fig. 99. 

Slalor Rotor 




Fia. 3C2.~Electrical Connections for Load Test. 

• 

A power factor indicator is unnecessarj^, as this can be determined 
by the ratio of the two wattmeter readings. For low loads, the 
power factor will be probably below 0-5, so that one wattmeter will 
read negative. The volt coil of this instrument must be reversed 
ill order to get its reading. The rotor is connected up to a three 
phase starting resistance if a slip ring rotor, whilst an auto-trans- 
former should be used in the stator circuit if the rotor is of the 
squirrel cage type. Sometimes it is desired to measure the current 
ill a slip ring rotor, and this is done by inserting an ammeter in 
one of the slip ring connections, but this is not very satisfactory, 
since the currents usually become unbalanced to an appreciable 
extent, owing to the fact that the resistance of the ammeter is quite 
comparable with the resistance of the rotor, which is, of course, very 
low. No extra apparatus, therefore, should be included in the 
rotor circuit other than that absolutely necessary. 

The load can be taken up by another machine run as a generator 
(C.C. or A.C.) coupled up to the induction motor either directly or 
by belt. The generator is then loaded up on resistances or other- 
wise to obtain the required loads. The output of the generator is 
measured, and its efficiency at various loads must be known, so 
that the output of the motor can be determined. When a belt 
drive is employed, the loss in the belt must also be allowed for. 

Another method of determining the output of the motor is to 
use some form of brake, such as the Prony brake or the eddy current 
brake. 


E E 
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A simple method of determining the output, when it is not kept 
on for more than a few minutes at a time, consists in loading up the 

motor by means of a simple band brake 
with a spring balance on each side to 
measure the pull on the tight and the 
slack side of the belt. The arrange- 
ment is shown in Fig. 363, where 
Pj and Pg represent the two spring 
balances, the pulls being measured in 
lb. The net pull at the rim of the pulley 
is (Pj — Pg) lb. and the torque developed 
is P = (Pj — Pg) X r lb. -ft., where r 
is the radius of the pulley in feet. 
The work done per revolution is 

27r/-(P] — P2) 

or 27 rP foot-lb., and if n is th^ speed 
in r.p.m. the work done per minute is 

2'TrnT. The B.H.P. developed is o6?i5\rk> equivalent 

ooOOO 



Fig. 363.- 


•Arrangement for Band 
Brake. 


746 — 0-142 nT watts. To determine the output, 


. 2TrnT 
^000 ^ 

therefore, n and T must be obtained, and this involves measure- 
ments of the speed and the pulls on the two spring balances and a 
knowledge of the radius of the pulley. 



Fig. 364. Performance Curves of Induction Motor. 


In carrying out the test, the tension on the brake is adjusted to 
a certain value, and the various measurements are taken. This is 
then repeated for a number of other tensions on the brake, so that 
a complete range of loads is obtained which should be plotted 
against B.H.P. as a base. The performance curves of a typical 
induction motor are shown in Fig. 364. 
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Th^e disadvantage of this method of testing lies in the fact 
that if the load is considerable the band brake very soon gets 
extremely hot, so that the observations have to be taken quickly. 

Power Factor. — ^The power factor when running light is very low, 
since the major portion of the stator current is idle magnetising 
current. As the load is increased, the no-load magnetising current 
remains approximately constant, whilst the power component 
increases on account of the load. The current has now, however, 
another idle component, due to the flux which is forced into the 
leakage paths, but this does not prevent the power factor from 
rising to a very high value. As the load is increased, the effect 
of this component becomes more marked, and the power factor 
begins to decrease again after having passed through a maximum 
value. The shape of the power factor curve is shown in Fig. 364. 

Efficiency. — The mechanical output of the motor was shown on 
p. 418 to be 0*142 nT watts, whilst the input is given by wattmeter 
readings and is equal to ~ VS El cos ^ and TF 2 = ^EI cos <f) 
in a three- and two-phase case respectively, E and I being the line 
values. 

The efficiency is thus 


and 


0*1427^7^ 0 0 0827iT , 

ViEI cos <f> ~ El cos 

0-142nT 0 U2nT 0-071nT , 

2EIcos 4, ~ El cos phase). 


The efficiency curve follows the same general law as in C.C. 
motors, commencing at zero for no-load and rising to a maximum, 
after which it commences to drop slightly, as shown in Fig. 364. 
The efficiency and power factor curves are very similar, their chief 
difference lying in the fact that the former starts from zero whilst 
the latter does not. 

Apparent Efficiency. — If the effect of power factor be not taken 
into account, it appears as if the input were equal to VS Ely and 
this quantity is called the apparent power. The ratio of the output 
to the apparent power input is called the apparent efficiency, and is, 
of course, equal to the product of the true efficiency and the power 
factor. Values of the apparent efficiency are plotted in Fig. 364 
along with the other performance curves. 

Heat Run. — In order to carryout a heat run on an induction motor, 
it is necessary to load it up in such a manner that the load can be 
maintained for a number of hours. The band brake method pre- 
viously described is not, therefore, applicable, and some other method 
must be adopted. The usual practice is to maintain full load for 
six hours and then to determine the temperature rises in various 
parts of the motor, usually by thermometer. In order to avoid 
wasting the energy involved in the test, which is considerable in 

E £ 2 
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the case of large motors, a C.C. generator is sometimes co.upled 
to the motor and loaded back on to the C.C. supply. In this case, 
the power consumed is only that used up in overcoming the losses 
in the two machines. 

(^^Measurement of Slip. — There are three main methods of measuring 
slip, viz., 

1. By measurement of synchronous and actual speeds. 

2. By measurement of rotor frequency. 

3. By stroboscopic method. 

These will be dealt with in turn. 

1. The actual speed of the motor is measured and also the speed 
of the driving alternator or any S3nrichronous apparatus connected 
to the supply, the slip being obtained from the difference of the two 
readings. Expressed as a percentage, this is 

Synchronous speed — Actual speed 
Synchronous speed 

If the number of poles on the alternator is not the same as the 
number on the induction motor, the speed of the alternator must 
be multiplied by the ratio of the numbers of poles. This is not a 
very accurate method of determining the slip, albeit a convenient 
one, since it depends on the difference of two quantities very nearly 
equal, and a small error in determining either of the speeds leads 
to a very large error in the result. 

2. Since the rotor frequency is very low, not often exceeding 
three cycles per second, it can be read on a moving coil ammeter 
by counting the oscillations of the pointer. The method adopted, 
therefore, is to connect a moving coil ammeter in series with one 
of the leads going from the slip rings to the starter and count the 
beats in a given time. If a central zero instrument be used, the 
number of complete to and fro swings must be counted, but in the 
ordinary type the reverse half of the wave will produce no effect, 
since the pointer will be pressing against the zero stop. The 
percentage slip is then given by 


Rotor frequency 
Stator frequency 


X 100. 


If the motor is of the squirrel cage typo, this method must be 
modified, since there are no slip rings. There will be usually a 
small portion of the magnetic field going right through the centre 
of the rotor and cutting the shaft, which will have a small E.M.F. 
induced in it. This can be detected by pressing a lead against each 
end of the shaft, the other ends being connected to a sensitive 
moving coil millivoltmeter. The measurement is then made in 
the same way as with the wound rotor. 

3. In the stroboscopic method, a cardboard disc, with alternate 
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black and white sectors painted on it, is attached to the end of 
the motor shaft. This disc is illuminated by means ©f an arc lamp 
running from the same supply. If the disg is normally in a very 
poor light, an incandescent lamp is sufficient, this being preferable, 
since it is not so likely to unbalance the voltages of the system. 
Assuming the number of black sectors to be equal to the number 
of poles on the motor, one sector would move forward a pole pitch 
in half a cycle if there were no slip at all and the next black sector 
would occupy the original position of the first. But the disc is 
illuminated once every half-cycle, so that, viewed in the light of 
the arc, the disc would appear to be stationary. But since a certain 
amount of slip occurs, the second black sector will not quite reach 
the initial position of the first in half a cycle, with the result that 
the disc appears to rotate slowly in a direction opposite to that of 
the motor. A complete apparent revolution of the disc will thus 
correspond to a slip of as many cycles as there are pairs of poles 
on the motor. If the apparent revolutions of the disc per minute 
are (iounted, the frequency of slip is obtained from 

apparent r.p.m. . . 

- 60 ^ pairs of poles. 

The percentage slip is then calculated as beforp. For testing 
motors with different numbers of poles, a series of discs is required 
having different numbers of sectors painted on them. 

Instead of using an arc or an incandescent lamp, an electrically 
driven timing fork may be used (see Fig. 365). This must have a 
natural period of vibration equal to the 
frequency of supply, and is kept in action 
by means of a smalt electromagnet oper- 
ated from accumulators through an 
ordinary make and break. When the 
circuit is made, the two prongs of the 
fork are attracted, thus breaking the 
circuit and allowing the prongs to fly 
back. At the top end of each prong of 
the fork is attached a metal flag with a 
slot cut in it. These slots are arranged 
to overlap in the normal position, so 
that when the fork is vibrating the 
observer can see through the flags twice 
per period. The tuning fork acts in the 
same way as the arc lamp, therefore, in 
allowing the observer to seethe disc on for Slip 

the motor shaft twice per period. This 

arrangement is much more convenient than that of the arc lamp, 
but it suffers from the disadvantage of only operating on the one 
frequency. 
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In the slip stroboscope of Dr. Drysdale, a small synchronous 
motor drives a conical roller, and this in turn drives a small disc 
containing a number of slots. The speed of the disc is adjusted by 
sliding it up or down the roller until it is running at the same speed 
as the motor. The painted disc on the motor shaft now appears 
stationary and the slip is indicated by the position of the disc 
resting on the roller. 

Measurement of Resistance. — The resistance of the stator windings 
can be measured conveniently by passing a C.C. through them, 
obtained from a few accumulators, and determining the current and 
voltage. If the windings are connected in star, the resistance per 
phase is half that observed, since there are two circuits in series, 
whilst if the circuits are connected in delta there areiwo windings 
in series connected in parallel with the third. If r be the resistance 
per circuit, then the joint resistance, as determined by the voltmeter 
and ammeter, will be 


R 


I 


r 



and r ~ 

The same cin be done for the rotor circuits if it is a slip ring 
motor, but care must be taken to measure the voltage drops across 
the rings directly and not across the brushes or terminals, since 
the effect of the brush resistance is very appreciable, and this is 
cut out when the motor is running normally. 

Simple Circle Diagram. — In order to simplify the development of 
the circle diagram, it will be assumed, to commence with, that the 
motor has no losses in the stator. Furthermore, only one phase 
will be dealt with. This is quite legitimate, since each of the phases 
acts in the same way. Under these conditions, the stator will 
set up a flux lagging by 90° behind the applied E.M.F. just as in 
the case of a transformer. (In the case of a three phase star-con- 

nected motor the applied voltage per phase is times the line 

voltage and the stator flux dealt with is the flux per phase.) Part 
of this flux cuts the rotor conductors, whilst the remainder goes 
through leakage paths. In the actual motor, the rotor sets up a 
leakage flux of its own, but the ampere-turns required to produce 
this must be obtained ultimately from the stator, which is supplied 
with a corresponding number of ampere-turns from the mains. 
It is therefore permissible to consider the whole of the leakage flux 
as coming from the stator, the rotor being non-inductive. The 
useful flux cutting the rotor and the leakage flux are not in 
phase, since the leakage flux must have the same phase as the 
stator current which produces it, whilst the vector sum of the 
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two component fluxes must be in quadrature with the applied 
E.M.F. These conditions are represented in Fig. 366, where OEg 
represents the applied stator 
voltage and 01^ the stator cur- 
rent lagging by some angle 
The leakage flux O^i is in phase 
with 0/s, and, when added 

vcctorially to the useful rotor 
flux gives the total stator 
flux O^g. The rotor has an 

E.M.F. , OE.,., induced in it, due 
to the rotor flux 0<l>y and lagging 
behind it by 90°. Thus far, 
the vector diagram is similar 
to that of the transformer, the 
difference being that in the 
present case the leakage flux 
is very much larger than it is in the transformer. Since the 
rotor has been assumed to be non-inductive, the rotor current, 

OIr, is in phase with the rotor E.M.F., OE,.. The magnitude of 

the rotor current can be obtained, since the total ampere-turns 
of the stator are composed of two components, one required to 
magnetise the system and the other necessary to balaVice the ampere- 
turns of the rotor. For the sake of simplicity, it will be assumed 
that there are the same number of turns on the stator and rotor. 
If this is not the case, the rotor current must be multiplied by the 
ratio of stator to rotor turns. The magnetising current may be 
represented by 01 ^ in phase with the stator flux. 

The vector diagram in Fig. 366 has been redrawn in Fig. 367, 
all the quantities having the same magnitude and phase as before, 
only this time the three currents form a triangle. Since the stator 
flux is proportional to the applied voltage, and the latter is main- 



Fia. 3C0.—Vector Diagram of Induction 
Motor. 



Fig. 367. —Redrawii, Vector Diagram. 


Fig. 308.— Simple Circle Diagram. 


tained constant, it follows that the point B is fixed. Again, the 
no-load magnetising current depends upon the stator flux, and since 
the latter is constant the former is constant also. Thus the point 
A is also fixed in a given miotor. The line AB is therefore of constant 
length. But since AC and OB are at right angles, it follows that 
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the point C moves in a semicircle erected upon AB as a diameter. 
This construction leads, therefore, to the simple circle diagram 
shown in Fig/ 368, in which OC represents the stator current lagging 
by an angle ^ behind the applied E.M.F. The line OA represents 
the no-load magnetising current, whilst CA is proportional to the 
rotor current. As the load on the motor is increased, the point (J 
moves round the semicircle away from A. and towards B. The 
power supplied to the motor is proportional to I cos (f>, and can thus 
be represented to scale by CD, It is seen that this line attains a 
maximum length when it coincides with EF, which makes it clear 
why an induction motor breaks down when a certain load is reached. 
The application of a greater load causes the current to increase, 
but this results in an actual decrease in the power supplied, with 
the result that the motor comes to rest. The maximum load which 
an induction motor can overcome without pulling up is called the 
breakdown load. 

It is also seen that the ])ower factor under which the motor 
operates varies with the load and attains a maximum value con- 
siderably before the breakdown load is reached. Iji fact, the 
power factor usually attains a maximum value somewhere in the 
neighbourhood of full load in a commercial motor. 

Dispersion Coefficient. — In the theoretical motor the i)er- 
formance of which is represented by the simple circle diagram in 
Fig. 368, the line OA represents the stator current when the motor 
is running light. This is a purely idle magnetising current, since 
the losses are neglected. As no torque is required, the motor will 
run with no slip {i,e. at synchronous speed), because in these circum- 
stances there will be no rotor E.M.F. generated, and hence no rotor 
current will be produced. The flux set up by the stator is thus 
free to cut the rotor, because no back ampere-turns are set up in 
the rotor, with the result that the stator flux passes through the 
useful rotor paths and the waste leakage paths in parallel. Repre- 
senting the reluctances of these paths by and respectively, 


the joint reluctance is given by 


X Ri 

Ru 4 ” Ri 


and the magnetising current 


is represented by OA, 

Next consider the same motor to be clamped so that the rotor 
cannot move. On applying the same E.M.F. as before to the stator, 
an idle magnetising current will flow, but this time the motor acts 
like a transformer with its secondary short circuited. An E.M.F. 
will be induced in the rotor winding, which will produce a current 
owing to its being short circuited. This current will set up a 
number of back ampere-turns which will oppose the passage of 
the flux through the rotor. The stator Avill now take a current 
from the mains capable of setting up just sufficient ampere-turns 
to balance the rotor ampere-turns together ’with the ampere-turns 
necessary to magnetise the system. This really means that the 
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whole of the stator flux has been deflected into the leakage paths. 
The magnitude of the flux has not been decreased, since this depends 
upon the applied voltage, which is maintained constant. It merely 
means that one of the parallel paths through which the flux passed 
has been cut off. The flux now being confined to the leakage paths, 
it follows that a larger magnetising current is required, and this 
is given by OB (Fig. 368), since the current vector has passed 
completely round the semicircle. 

The magnetising currents in the two cases are proportional to 
the respective reluctances, since the flux is the same, and therefore 


Bui 

Therefore 


X Bi 

OA Rf(, -f- Bi 

OB ~ Bi 

Bu + Bi 


1 + 




Bj _ Useful flux 
i?„ Leakage flux 

OA ^ 1 _ _ 

OB J.Jsefurflux 

J^eakage flux 
1 

f leakage flux + Useful flux 
Leakage flux 
_ Leakage flux 

Leakage flux + Useful flux 
_ Leakage flux 
Total flux 


This ratio, which is a most imx^ortant one in induction motor 
design, is called the Dispersion Coefficient and is represented by cr, 
whilst its value largely settles the shape of the circle diagram. 
Leakage Factor. — The leakage factor is defined as the ratio 

Total flux _ 

Useful flux 


There is a direct relation betAveen this ratio and the dispersion 
coefficient, for 


X = 


Useful flux + Leakage flux 


1 + 


Useful flux 
Leakage flux 
Useful flux 
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^ ^ _ Leakage flux 

^ ~ Useful flux ’ 

X — 1 _ Leakage flux ^ Useful flux 
X Useful flux Total flux 
_ Leakage flux 
”” Total flux 


Also since 


and 


X - 1 
X 


= a. 


1 



O', 


X = 



cr 


The magnitude of the dispersion co-efficient thus settles the 
value of the leakage factor, and vice versa. 

Maximum Power Factor. — ^The maximum power factor under which 
an induction motor can operate is directly connected also with the 

dispersion coefficient. The condi- 
tions for maximum power factor are 
shown in the simple circle diagram 
in Fig. 369, where OC, representing 
the stator current, is drawn tangen- 
tial to the semicircle ACB. The 
angle of lag, is now a minimum, 
and consequently the power factor 
is a maximum. But since the angle 
OCD is a right angle, the angle ^ is 

CD 

equal to the angle ODC, and the power factor is given by . 

But CD == AD — \AB. Therefore the maximum power factor is 
equal to 

AB _ AB 

2 X OD 2 X OA + 2 y. AD 
_ AB 
2 X OAA- AB 
^ AB 
OB + OA 
^ OB- OA 
OB + oT 



Fig. 369.— Construction for Maximum 
Power Factor. 



xxvn 


INDUCTION MOTORS 


427 


Dividing top and bottom by OB this becomes 

OB _ OA 
OB OB 
OB^OA 
OB OB 

1 — a 

1 -f~ (T 

A simple aj^proximation to this formula is given by 
Maximum power factor = (1 — 2cr), 

which is near enough for the majority of purposes. 

For example, a motor having a dispersion coefficient of 0-05 
cannot work on a higher power factor than (1 — 2 X 0-05) ™ 0-90. 

Power Input. — The applied voltage being maintained constant, 
the power input is proportional to I cos <f>. But ^ is equal to the 
angle 00 D (see Fig. 370), and / is 
represeAted by 00. Therefore I cos 
and consequently the power input, is 
represented to scale by 

00 cos OOD^OD. 

The power input for any current is 

thus represented to scale by a vertical p ^ p p' p 

line dropped from the point (7 on to ^ o>,a ^ i- t> 

OB. In this way, the maximum power input, 

input is represented by EF. 

Overload Capacity. — The overload capacity may be defined as 
the maximum percentage overload that the motor will stand without 
breaking down and (neglecting all losses) is equal to 

Maximum power input — Full load input ^ 

I^iMoad inpuT ^ 

= — ^£) 370 ), 

assuming the point 0 to represent the full load conditions. If the 
ratio of the full load current to the no-load current be expressed 
by k, then 

OB ==00 cos(f> 

= k X OA X cos (j), 

and the overload capacity becomes equal to 

(h — n? J 

\k X OA X cos (f> / 

= (oi- 1 - 

\2k X OA X cos <f) / 
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But 


AB ^ OB - OA _ OR 
OA OA OA 

= 1 _ 1 

<T O' 


Therefore the overload capacity equals 


\2a' k cos <!> 


X 100. 


If the losses of the motor are taken into consideration, the over- 
load capacity is less than is given by the above formula. 

Effect of Losses. — The losses to be considered are the iron and 
friction loss and the stator and the rotor copper losses. The stator 
iron loss is practically constant for all loads, since it depends upon 
the applied E.M.F. The rotor iron loss is negligible, since the 



frecpiency is only that of the slip. The frictional loss is also practi- 
cally constant, since for all working loads the speed is approxi- 
mately constant. All these losses may therefore be regarded as a 
constant loss, and since the power input is represented by the 
height of vertical lines such as CD (Fig. 371), a horizontal line may 
be drawn through E, a little above AB, cutting off a portion of 
the vertical power lines. The height of this line is obtained from 
the no-load observation of the motor, OE representing the no-load 
current and the height of E above AB being determined by the 
no-load watts.' Strictly speaking, the line through E should droop 
downwards slightly towards the right, since as the current increases 
the slip increases, thus decreasing the frictional watts slightly, 
whilst the increased stator IR drop causes a slight reduction in 
the flux, thus decreasing the iron loss. 

Next consider the behaviour of the motor when the rotor is 
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clamped. The whole of the j)Ower input is now wasted in losses, 
and the stator current vector will take up some position such as 
OF, the vertical height, FO, representing the total losses. Of these 
OH represents the constant loss, whilst HF represents the stator 
and rotor copper losses. But since the stator current is approxi- 
mately proportional to the rotor current, the total copper losses 
may be taken as proportional to the (rotor current)^, i,e, to 
(not shown in the diagram for the sake of clearness). Now 
AC 

= cos CAB, and since AB is constant, AC is proportional to 

Jx-tS 


cos CAB 


AD 

AC' 


AD is therefore proportional to AO^, i.e. to the 


total copper losses. A line joining EF will therefore cut off 
portions of vertical power lines proportional to AD, i.e. to the 
total copper losses for the current in question. Furthermore, FH 
may be divided at K, so that UK represents the stator copper loss 
and KF the rotor copper loss. On joining EK, the cojjper losses 
for all currents are separated, the vertical distance between EH and 
EK representing the stator copper loss and the vertical distance 
between EK and EF representing the rotor copper loss. 

Having accounted for all the losses, the remainder of the vertical 
through any point, C, represents the output. Thus CD represents 
the input, DL the constant loss, LM the stator copper loss, MN 
the rotor copper loss and NC the output. 

The efficiency for any current or output can be determined 
directly from the circle diagram when the loss lines are drawn, it 
CN 

being given by x 100. The maximum output is obtained by 
Ly U 


drawing a tangent to the semicircle parallel to EF. The point of 
contact represents the point at which maximum output is obtained. 
Torque Line. — It was shown on p. 409 that 


Rotor input __ Synchronous speed 
Rotor output Actual speed 


and the rotor output is equal to 27 rnT, n being the speed and 
T the torque. The rotor input is, therefore, equal to 


2irnT X 


Synchronous speed 
Actual speed 


= 27r.T^ X Synchronous speed. 


For a constant frequency, the torque is therefore proportional to 
the rotor input, and this is given in Fig. 371 by the line CM, since 
CH is the output and KM the rotor copper loss. The scale, in 
Ib.-ft., can be obtained from a knowledge of the rotor input, in 
watts, and the speed at any one point, the watts being converted 
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in H.P. and then into foot-lb. per minute. The starting torque is 
given by PK, but by inserting resistance in the rotor circuit the 
point F is moved round the semicircle towards A, and the starting 
torque is thus increased up to a maximum value. The maximum 
torque is obtained by drawing another tangent to the semicircle, 
this time parallel to EK, the point of contact indicating the required 
maximum torque. The necessary starting resistance to obtain 
the maximum starting torque is obtained from the line PQB. QR 
represents the watts lost in the rotor and PQ those lost in the 
starting resistance. Since the currents are the same in both, the 
magnitude of the external resistance per phase is given by 

PQ 

^ P X Rotor resistance j)er phase . 


Determination of Slip from Circle Diagram. — Consider the equation 


Rotor losses 
Rotor input 


Speed of slip 
Synchronous speed 


(see p. 409). 


The slip is therefore proportional to ~ 

the motor is clamped, the stator current is OF and the slip is 
FK. 

given by = unity or 100 per cent. For any output such as 
Jb K 


CNy the slip can be read off the diagram and expressed as a per- 
centage. This construction indicates clearly the effect of an 
increase in the rotor resistance, which increases the rotor losses 
and consequently NM^ to which the slip is proportional. 

Experimental Determination of Circle Diagram. — In order to draw 
the circle diagram of a motor, it is necessary first to make an 
observation of the no-load current, watts and power factor at the 
correct voltage and frequency. Commencing with the main hori- 
zontal and vertical lines, the no-load current is set off to scale, the 
angle of lag being determined from the no-load power factor which 
is obtained from the voltmeter, ammeter and wattmeter readings. 
It is convenient to let the current vectors represent the line values, 
whilst the vertical power lines are made to represent the total power 
of all the phases. The point E on the circle diagram (Fig. 371) is 
thus determined. It is now necessary to obtain another point or 
series of points on the semicircle, preferably far removed from E. 
For this purpose, the rotor may be clamped and the short circuit 
current measured, thus obtaining the point F. The height of F 
above AB is determined either from the angle of lag of the current 
or from the watts supplied to the motor. Unfortunately, however, 
the current which would flow if the normal voltage were applied 
would be such as to burn out both stator and rotor. It is therefore 
necessary to reduce considerably the voltage applied to the stator 
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to prevent this occurring. The stator current actually measured 
in this way must then be increased in the direct ratio o^ the normal 
voltage to the actual voltage applied. This assumes that the 
stator current is proportional to the voltage, and this is not strictly 
true, on account of the different flux densities set up in the core. 
To minimise this error as much as possible, it is desirable to pass as 
large a current through the motor as is safe in order to approximate 
to the actual conditions. Even then the accuracy of the position 
of the short circuit point is scarcely good enough to warrant the 
drawing of the semicircle without further data. In place of the 
short circuit point a number of readings in the neighbourhood of 
full load may be employed, including some on considerable overload. 
The position of each point is marked off from a knowledge of the 
corresponding values of the current and watts. A semicircle is 
then drawn through the no-load point, the various load points and 
the short circuit point if the latter has been obtained, the centre 
of the semicircle lying on OB, The disadvantage of relying on 
the load points is that they are comparatively close to the no-load 
point, ihiis making it difficult to draw in the semicircle accurately, 
whilst the disadvantage of relying on the short circuit point lies in 
its dubious accuracy. Obviously, the best effect is obtained by 
employing both methods, a mean semicircle being drawn through 
all the points. Points on the upper regions of t^e semicircle, 
including the unstable portion to the right of the maximum output 
point, can be obtained by clamping the rotor and inserting the 
starting resistance in the rotor circuit. This is equivalent to increas- 
ing the rotor resistance and the losses occurring in the rotor circuit. 
The vertical height, FK (Fig. 371), is thus increased, which means 
that the point F is moved round the semicircle towards the left. 
By putting the handle of the starting resistance in various positions, 
a number of observations may be made giving points in the unstable 
region. By still further increasing the resistance of the rotor circuit, 
points all round the semicircle can be obtained, and these additional 
points should agree with the load readings already obtained. 
Care must be taken to obtain these observations rapidly, as other- 
wise there is a danger of the starter or the motor being burnt out. 
The difierence between these readings with the rotor clamped and 
those with the motor running and giving an output is that the 
power which goes to the external load in the one case goes to heat 
up the starting resistance in the other. From the point of view of 
the circle diagram, it does not matter whether the watts are dissi- 
pated at the pulley or in the external resistance. 

Having made the semicircle, a horizontal line is drawn through 
E to represent the constant iron and friction loss. 

The lines representing the stator and rotor copper losses are 
next drawn in. For this purpose the stator and rotor resistances 
are measured, together with a corresponding pair of values for the 
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currents in the two circuits. The watts lost in each are now calcu- 
lated. If there is a different number of phases in the stator and 
rotor, this must be taken into account. A vertical line through F 

, 1 T 1 1 . HK Stator copper loss 

IS now drawn and divided at K so that r“* 

HF Total copper loss 

If the rotor is of the squirrel cage type, the actual stator copper 

loss must be calculated for the current OF and HK measured off 

to the scale of watts already determined. If the short circuit 

point, F, is not available, the losses for some known load must be 

measured. Points such as L, M and N corresponding to a current, 

0(7, can thus be determined and the loss lines drawn through these 

points. Unfortunately, these points lie fairly close together, and 

a considerable error is liable to be introduced in drawing the 

diagram. 

To obtain the torque scale, the slip is measured from the diagram 
for one particular output. This gives the speed from which the 
torque can be calculated, since the output is known. 

Importance of a * — It is seen that the relative shape of the circle 
diagram is largely dependent upon the value of cr. The no-load 
current is greatly affected, and this in turn affects the power factor 
of the motor. An increase in the value of u results in a decrease 
in the maxim, um power factor, thus causing a slightly larger current 
to flow, which in turn causes a slight drop in the efficiency. An 
increase in a also results in a decrease in the overload capacity of 
the motor. This is seen to be the case, since, for a constant applied 
voltage, the total stator flux OB (Fig. 371) may be considered 
constant, and an increase in <r will consequently result in an increase 
in OA and a decrease in AB, The diameter of the circle is thus 
reduced, resulting in a decrease in the maximum power output. 
If the full load is the same as before, this is equivalent to saying 
that the overload capacity is reduced. It is therefore desirable 
to aim at obtaining a low value for cr when designing an induction 
motor. 

Effect of Air-gap Length. — The length of the air-gap exerts a great 
influence on the magnitude of the leakage flux, inasmuch as the 
reluctance of the paths of the useful rotor flux is largely determined 
by it. The reluctance of the leakage paths is independent of this 
dimension, and so the value of cr depends to a very great extent 
upon the radial length of the air-gap. An increase in this direction, 
therefore, affects adversely both the power factor and the overload 
capacity of the motor to a very considerable degree, and to prevent 
this it should be reduced to the smallest possible limits consistent 
with good mechanical design. This is the reason why induction 
motors are designed with very much smaller air-gaps than C.C. 
motors of the same size, the lengths varying from 0-02 inch for a 
rotor diameter of 5 inches up to 0-126 inch for a diameter of 4 feet. 
The ordinary bearings with a spherical seating, commonly adopted 
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for C.C. motors, are thus unsuitable, a more rigid design being 
necessary. 

Effect of cr on Characteristics. — In order to study the effect of 



0 i i I 1 


Load 

Fia. 372. — Effect of a- on Currpnt. 


cr on the characteristics of motors of the same size and output, three 
cases have been chosen in which the values of a have been taken 



Fiq. 378. — Effect of a on Power Factor. 


to be 0-04, 0-07 and 0-10 respectively. From the three circle 
diagrams curves have been plotted in Figs. 372 and 373, showing 
the relationships between (a) the current and the output and (6) the 

F F 
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power factor and the output for each case. The inferiority produced 
by the larger values of cr is clearly seen from these curves. The 
no-load currents for the three motors are widely different, whilst 
the breakdown loads are also affected. The following table gives 
some comparative data for the three motors, obtained from their 
circle diagrams. 


Motor No. 

1 

2 

3 

ff ... ... ... 

0 04 

0*07 

0*10 

No-load Current 

8-5 

15 

21 

Full Load Current 

37 

41 

45 

Full Load Power Factor 

0*92 

0*85 

0-78 

Overload Capacity 

123% 

112% 

101% 

^ . No-load Current 

Full Load Current 

0-23 

0*37 

0-47 



CHAPTER XXVIII 


INDtJOTION MOTOHS. — DESIGN 


Specification. — In order to design an induction motor, it is 
necessary to know the voltage, frequency and number of phases 
of the supply, together with the B.H.P. and speed required. With, 
a given frequency, only certain speeds are possible, these being 
determined by the number of poles. The efficiency and power 
factoj? at which the motor is expected to work are specified also in 
a number of cases. 

Number of Poles. — ^The relation between the frequency, number 
of poles, and synchronous speed is the same as for alternators, the 
formula being 


n being the synchronous speed in r.p.m. The actual speed is about 
4 or 5 per cent, less than the synchronous speed, the difference 
depending on the slip. 

Efficiency. — In Fig. 374 (a) and (6) are shown the average full 
load efficiencies of modern induction motors, and these figures 
should be aimed at in designing a new motor. 

Power Factor. — In Fig. 375 (a) and (6) are shown the average full 
load power factors of modern induction motors, which should 
also be aimed at in a new design. 

Motors having a large number of poles will have a relatively 
larger leakage flux owing to the reduced pole pitch. This increases 
the value of a and reduces the power factor, so that for motors 
having many poles the lower values on the curve should be taken. 
In the same way, motors operating on a low frequency will have a 
small number of poles for a given speed, and, consequently, 25-cycle 
motors may be expected to operate with slightly higher power 
factors than 60-cycle motors. 

Output Coefficient. — An empirical formula of the D^L type holds 
good with induction motors just as with alternators (see p. 274), 
this formula being 


B.H.P. 

r.p.m. 


= Jfc X 
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D being the air-gap diameter, L the gross length of the core, and 
jfc the output coefficient. 

The average values of the output coefficient for modern poly- 
phase induction motors operating on a frequency of 50 cycles per 
second are shown in Fig. 376 (a) and (b). For 25-cycle motors 
these figures can be increased by about 20 per cent. The values of 
the output coefficient shown in the curves must not be taken as 
being rigidly fixed, since various manufacturers differ somewhat in 
this respect. 

Air-gap Diameter. — The air-gap diameter depends upon the B.H.P. 
and the speed in the same manner as the output coefficient. Of 
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B.H.P. 
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B.H.P. 

Fia. 374.— Efficiencies of Polyphase Induction Motors. 

(a) Up to 10 B.H.P. (6) Up to 100 B.H.P. 

course, the diameter increases as the B.H.P. goes up, but since the 
bulk of the carcase is inversely proportional to the speed, it is also 
necessary to increase the diameter for the low speeds in order to 
make room for the larger number of poles. An empirical relation 
connecting the product of the diameter (in inches) and the speed 
with the output is shown in Fig. 377, which represents average 
practice for 50-cycle motors. The values of diameter x speed 
should be increased by 15 to 20 per cent, for 25-cycle motors and 
equivalent modifications made for other frequencies. The diameters 
obtained in this way will correspond to peripheral speeds of from 
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2,500 to 5,000 feet per minute. The latter value represents the 
maximum speed at which the rotor should be run, and the peripheral 
velocity for any design should be worked out to see that this figure 
is not exceeded.^ \ ' 

Core Length.^^^ — When the air-gap diameter has been settled the 
gross length of the core can be determined approximately, since the 
value of is known>^^'- i ^ 

When a complete line of motors is to be designed, it is the usual 
practice to have two or three core lengths for each diameter. The 
most economical designs are not obtained in this way, considering 
each one separately on its own merits, but it leads to a reduction in 




0 20 40 60 80 100 

B.H.P. 

Fiq. 375. — Power Factors of Polypha.se Induction Motors. 
(a) Up to 10 B.H.P. (6) Up to 100 B.H.P. 


the manufacturing costs, since it reduces the number of patterns 
required. If three motors have the same diameter and differ 
merely in the length of their cores a largo number of their parts 
are similar. The middle machine is designed for the particular 
diameter in question, the short length one having rather too large 
a diameter and the long length one rather too small a diameter 
than would be expected if they were designed separately. 

Ventilating Duets. — The usual practice with regard to the number 
and width of the ventilating ducts is similar to that which obtains 
in the case of alternators. They are spaced usually about to 
3 inches apart and vary from f to | inch in width. 
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Flux Densities.— Suitable values for the average flux densities 
in various parts of the magnetic circuit can be obtained from the 



Inch measure Cm. measure 


Fig. 376.— Output Coefficients for Polyphase Induction Motors. 

following table. The flux distribution in the air-gap and in the 
teeth is not uniform, however (see p. 389), and the maximum flux 



0 10 20 30 40 50 60 70 80 90 100 

B.H.P. 

Fig. 377.-Relation between DxR.P.M. and B.H.P. 

Polyphase Induction Motors : / => 50. 

For/ = 25 increase I) x R.P.M, by 15 per cent. - 20 per cent. 


density is obtained by multiplying these average values by 1'7 and 
1 ’94 for three- and two-phase motors respectively. These constants 
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do not affect the flux in the iron at the back of the teeth in either 
stator or rotor, since this is due to the average effect of all the 
phases and averages itself out over the whole section. 



Average Flux Density. 

Part. 




Lines per sq. in. 

Lines per sq. cm. 

Air-gap 1 

19500 

3000 

Stator Teeth 

52000 

8000 

Stator Iron behind Teeth 

42000 

6500 

Rotor Teeth 

55000 

8500 

Rotor Iron behind Teeth 

65000 

10000 


Flux per Pole. — The total air-gap flux per pole is obtained by. 
multiplying the density in the air-gap by the area of the air-gap 
per pole. The area of the air-gap may be taken as being the average 
of the areas of the tops of the teeth per pole in both stator and rotor, 
adding 20 per cent, to allow for fringing. If semi-closed slots are 
employed, the iron top of the tooth may be assumed to be O-S of 
the tooth pitch as a first approximation, whilst 0-5 may be taken 
for open slots. » • 

Another method of obtaining a tentative value for the flux per 
pole is to consider the teeth. Assuming a slot width equal to the 
tooth width, the circumferential length of iron per pole is half the 
pole pitch. The axial length of iron is found by subtracting the 
total length of the vent spaces from the gross length of the core 
and then multiplying by 0-9 to allow for the laminations. The 
area thus found is then multiplied by the desired tooth density to 
obtain the total flux per pole. A suitable value can now be chosen 
from a consideration of both methods. 

Number of Stator Conductors. — The required number of stator 
conductors is obtained from the formulae given on p. 410, viz.. 


and 


N 


E X 108 
2-1 x/4> 


for three phase motors 


_ .g; X 108 
“ 2 


for two phase motorC 


E is the voltage per phase and is times the line voltage for 


three phase star-connected motors. A further small allowance may 
be made if required for the IR drop in the winding. 

The final number of conductors chosen must be a multiple of 
the number of slots. 

Ampere-conductors per Inch Diameter. — The number of ampere- 
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conductors per inch diameter in modern motors generally lies 
between certain limits which are given in the following table. 


Air-gap Diameter. 


Up to 12" 
12 "~ 20 " 
20 "— 40 " 


Ampere-conductors 
per inch Diameter. 


800—1000 

1000—1500 

1500—1800 


This value is obtained by multiplying the number of stator 
conductors by the full load current which can be calculated approxi- 
mately and dividing by the air-gap diameter. 

This calculation serves as a check on the design as far as it has 
gone. 

Number of Stator Slots. — The number of slots must be a multiple 
of the phases times the poles, and it is usual to allow 3, 4 or 5 slots 
per pole per phase. The proper number can generally be determined 
by considering the slot pitch and the number of conductors which 
it will be necessary to put into each slot. 

S^ze of Stator Conductors. — Knowing the current, the size of the 
stator conductors can be determined by allowing a current density 
of from 1,50(Mo 2,000 amperes per square inch, the higher figures 
referring to the smaller sizes of conductors. For low currents wire 
will be most convenient to use, whilst for the higher currents former 
wound coils of bar or strip should be adopted, since anything above 
about No. 12 S.W.G. is difficult to wind. The use of strip has an, 
advantage, since it brings about a higher space factor in the slot. 


• ♦ 77 * 

A circular wire has a cross-sectional area of occupies a 


space of in the slot, and, apart from any insulation at all, this 
brings the space factor down to 0*78. 

The space factors ordinarily employed will vary from 0*25 to 
0-4, high voltage machines having the lower values and bar windings 
being superior to wire windings. 

Size of Stator Slots. — ^When the number of conductors per slot 
has been obtained, an approximate area of slot can be calculated. 
The width of tooth and slot should be made about the same, 
thus giving the depth. The conductors should now be arranged 
in the slot, putting in the necessary insulation, and the final 
dimensions of the slot can be decided upon by adjusting it to fit 
the conductors. 

Depth of Stator Iron. — The stator iron behind the teeth carries 
half the flux per pole, and by using the flux density given in the 
table on p. 439 the required cross section of iron can be obtained. 
When this ^rea is divided by the net iron length of the core, it gives 
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the depth of iron required behind the stator teeth. This enables 
the outer diameter of the stator stampings to be calculated. 

Stator Copper Loss. — The resistance of each winding can be calcu- 
lated by estimating the length of wire and assuming a specific 
resistance of 0-8 microhm per inch cube (hot). Knowing the current, 
the watts lost per phase and the total for all phases can now be 
determined. 

Stator Iron Loss.— The combined hysteresis and eddy current 
loss may be obtained by reference to Fig. 378, which gives the core 
loss in watts per unit volume at unit frequency. The value thus 
obtained must be multiplied by the frequency and the volume of 
iron. For greater accuracy the iron loss in the teeth and in the 
iron at the back of the teeth may be obtained separately. 

Cooling Surface. — The cooling surface may be determined in just 
the same way as was done in the case of alternators. The inner 



Fig. 378. — Stator Core Losses. 


and outer cylindrical surfaces are taken, together with the two 
ends of the core and one side of each ventilating duct. 

Estimated Temperature Rise of Stator. — With normal designs a 
temperature rise of the stator of about 40^ C. should be obtained 
when the watts to be dissipated are about one per square inch. As 
a first approximation, the temperature rise may be taken as being) 
proportional to the watts dissipated per square inch, but this rule! 
is by no means accurate, as the temperature rise in a particulaij 
motor depends to a very large extent upon its mechanical design^ 

Air-gap Length. — Very small air-gap lengths are adopted (see 
p. 432) ; suitable values may be obtained from Kapp’s rule, which is 

S^-fapInSes} = 0-008 + 0-0025 x Rotor diameter in inches. , 

Number of Rotor Slots'.— /The same number of slots should not be 
used on both stator and r®or, since if this is done there are some 
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positions of the rotor in which the magnetic reluctance is very 
much less than it is when the rotor is in intermediate positions. 
The rotor tends to jump into these positions of minimum reluctance 
and the motor does not start up as well as it otherwise would. 

/ It is usual to put more slots in the rotor than in the stator, 
the ratio being of the order of 1*25 to 1*5. The number of rotor" 
slots must also be a multiple of the poles x phases. 

In the case of squirrel cage rotors, it is usual to adopt a prime 
number for the number of rotor slots. 

Rotor Winding. — The actual number of rotor conductors does 
not much matter. If there is a large number of turns in series, 
the open-circuit voltage of the winding is considerable, whilst if 
fewer turns of larger cross section are employed, the current at 
the slip rings becomes increased. It is therefore a simple matter 
to arrange a suitable winding. 

Size of Rotor Slots. — The size of the rotor slots can be deter- 
mined by assuming a similar current density to that in the stator 
winding and then finding the required slot space. Since the induced 
voltage per winding will probably be low, a fairly high space factor 
should be obtained. The dimensions of the slot can then be settled 
to suit the winding. 

Depth of Rotor Iron. — The required depth of rotor iron behind the 
teett can be determined in the same 


way as in the case of the stator, 
from which the internal diameter 
of the rotor stampings can be ob- 
tained. The question of whether to 
put in a spider or to key the stamp- 
ings direct on to the shaft will be 
settled by this internal diameter of 
the stampings. If no spider is em- 
ployed, axial ventilating ducts should 
be provided to supply the air inlet 
for the radial ventilating ducts frdm 
which the air is thrown out by 
centrifugal force. 

Squirrel Cage Rotors. — The number 



of rotor slots should preferably be chosen a prime number and as 


high as is practicable. The current per bar is 


^ Stator conductors 

Stator current x ^ i- — i' 

Rotor conductors 


With a density of 3,000 amperes per square inph, this settles 
the area of the rotor bar and consequently that of the rotor slot as 
well. The dimensions of the latter should be such as to leave 
sufficient tooth area to carry the magnetic flux. 

Tp fi^tJcnlate the current in the end ring, consider Fig. 379, 
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which represents a two pole squirrel cage winding, the two end rings 
being shown as two circles with the bars joining them. The figures 
against the bars represent the currents in them at a particular 
instant, 100 amperes being taken as the maximum. The currents 
in the other bars decrease according to a sine law. The current 
in the bar carrying 100 amperes flows into the end ring, 50 amperes 
in each direction. A little further on this 50 amperes is reinforced 
by 86-6 amperes from the next bar, making 136*6 amperes in the 
next section. The next bar adds another 50 amperes, making a 
total of 186*6 amperes, which is the maximum current carried by 
the end ring. This maximum current is thus seen to be the sum 
of the instantaneous values of the currents in half the bars per 
pole. Assuming a perfect sine law, the average current per bar is 

I ... 

— = 0*97, and the maximum current in the end ring becomes 


0*97 X 


N 

2p’ 


where 'p is the number of poles and N the number of bars. The 
R.M.S. current in the end ring is 


X 0*97 X 

V2 

0*3 187iV 

P 


N 

2p 


It is seen that not only does the current in any one section of 
the end ring vary sinusoidally with time, but that there is a 
sinusoidal space variation as well. 

With a current density of 4,000 amperes per square inch in the 
end ring, its section becomes 
0*3187i\r 
4000p 

IN 

— 0*00008 — square inches. 

P 


Copper Loss in Squirrel Cage Rotors.— If A and L be the cross- 
sectional area and length, respectively, in inch measure, the total 
copper loss in the bars is 

N xPx p^* 


With a current density of 3,000 amperes per square inch, the 
total full load copper loss in the bars becomes 

N X I,X 3000 X pL 
= N x-I X 3000 X 0*8 X 10-81 
= 00024N7I. 
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The full load copper loss in the two end rings is 


CH. 


2 X 


^0;3187Ny 


X 0-8 X 10"® 


irDp 

b-OOOOSIN 


= 0 0064 


IND 

j 

P 


D being the rotor diameter. 

The total full load rotor copper loss is therefore 

0 0024NIL + 0 0064 

P 

= NI (^0-0024L + 0-0064 


and this enables the full load slip to be determined. 

Copper Loss in Wound Rotors.— In the case of wound rotors, the 
copper loss is obtained by estimating the resistance of each phase 
from its dimensions and assuming that the rotor current 

, Stator conductors 

= Stator current X h- r t- * 

Kotor conductors 


^Estimated ^^Temperature Rise of Rotor. — The rotor will have to 
dissipate only the PR loss in the winding, since the iron loss is 
negligible owing to the very low frequency, viz., that of slip. The 
frictional loss may be supposed to be dissipated in the bearings. 

Estimating the cooling surface in the same way as for the stator, 
the temperature rise may be calculated by allowing 20® C. rise for 
every watt per square inch of cooling surface. It must be under- 
stood that this calculation is only very approximate. 

Friction and Windage Loss. — This will vary from about 3 per cent, 
in a 5 B.H.P. motor down to about 1 per cent, in a 200 B.H.P. 
motor, whilst for the largest sizes of all it will drop to something of 
the order of f per cent. 

No-load Current. — ^The ampere-turns per pole for the air-gap 
= 0*313 X Ig X B, 


where ly is the length of the single air-gap and B is the average 

air-gap density in lines per sq. in. But the total ampere-turns 

per pole are twice the ampere-turns per pole per phase for a three 

, , , maximum flux density 

phase motor (see p. 390), and also the ratio 

^ \ jr / average flux density 

is 1-7 (not 1*57). 

The maximum ampere-turns per pole per phase therefore 


0*313 X L 


I. 

X B X 2 ’ 



C in Hobart's Formula 
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and the R.M.S. ampere-turns per pole per phase 

1*7 

= 0'313 xlgX B X 
== 019i, X B, 

The magnetising current per phase for the air-gap 
_ 0-19 xlg X B 

turns per pole per phase 

For a two phase motor the constant becomes 0*3 instead of 0*19. 
The magnetising current for the iron path will be about 10 to 
30 per cent, of the above, the value depending largely upon the 

18 
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Flo. SSO.—Valiies of C in HobarVs Formula. 



width of the slot openings. The wider the slot opening the greater 
is the density in the teeth and the more the magnetising current. 
The power component of the no-load current 

_ Power to drive motor light 
V3 X Line voltage 
The total no-load current 


= V (Power component)*^ + (Magnetising current)^. 

Estimation of a . — The value of a can be estimated fairly closely 
by a formula due to Hobart, viz.. 


^ C X O' X 


Air-gap length 
Pole pitch 


The values of C and O' can be read off the curves in Figs. 380 and 
381. For squirrel cage motors a third constant, having an 
approximate value of 0*75, should be introduced. 
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Another formula for the estimation of <r is due to Behn- 
Eschenburg, and is 

I Iq I 6 Ig 

^ XN X ipp ) (pp-Y 

where N = average number of slots per pole for stator and rotor, 
X = average width of slot opening, 

Ig = air-gap length, 
and ipp.) ==■ pole pitch. 

Dimensions are in cm. 



0’6 1-0 1-8 2-2 2-6 S'O 3-4 3-8 

Air-gap Length in Cm. x Mean Slots per Pole (Stator and Rotor) 

Fig. 381, — Values of C' in Hobart's Formula. 


Predetermination of Circle Diagram. — The necessary data for 
predetermining the circle diagram have now been worked out. 
Referring to Fig. 371, the no-load magnetising current enables 

OA 

the point A to be determined and OB = — . The circle can thus 

a 

be drawn straight away. The power component of the no-load 
current fixes the vertical height of the line EH. The resistances of 
the stator and rotor windings being known, the point F can be 
obtained by trial, so that FH (to the same scale that HO represents 
the no-load power to drive) represents the total copper loss for the 
current OF. FH can now be divided at K, so that 

FK Rotor copper loss 

KH Stator copper loss 

The torque line is obtained by joining EK. 

Full Load Current, Power Factor and Efldciency. — ^These values can 
now be obtained from the circle diagram in the usual way. The 
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“ apparent efficiency,” which is the product of the true efficiency 
and the power factor, shoTild be calculated also. If desired, the 
complete performance of the motor can be worked out from the 
circle diagram. 

Example of Design. — ^As an example, a design will now be worked 
out for a 10 3-phase, 50-cycle, 440-volt motor having a 

synchronous speed of 1,000 r.p.m. 

Number of poles = 6. 

An efficiency of 0’86 and a power factor of 0*86 will be aimed at, 
these figures representing average practice. This gives the full 
load current as 

lO^X 746 

Vs X 440 X 0-85 X 0-86 
= 13‘6 amperes. 

Choosing an output co-efficient of 11 x 10"®, we get 

®’'^ = i(jooxlrx ,0-. 

= 910. 

From Fig. 377, D x r.p.m. = 11000, 
so that D = 11 in. 


The core length L 


910 

112 


= 7-5 in. 


There will be two ventilating ducts, each 0-375 in. wide. 

The flux per pole will now be worked out. The pole pitch 

= 5-76 in. and the net iron length of the core 


= (7-5 — 2 X 0-375) X 0-9 = 6-08 in. Semi-closed slots will be 
used in both stator and rotor, and the iron length per pole pitch 
= 0-8 X 5-76 = 4-61 in. The air-gap area per pole 


— 4-61 X 6-08 X 1-2 — 33-6 sq. in. 

Assuming an average flux density of 19500 lines per sq. in., the 
flux per pole is 19500 X 33-6 == 660000 lines. 

The required number of stator conductors per phase 


440 X 10® 

Vs X 2-1 X 50 X 660000 


366. 


Choosing three slots per pole per phase, this gives 54 total slots 
and 18 slots per phase. There will be, therefore, 20 conductors per 
slot, giving 180 turns per phase. 

The ampere conductors per inch diameter 


13-5 X 1080 

• . - - - 


1300, 


which is rather high. 


11 
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Using No. 13 S.W.G. wire for the stator conductors, this gives 
13*5 

a current density of = 2030 amperes per sq. in. The 

diameter of this wire = 0'092 in. bare and 0‘104 in. with d.c.c. 
insulation. With a slot lining of 40 mils of press-spahn the 20 con- 
ductors can be arranged in ten layers, alternate layers being 
staggered, in a semi-closed slot 1-375 in. x 0-375 in. with an opening 
of 0-125 in. 

The flux carried by the stator iron behind the teeth 


660000 


= 330000 lines. 


and with a density 
cross section 


The net iron length 


of 42000 lines per sq. in. the required iron 


330000 

42000 


== 8 sq. in. 


= (7-5 - 2 X 0-375) X 0-9 == 6-08 in. 


Required depth of iron behind teeth 


8 

6-08 


1-32, say 1-5 in. 


Outer diameter of stator stampings 

=- 11 +2 (1-375 + 1-5) = 16-75 in. 
Length per turn of winding 

= 2 X pole pitch + 2 (core length + 2) 

= 2 X 5-76 + 2 x 9-5 — 30-5 in. approximately 

Resistance per winding (hot) 

. „ . 30-5 X 180 ^ _ , 

= 0-8 X 10 -« X =0-66 ohm. 

0-00665 

Total stator copper loss 

= 3 X 13-52 X 0-66 = 360 watts. 


To get the stator iron loss, the volume of the stator iron is 
required. The average tooth width 


7r(ll + 1-375) 
54 


- 0-375 = 0-345 in. 


Volume of stator teeth 


= 54 X 0-345 X 1-375 x 6-08 == 155 cu. in. 
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Volume of iron behind teeth 



Watts lost in iron behind teeth 

= 0*009 X 440 X 50 == 200 watts. 

Total stator iron loss 

== 60 + 200 == 260 watts. 

Stator cooling surface 

= TT X 16-75 X 6-75 -f- tt 11 X 6-75 + 4 X | (16-752 - IP) 
= 1090 sq, in. 

Watts per sq. in. 

_ 360 + 260 _ 

1090 ^ 


The temperature rise of the stator will, therefore, be quite 
reasonable. 

A wound rotor will next be designed. 

Air-gap length 

== 0*008 + 0*0025 X 11, say 0*035 in. 

Choosing four slots per pole per phase, this gives 72 slots in all. 
A bar winding will be adopted with four conductors per slot, 
giving 48 turns per phase. The rotor current is approximately 

• 180 _ 

= 13*5 X = 50 amperes. 


G G 
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Choosing a strip with a section 0-08 x 0'25 = 0*020 sq. in., a 
50 

current density of = 2500 amperes per sq. in. is obtained. 

This winding can be made to fit in semi -closed slots 0*23 in. x 0*75 in. 
with a slot opening of 0-10 in. 

As in the stator, a depth of iron of 1*75 in. will be allowed 
behind the teeth, making the inner diameter of the rotor stampings 

11 - 2 (0-75 -f 1-75) =6 in. 

The length of the mean turn of the rotor winding will be 
approximately the same as in the stator, and the rotor resistance 
per phase (hot) 

qo-f? V 

= 0-8 X 10-« X Q 020 "" 

Rotor copper loss 

= 3 X 502 X 0-058 = 440 watts. 


Rotor cooling surface 


= 7r X 11 X 7-5 + 7r X6 X 7-5 + 4 X| X (IP - 62) = 670 sq. in. 


Watty per sq. in. 


440 

670 


0 ' 66 . 


The temperature rise of the rotor will also be quite reasonable. 

Taking the friction and windage loss at aliout 3 per cent, of 
the outjiut, this becomes 

0*03 X 7460 = 220 watts. 

Total losses 


360 -1- 260 + 440 + 220 1280 watt 

Magnetising current per phase for the air-gap 

0-19 0 035 X 19500 , 

(seep. 445) 

— 4-3 amperes. 

Adding 10 per cent, for the iron path, this becomes 
1-1 X 4-3 == 4-7 amperes. 

The power component of the no-load current 
260 + 220 


V3 X 440 


= 0-6-3 ampere. 
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Actually this would be rather larger, since the no-load copper 
losses are neglected, but the difference is not noticeable in the 
final no-load current. 

Total no-load current 

= V4-7^ -1- 0-632 = 4-8 amperes = 35-6 per cent, full load current. 
The estimated value of <r, obtained from Figs. 380 and 381, is 

o- = 10 X 1-27 X = 0 077. 


According to Behn-Eschenburg’s formula 

3 0 035 X 2-54 , 6 x 0 035 x 2-64 

~ 10-62 0-1126 X 2-54 x 10-5 x 5-76 x 2-54 5-76 x 2-54 

= 0-0272 + 0-0020 + 0-0365 
= 0-066. 


A value of 0-07 will be assumed, taking both methods into 
consideration. This gives a maximum power factor of 


1 - 0-07 
1 -f 0-07 


= 0-87, 


and a full load power factor of 0-86 is obtained from the circle 
diagram of the motor, for which the necessary data is now avail 
able. The circle diagram also gives the approximate short circuil 
current as 65 amperes and the maximum B.H.P. as 25, thus 
crediting the motor with an overload capacity of 150 per cent. 

The full load efficiency is 

7460 _ „ 

7460 -+-1280 ^ 


and the full load apparent efficiency is 


Full load current 


Full load slip 


Full load speed 


0-855 X 0-86 == 0-735. 

^ lAm 

Vs X 440 X 0-735 
= 13-3 amperes. 

Rotor l^R loss 

Rotor input 
^ 440 

“ 7460 + 220 -f 440 
=5= 0-054, say 5-5 per cent. 
= 945 r.p.m. 


O a 2 
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Alternative Squirrel Cage Rotor. — Choosing 43 slots, a slot pitch of 
TT X 10-93 ,, current per bar is 


43 


: 0-80 in. is obtained. 

1080 


13-3 X 


43 


330 amperes. 


Using bars with a cross section of in. x in., a current density 
of 2800 amperes per sq. in. is obtained. These bars will go in slots 
I in. X Jin. The maximum tooth width is 0-80 — 0-376 = 0-425 in., 

and the minimum 0-80 X ^ _ 0-375 = 0-362 in. 

The R.M.S. current in the end ring is 


0-318 X 330 X 43 
6 


(see p. 443) 


= 750 amperes. 

The required cross section of the end ring, at 4000 amperes per 
sq. in., 


750 

4000 


= 0-1875 sq. in. 


An end ring with a cross section of | in. x J in. is suitable, 
since this gives the desired cross-sectional area. 

The total full load rotor copper loss 

= 43 X 330 (0-0024 x 7-5 -f- 0-0064 x V) (see p. 444) 

= 420 watts 


as compared with 440 watts for the wound rotor. 

The full load slip would be about the same in the two cases. 



CHAPTER XXIX 


MOTOR CONVERTERS 

General Arrangement. — The motor converter consists of an ordinary 
induction motor with a wound rotor and a C.C. generator, rigidly 
coupled together and arranged either with two or three bearings 
according to individual circumstances. An illustration of a 1500 
k.W., three-bearing motor converter is shown in the frontispiece. 
In addition to the mechanical coupling, the two rotating elements 
are also connected together electrically, a hollow shaft being 
employed for the purpose of carrying the connecting leads. 

Connections. — The diagram of connections for a three phase 
motor converter is shown in Fig. 382, which represents a set having 
two poles on both A.C. and C.C. sides. The stator of the induction 
motor is wound for the same number of phases as the supply, but 
the rotor is usually provided with a twelve phase winding. When 
running normally, these twelve phases are connected in star, the 
outer ends being connected to twelve equidistant points on the 
C.C. armature, from the commutator of which the main continuous 
current is collected. This end of the set usually is provided with 
interpoles, and may be either shunt or compound wound. When 
starting up, only three, or in the largest sizes six, phases of the 
rotor of the induction motor are used, these being connected to slip 
rings and thence to a starting resStance in the usual manner with 
induction motors. In addition, a short circuiting ring is mounted 
at the end of the slip rings for the purpose of short circuiting the 
whole of the inner ends of the twelve phases when the normal 
running conditions have been attained. A synchronising voltmeter, 
which is used during starting up, is also connected across two of 
the slip rings, as shown in the diagram. 

Principle of Action. — Assuming that the combined set is running 
at some definite spee)^, the rotor of the induction motor will have 
E.M.F.’s induced in it corresponding in phase and magnitude to 
its slip. These E.M.F.’s will produce currents in the armature of 
the C.C. generator, which will, in addition, have another series 
of E.M.F/s induced in it on account of its rotation in its own 
magnetic field. The frequency of the E.M.F.’s supplied from the 

468 
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induction motor is that of slip, whilst the frequency of the E.M.F.’s 
due to pure generator action is determined by the speed. For these 
two frequencies to be the same, the induction motor must run with 



a slip of 50 per cent., or, in other words, the set must run at half 
synchronous speed. If the speed differs from this value by some 
small amount, one of these frequencies goes up and the other 
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down, so that circulating currents will flow round the two rotating 
elements, just as in the case of two alternators, and a large syn- 
chronising force is produced tending to make the two frequencies 
equal. The normal running speed of the combination is thus half 
the speed of synchronism, and it behaves as a single synchronous 
machine. 

As the rotor of the induction motor is rotating with a slip of 
50 per cent., it follows that it is running with an efficiency of 50 per 
cent, (neglecting the stator losses). Half the power input is trans- 
formed into mechanical form by the ordinary motor action, and the 
remaining half is transmitted to the rotor by transformer action. 
The mechanical power developed goes towards driving the C.C. 
generator through the rigid coupling, whilst the electrical power 
developed in the rotor is supplied to the armature of the C.C. 
generator and helps to drive it by rotary converter action. The 
])ower given out at the commutator in C.C. form is due to the sum* 
of these two effects, one half of it having been converted by motor- 
generator action, and the other half by transformer and rotary 
converter action. Thus the A.C. end operates half as an induction 
motor and half as a transformer, whilst the C.C. end operates half 
as a generator and half as a rotary converter. 

Construction, — The construction of the two machines forming a 
complete unit differs very little from the standard practice^ with 
induction motors and C.C. generators. In the larger sizes three 
bearings are employed, whilst for the smaller sets only two are 
used. The induction motor is provided with three or six slip 
rings, for the purpose of starting, and a short circuiting ring to 
short-circuit the twelve phases when the speed of synchronism is 
attained. The air-gap is made much larger than is customary 
with induction motors of similar size. The object of employing 
tlie small air-gaps usually adopted is to keep the magnetising 
current down as much as possible, thereby raising the power factor, 
but this does not apply in the case of a motor converter, since the 
magnetising current is drawn from the armature of the C.C. end. 
Larger clearances can therefore be used without introducing any 
harmful effects. 

On the C.C. end the currents are fed into the rotating element 
through the hollow shaft direct from the rotor of the induction 
motor. 

Speed, Frequency and Number of Poles. — It has been shown that 
the speed of a motor converter is half the synchronous speed of 
the A.C. end when both machines have only two poles each. This 
is also true for multipolar sets when both machines have the same 
number of poles. The general formula connecting the speed and 
the numbers of poles is obtained by considering the frequency of 
slip of the induction motor and the frequency of generation of 
the C.C. generator and equating them. If n be the speed in 
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r.p.m., / and /« the frequency of supply and slip respectively, and 
and Pc the number of poles on the A.C. and C.C. ends respectively, 
the speed of the induction motor is equal to 


and 


f ^ Jj X 120 

n 

J«-J 120 


The frequency of the C.C. generator is equal to 

f 

i20' 


Therefore 


and 


120 120 ’ 

= 120/, 
120f 

n = • 

Pa+Pc 


The set, therefore, runs at a speed equal to the synchronous speed 
of an induction motor having as many poles as both A.C. and C.C. 
ends ‘together, ' An increase in the number of poles at either end 
causes a reduction in speed. 

The frequency of the currents in the C.C. generator is 

f == X 

Pa+Pe 120 


= /x 


Pe. 


Pa+Pc 


The C.C. end is thus always operating on a frequency con- 
siderably lower than that of the supply, which is advantageous, 
since the performance of rotary converters is always better on low 
frequencies. 

In an ordinary induction motor, the number of rotor turns is 
not rigidly fixed, but in the present case the C.C. generator must 
be supplied with a definite voltage, depending upon the value of 
the C.C. line voltage required and the number of phases. The 
rotor at the A.C. end must therefore have the correct number of 
turns per phase to generalte this voltage when running with its 
normal slip. 

Power converted Mechanically and Electrically. — Considering the 
A.C. end, the output of the induction motor is given by 


Mechanical rotor output Actual speed 

Electrical rotor input Synchronous speed 
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whence 

Mechanical rotor output = Rotor input x 


= Total input x 


neglecting the stator losses. 
But the actual speed is 


120 / 

Pa + Pc’ 


speed of the induction motor by itself is 

mechanical output of the rotor is 

Total input X X 

pa - 1 - Pc 


Actual speed 
Synchronous speed 
Actual speed 
Synchronous speed 


and the synchronous 

Therefore the 
Pa 


Va_ 

120 / 


~ Total input x 

Pa+Pc 

The power received by the C.C. end in electrical form is equal 
to the power developed electrically in the rotor of the induction 
motor, and this is obtained from the equation 

Electrical power developed in rotor ^ 

Rotor input ' 

Speed of slip /« 

Synchronous speed / 


But f f X ~ — (see above). 

Pa+Pc 

Therefore the electrical power developed in the rotor 


/X - 

— Rotor input x — 

= Total input x — 

Pa+Pc 

Thus - — “ is the fraction of the total power converted by 
Pa+Pe 

motor-generator action, and — ^ — is the fraction of the total 

Pa 1 “ Pc 

power converted by transformer and rotary converter action. 

Starting, — ^Motor converters can be started np from either the 
C.C. or the A.C. end. 

In starting up from the C.C. end, an ordinary motor starter is 


^ In an ordinary induction motor this is the rotor loss. 
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employed, the A.C. end being synchronised like an alternator when 
the correct speed is attained. 

Starting up from the A.C. end is very simple in the actual opera- 
tions gone through. Three, or, in the largest sizes, six, of the twelve 
rotor phases are brought out to slip rings, the other ends of 
these phases being permanently connected to the C.C. arma- 
ture. The slip rings are connected to a rotor starter in the usual 
manner, and a synchronising voltmeter, F (see Fig. 382), is connected 
across two of the rotor slip rings, this comprising the whole of the 
synchronising gear. The C.C. end being unexcited, the rotor 
starting switch is closed, and the set commences to run up to speed 
as an induction motor. Since the synchronous speed of the motor 
converter is only half the synchronous speed of the induction motor 
acting by itself (assuming the same number of poles at both ends), 
the rotor starter allows the set to run up to a higher speed than that 
of synchronism. When a speed of about 10 per cent, above the 
normal running speed is obtained, the shunt regulator at the C.C. 
end is adjusted until the rotary converter begins to excite as a C.C. 
dynamo. When this occurs, the speed commences to fall and 
approaches that of synchronism. The voltmeter, F, now begins 
to be affected by two different voltages of slightly different frequency, 
viz., the voltage induced in the induction motor rotor having a 
freqhency eqifal to that of slip, and the voltage induced in the 
rotary converter armature which is connected to the voltmeter 
through the induction motor rotor, the frc(]uency of this voltage 
being determined by the sj^ced. The voltmeter pointer now 
commences to pulsate after the manner of the synchronising lamps 
ill the case of altei’iiators, the pulsations gradually becoming slower 
as the synchronous speed is approached. The correct speed of 
synchronism is reached when the pulsations cease and the volt- 
meter is at zero. The starter is now short-circuited and the 
remaining rotor phases are all connected together by the short- 
circuiting ring mounted near the slip rings. The set is now ready 
for running on load. 

The starting current varies from one-quarter to one-third of 
the normal full load current, and depends upon the magnetising 
current of the A.C. end. 

Efficiency and Power Factor. — The efficiency of a 500 k.W. 
motor converter should vary from, say, 85 per cent, at one-quarter 
load up to 92 per cent, at full load, whilst the power factor should 
vary from, say, 0-96 up to unity from half to full load, the current 
being sometimes lagging and sometimes leading. 

Application to Sub-station Work. — Motor converters now form 
the great rival to motor-generators and rotary converters in sub- 
station work. No external transformer need be used, since the 
stator of the induction motor can be wound for any voltage, irre- 
spective of the voltages in the rotating parts, which must be designed 
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to suit the C.C. line pressure. There are therefore no H.T. connec- 
tions in the rotating elements to cause possible trouble. Motor 
converters can also be used to supply a three wire system, the 
balancers being done away with, since the set can take care of the 
unbalanced load by itself as shown below. 

Motor Converters for Lighting Load. — Motor converters intended to 
supply a lighting load may have the C.C. end either shunt or 
compound wound. Shunt machines can be designed to work with 
a voltage drop of about 5 per cent, from no-load to full load, whilst 
compound machines, may have either a rising or a drooping charac- 
teristic. A power factor of unity may be obtained at practically 
all loads with a high efficiency, particularly on light loads. 

Three Wire Motor Converters. — When motor converters are used 
to supply a three Avire sA^stem the C.C. outers are connected to the 
brushes on the comnuitator of the rotary converter, whilst the 



middle wire is connected to the neutral point of the induction 
motor rotor. The potential of this point is midway betAveen the 
potentials of the outside ends of any two diametrically opposite 
phases, and consequently is midway between the potentials at 
opposite points on the C.C. armature. The potential of the 
middle wire is therefore midway between the potentials of the 
brushes on the commutator, and any out-of -balance current finds 
its way back to the armature of the rotary converter by way 
of the neutral of the induction motor rotor. The actual connection 
is made on the A.C. starter, as shown in Fig. 383, where three leads 
are brought out to the starter through a triple pole change-over 
switch. When starting up, the middle wire of the three wire 
system is open-circuited, and is only connected to the motor con- 
verter when the starting sAvitch is thrown over to the running 
position after the set has been brought into synchronism. 

The out-of-balance current is dealt with in the same way as in 
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the case of three wire rotary converters, where the middle wire is 
connected to the star point of the transformer secondary. 

Motor Converters for Traction Load. — ^Motor converters for traction 
work are compound wound, usually with a rising characteristic. 
The power factor reaches unity at about three-quarter full load, 
the current lagging slightly for lower loads and leading slightly for 
higher loads. Occasionally, sets are installed to deal with both 
traction and lighting load, but this usually necessitates greater 
voltage regulation and leads to slightly increased dimensions. 

Single Phase Motor Converters. — In the case of a single phase 
motor converter, the A.C. end must run as a single phase induction 
motor, and consequently must be provided with an auxiliary 
winding on the stator to produce the starting torque. The split 
phase is obtained in this instance by putting an inductance in 
series with the auxiliary winding for the purpose of getting the 
required phase displacement. It is usual, also, to provide the C.C. 
end with an amortisscur to damp the pulsation of the field produced 
by the rotor currents. 

Inverted Motor Converters. — Motor converters can be used to 
convert C.C. to A.C.» in the same way as rotary converters, in which 
case they are called inverted motor converters. They must be syn- 
chronised in the same way as alternators, and have similar voltage 
drops on full load at various power factors. A shunt regulator is 
necessary at the C.C. end to maintain constant speed at all loads 
for the purpose of keeping the frequency constant. 

Use as a Power Factor Improver. — When a motor converter is 
used for this purpose, it is started up and synchronised from the 
A.C. side, whilst the C.C. side is over-excited and left disconnected 
from the bus bars. The over-excitation necessitates a leading 
current in the C.C. armature, as in the rotary converter, thus 
causing the current to lead in the induction motor rotor. The 
stator and rotor currents of the induction motor are linked together 
like the primary and secondary of a transformer, and so the 
leading current in the rotor causes a leading current to flow in the 
stator, this latter being drawn from the supply. 

Comparison with Motor-geperators and Rotary Converters. — Since 
the size of the induction motor depends upon the speed of the 
rotating field rather than on that of the rotor, the A.C. end is some- 
what smaller than in the case of an induction motor-generator of 
the same output. In comparison with a rotary converter, however, 
there are two rotating machines against one and a static trans- 
former. As regards efficiency, the motor converter is superior to 
the motor-generator and is equal to the rotary converter on full 
load, but is slightly poorer on light load. The power factor is 
better than that of an induction motor-generator, equal to that 
of a synchronous motor-generator, and, where variation in the 
C.C. voltage is required, it is slightly better than in a rotary con- 
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verier. The starting is not quite so simple as with an induction 
motor-generator, but is simpler than with a rotary converter or a 
synchronous motor-generator that has to be synchronised. Rotary 
converters operate better on low frequencies, and in the motor 
converter the frequency at the C.C. end is considerably lower than 
that of supply, which is advantageous from the point of view of 
commutation. Motor converters also are not liable to reversal of 
polarity, as is the case with rotary converters. 



CHAPTER XXX 


SERIES MOTORS 

Simple Series Motor. — ^The simple single phase A.C. series motor 
IS very similar to the C.C. series motor in its general construction and 
arrangement, and consists of a rotating armature with a commutator 
and a stationary field system, these two elements being connected in 
series with one another and fed from the line voltage. The diagram- 
matic arrangement of the circuit is shown in Fig. 384, where A repre- 
sents the armature and brushes and F the field winding. As in C.C. 
series motors, the brushes are placed on the commutator so as to 
make connection with conductors in the neutral zone. Since these 
motors are largely used for t raction work where 
reversible rotation is required, the brushes are 
not given any lead, but are set in the no-load 
neutral position. One of the main points of 
difference between the A.C. and C.C. series 
motor lies in the field system. Since the current 
is alternating in the A.C. case, the magnetic field 
set up is also alternating, and with the ordinary 
solid magnet system this would lead to prohibitive 
iron losses, and so the whole of the magnetic 
field system is laminated throughout. Also, it 
is not necessary to employ salient pole pieces as 
in the C.C. motor, since the poles may be pro- 
duced by a stator similar to that employed in 
no. 384 .— Connectiong induction motors, where the position 

of Simple Series Motor, of the poles is decided by the windings. In this 
way, a uniform air-gap is obtained all the way 
round the rotor. This method of construction is very similar, 
theoretically, to that adopted in the case of turbo -alternators 
with a cylindrical rotor, except that the field system is the 
internal element in the turbo-alternator and the external element in 
the series motor. 

E.M.F.’s induced in the Armature. — In addition to the E.M.F.'s 
induced in the armature due to rotation in the magnetic field, there 
are also E.M.F.’s induced by transformer action, the field winding 
acting as the primary and the armature winding as the secondary. 
These E.M.F.’s will now be considered in detail. 
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The resultant magnetic field is due to the combination of the 
fluxes set up by the main field and the armature winding respec- 
tively. Actually these fluxes do not exist separately, but it is 
convenient to consider them as two distinct fluxes superposed on 
one another for the purpose of investigating their effects. 

First, consider the effect of rotation in the main field. All the 
conductors from A to A' down the left-hand side of the armature 

(Fig. 385) will have E.M.F.’s induced in ^ 

the same direction, and all the conductors 

from A to A' down the right-hand side of I L A \ 

the armature will have E.M.F.’s induced 1 1 J J 

in the opposite direction. The E.M.F. per 

conductor will be a maximum at B and „ ^ ^ , 

B and zero at A and A , but it is across induced in Armature, 

these latter two points that the maximum 

p.d. is set up in the armature due to this cause, and it is at these 
two points that the brushes are situated. When the current 
reverges the magnetic field reverses, and thus the back E.M.F. 
between the brushes is reversed, since the rotation is unchanged. 
This E.M.F. is therefore permanently opposed to the applied E.M.F., 
no matter what value the speed may have. The frequency of this 
back E.M.F. is equal to that of the field and therefore to that of 
the supply, and is independent of the speed of rotation. Its magni- 
tude, however, depends upon the strength of the field and the rate 
of cutting lines of force. With an ordinary drum wound armature 
the magnitude of this E.M.F. is given by the same formula as used 
for C.C. machines, viz., 

_ n^a^N p 

~ 60 X 10» q’ 

where JSav is the average value of the E.MF., n is the speed in 
r.p.m., N is the number of conductors, <I>^y is the average value of 
the flux per pole, p is the number of poles, and q is the number of 
parallel circuits on the armature. With sinusoidal distribution 

2 

the average value of the flux per pole, is equal to - times the 

TT 

maximum value of the flux per pole, and if T be the number 
of turns in series, then 

T-l 

-2q 

2 

» X - <1> X 2qT X p 


60 X 108 X 2 


- X n<PTp 
rr 

60 X 10 “^’ 
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The R.M.S. value of the voltage is given by 


and hence 


= (see p. 12), 

jP- ^4 n^Tp 
2V2 TT 60 X lOs 

volts. 

60 X 108 


This E.M.F. is in phase with the flux which produces it. As 
will be shown later, the power factor of the motor is less than unity, 
and consequently the back E.M.P., which is in phase with the flux, 
and, approximately, the current, is not in phase with the applied 
terniinal voltage. 

The second E.M.F. induced in the armature is due to rotation 
in the armature reaction field, and the axis of this flux is a line 
joining the brushes. This flux is geometrically at right angles to 
the main field in a bipolar motor, and consequently the maximum 
p.d. occurs between the points B and B'. As far as this E.M.F. is 
concerned, the points A and A' are equipotential, and therefore 
this E.M.F. has no effect upon the total back E.M.F. induced. 
Unfortunately,, however, the conductors at A and A' are situated 
so as to have the maximum voltage induced in them, and since 
the turns in this region are short-circuited by the action of the 
brushes on the commutator, this results in a tendency to spark. 

There are next the E.M.F. ’s set up by transformer action. 
Considering the armature as stationary for the time being, the 
maximum E.M.F. is induced in those turns which embrace the 
greatest area in a plane at right angles to the flux. These turns 
are situated at AA', and consequently this effect will also tend to 
produce sparking at the brushes. The conductors between which 
the maximum p.d. exists are situated at BB' (at right angles to 
A A'), and consequently the cumulative effect of the whole winding 
is neutralised at the brushes, since the E.M.F. induced in the con- 
ductors between B and A is balanced by the E.M.F. induced in 
the conductors between B and A ' ; similarly on the other side of 
the armature. The phase of this induced voltage is 90° behind 
the flux, since it is proportional to minus the rate of change of flux, 
and its frequency is the same as that of the flux, which is the 
frequency of supply. Since the magnitude of this voltage is only 
dependent upon the rate of change of the flux and the number of 
turns, it follows that it is independent of the speed of rotation, and 
consequently the same E.M.F. is induced due to this cause, whether 
the armature is rotating or not. The ordinary formula for the 
induced E.M.F. in a transformer is 

E ~ V^Tvf^T X 10“ 8 volts (see p. 172), 
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but in this case a factor — must be introduced to account for the 

TT 

fact that all the turns do not link with all the flux. Therefore 


E = - X V2Trf<t>T X 10- * 

TT 

=-2V2/a>T X 10-8 volts. 

If the field is not uniform, or if the armature winding is differently 

2 

arranged, the value of the constant - is affected somewhat. In 

TT 

the case of a multipolar wave wound armature, T will be the 
number of turns in series between the brushes. 

The ratio of this transformer E.M.F. to the rotation E.M.F. is 


Transformer E.M.F. X 10"® 

Rotation E.M.F. ^/2n^Tp 

60"x To® 


But the synchronous speed is 

n. 


Therefore 


120 / 

P 


120 / 

np 


Transformer E.M.F. _ __ Synchronous speed 

Rotation E M.F, 7i Actual speed 

The fourth E.M.F. induced in the armature is one due to trans- 
former action set up by the armature reaction cross flux. This is 
produced in the same way as the transformer E.M.F. due to the 
main field, except that it acts along an axis A A' instead of BB\ 
since the armature reaction cross flux is at right angles to the main 
field. The phase of this induced E.M.F. is again 90° behind the 
flux, and will require the application of an E.M.F. at the brushes 
90° ahead of the flux io overcome it. This is only another way of 
saying that the armature possesses reactance, since the E.M.F. 
induced is an E.M.F. of self-induction, and the voltage required 
to overcome it, together with the E.M.F. required to overcome 
the resistance of the armature and brushes, forms the impedance 
voltage of the armature. 

Torque. — The torque developed depends upon the instantaneous 
product of the armature current and the field. The field is pro- 
portional to the current, neglecting the effect of change of perme- 
ability, so that the torque is nearly proportional to the square of 
the current. When the current reverses in direction the field does 
so at the same instant, since they are practically in phase with 
each other, and so the torque is always developed in the same 
direction. Owing to the variation in the strength of the current, 

H H 
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the value of the torque is constantly varying bet“vveen zero and 
a maximum value at a frequency equal to double that of the current, 
so that although the torque is unidirectional in character it is 
pulsating in magnitude. 

Speed. — Assuming for the moment that the power factor and 
efficiency remain constant for all loads, then the output is propor- 
tional to the current for a constant applied voltage. But since 
the torque is proportional to the square of the current, the speed, 

which is proportional to inversely proportional to the 

current and to the output. Actually this proportionality does 
not hold good exactly, but it is sufficient to show that the speed 
decreases considerably with increase of load and that the speed-load 
characteristic is of the same general shape as in the case of the 
C.C. series motor. 

Vector Diagram. — In drawing the vector diagram of the series 



motor, it is convenient to start with the flux vector.. In Fig. 386, 
^ represents the magnetic flux entering the armature and linking 
with the winding. The magnetising current necessary to produce 
this flux is represented by in phase with the flux. The iron 
losses necessitate a further small current, in phase with the 

terminal voltage, the phase of which is not yet known. As a first 
approximation, this current may be drawn at right angles to the 
magnetising current, which will not make any appreciable error, 
since it is relatively small. A third component of the current is 
introduced on account of the current flowing round the turns short 
circuited by the brushes on the commutator. These turns have 
an E.M.F. induced in them by the transformer action of the main 
field. This E.M.F. lags behind the flux by 90°, and since these turns 
possess both resistance and reactance, the short circuit current will 
lag behind the E.M.F. by some angle 6. The phase of this current 
is therefore 90° -f 6 behind the flux And is represented in the 
vector diagram by I^e- To balance the ampere-turns set up in this 
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way an equivalent number must be supplied by the main current 
exactly opposite in phase, and this results in a third component 
of the current, On adding these three components together, 

vector ially, the resultant current, /, is obtained. 

Thv^ terminal voltage will consist of components representing 
the armature transformer E.M.F. and armature resistance drop, 
the voltage drop due to the resistance and reactance of the field 
winding, and the rotation E.M.F. The armature transformer 
E.M.F. , which brings about the armature reactance, lags behind 
the armature flux by 90"^ and requires the application of a counter 
E.M.F. leading the flux by 90° ; this is represented by There 
is next the voltage drop due to the armature resistance in phase 
with the total current, /, represented by In the case of a 

simple impedanee the resistance and reactance components of the 
voltage differ by 90° in phase, but in the present instance this is 
not so, since the induced back E.M.F. is in quadrature with the‘ 
flux cutting the armature, and this is not in phase with the armature 
current. This alters the phase relationship somewhat. The voltage 
drop ^ue to the resistance of the field winding is again in phase with 
the current and is represented by Erf. The field winding also 
sets up a certain leakage field, which appears as a reactance and 
necessitates a voltage, E^, leading the current b;^ 90°. Lastly, 
there is the rotation voltage, e, in phase with the main flux and 
having a magnitude proportional to the speed. Adding all these 
components together, the resultant terminal voltage, E, is obtained. 
The angle of phase difference, between the terminal voltage, 
E, and the current, /, gives the angle of lag in the whole circuit, and 
cos (f) is the power factor of the motor. 

It is thus seen that for a high power factor, the reactances should 
be small and the rotation E.M.F. large. The latter is obtained by 
running the motor at a high speed, above that of synchronism. 
The motors previously dealt with have not been able to run at 
hjrpersynchronous speeds, but there is no fundamental reason why 
this should be impossible in the present case. 

At the moment of starting the rotation E.M.F. is zero, and this 
advances the phase of the terminal volts with respect to the current, 
thus making the power factor worse. The power factor gradually 
improves as the speed increases. For heavy loads, the power 
factor comes down again, since the speed falls as the load goes up. 

Circle Diagram. — Considering the motor to have a constant voltage 
applied to its terminals, this voltage can be split up approximately 
into two main components 90° out of phase with each other. The 
component in phase with the current consists of the resistance drops 
in the armature and field windings and the rotation voltage. The 
latter is not strictly in phase with the current, as shown in the 
vector diagram, but will be assumed so for the purposes of the 
simple circle diagram. The voltage in quadrature with the current 

H H 2 
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consists of the reactance drops in the armature and field windings. 
This again is only an approximation, since the vector diagram 
showed the voltage overcoming the leakage reactance of the armature 
90'' out of phase with the flux instead of the current. These assump- 
tions are made, however, in order to split up the constant applied 
voltage into two components at right angles to each other. In 
Fig. 387, if OB represents the constant applied voltage, OC represents 
the voltage overcoming the total reactance of the motor 8,nd CB 
represents the total voltage in phase with the current, ard since 
OB is constant and the angle OCB is a right angle, it follows that 
the point C will move in a semicircle erected on OB as a diameter 



0 N A P B 

Fig. 387.— Circle Diagram of Series Motor. 


(see Fig. 48). Since the reactance of the motor may be assumed 
constant, the current is proportional to the voltage across the 
reactance of the motor, and is represented to scale by OC. The 
phase of the current, however, is represented by GB and the angle 
of lag is given by the angle CBO, which is equal to the angle EOC. 

CB 

The power factor, therefore, is given by or cos EOC. OB is 

OB 

now divided at A, so that 


OA reactance of field 

AB reactance of armature 


= (Fig. 386), 
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and another semicircle is erected on OA as a diameter. Now 
wherever the point C may be, OG is divided by this second semi- 
circle at D in the same ratio as OB is divided at A, since the triangles 
OBC and OAD are similar. (The line AD is omitted in the fiiagram 
for the sake of clearness.) OD therefore represents the voltage 
drop in the reactance of the field and DC the voltage drop in the 
reactance of the armature. As in Fig. 53 (which see), a vertical 
line is erected at B and a length BF is measured off along it such 
that 

BF _ Total resistance _ Eyf + Ey^ 

OB Total reactance Ex + Ei 

Another semicircle is now erected on BF as a diameter and this is 
cut by the line CB at H. Now the angle HBF equals the angle 
COB, and therefore 


BH 

BF 


OC 

OB 


and BH = OC X 


OB 


yj, , , y ,, 1 Total resistance 

= Total reactance voltage drop X ™ — r • 

° ^ Total reactance 

yy, , , , y, , Total resistance 

= Total reactance x Current x m i . 

Total reactance 

= Current x Total resistance 

= Total resistance voltage drop. 

The line BF is now divided at G, and another semicircle 
erected on BO as a diameter, in the same way that OB 

BO . 

was divided at A. In the present instance ^ is made equal to 

Resistance of field , ^r> • i-i. ^ tt 

- — : — , and the line CB is now split uii at H 

Resistance of armature 

and K, so that BK represents the voltage drop due to the 
resistance of the field, Eyf, and KH represents the voltage drop 
due to the resistance of the armature, Eya. The remaining part 
of the voltage in phase with the current, HC, must therefore 
represent the voltage, e, induced in the armature due to its rotation 
in the magnetic field. The voltage drop across the brushes on the 
armature is given by the vector sum of e, Eya, and Ef, and is 
represented by DK in the circle diagram. Since e is proportional 

to the flux X speed, thQ speed is proportional to or > 

assuming the flux to be proportional to the current. In the circle 
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diagram, therefore, the speed is represented by ^ . 

C/G 

BF be produced until they meet at L. Now OC — 
OB cos COB = OB cos GBL 


Let OC and 


= OB X 


CB 

BL 


OB X 


CH 

FL 


Therefore the speed is proportional to 


CH 

OC 


CH 


OB X 


mi 

¥l 


FL 

OB’ 


and since OB is constant, the speed is represented to scale by FL. 

As in the case of the induction motor, the input is measured 
by ON to a scale of watts. The copper losses can be obtained 
by drawing vertical lines from the points H and K, the vertical 
height of H representing the total copper loss and the vertical 
height of K the copper loss in the field only. The output 
(neglecting iron and friction loss) is thus obtained by subtracting 
the vertical height of H above the base line from the input 
CN, 'from which the electrical efficiency can be obtained. The torque 
is proportional to the instantaneous product of current and flux, 
and, neglecting the phase difference between these two quantities 
and also the effect of magnetic saturation, the torque may be taken 
as being approximately jiroportional to the (current)^. Now in the 
circle diagram 


cos COB 


__OC 
~ OB 


ON 

OC 


and therefore 


OC'2 = ON X OB. 


The torque being proportional to OG^ and OB being constant, it 
follows that the torque is represented to scale by ON. 

At the moment of starting e is zero, and if the full voltage be 
applied the starting current will be represented by OM and the 
starting torque by OP. 

Power Factor. — From the circle diagram in Fig. 387 it is seen that 
the power factor is better on light loads than on heavy loads, since 
the vector OC is swung round to the right as the current increases, 
thus increasing the angle of lag. When the point C reaches the 
top of the semicircle, the power input has reached a maximum 


and the power factor has dropped to = 0*707. Further increase 

of load reduces the power factor still more, so that when M is 
reached the power factor is at its worst. This, however, is the 
condition at starting when the back induced voltage, c, is zero, so 
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that when the motor is first switched into circuit the power factor 
is very poor, but it gradually improves as the motor gains speed. 
Also, the higher the speed the greater does e become, thus improving 
the power factor. If reference be made to the vector diagram in 
Fig. 386, which is rather more accurate than the circle diagram, 
it will be seen that if e be made sufficiently large it is possible for 
the motor to draw a leading current from the supply. This is 
due to the action of the short circuited coils under the brushes, 
which set up a number of ampere-turns and cause a phase displace- 
ment between the flux and the main armature current. It is not 
desirable to magnify this effect deliberately, however, although it 
would improve the power factor, since it would do it at the expense 
of the commutation and the efficiency. 



B.H.r. 

Fig. 388.~Eflicicucies of Series Motors. 


The best way of obtaining a high power factor is to neutralise 
the armature reactance (which will be dealt with in the case of the 
compensated series motor) or to reduce the working field strength. 
This reduces the reactance of the field winding and brings about 
the high speeds which are desirable. 

It is also seen that a low frequency is advantageous, since this 
results in relatively low reactances and high power factors. 

Full load power factors of 0-8 to 0-95 are met with in practice. 

Efficiency. — ^The efficiency of a single phase series motor generally 
is lower than that of the corresponding C.C. motor. For medium 
sized motors it reaches a value of about 0-8, whilst for large sizes 
it may rise as high as 0-85. Fig. 388 shows the approximate values 
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of the full load efficiencies which may be expected in modern motors 
of this type. 

Performance. — The approximate performance of a series motor 
can be derived from the circle diagram shown in Fig. 387. It is 
usual to plot the various quantities as a function of the B.H.P., 
although in some cases the torque is chosen instead. Fig. 389 
represents the performance of a 25 B.H.P. motor obtained in this 
manner. 

Starting. — The usual starting device for a single phase series 
motor consists of an auto-transformer with a number of tappings 
on the winding, so as to enable the voltage across the motor terminals 
to be gradually raised. This arrangement allows a reduced voltage 
to be applied to the motor and also relieves the line to a large extent 



0 n 10 15 0 25 

B.H.P. 

Fig. 389.— Performance Curves of 25 B.H.P. 600 Volt Series Motor. 

of the excessive current which the motor is allowed to take at the 
moment of switching on. The connections are shown in Fig. 390, 
where M represents the motor, A the auto-transformer, and C a 
choking coil known as a preventive coil. One terminal of the motor 
is connected to one end of the auto-transformer and the other 
to the middle point of the choking coil. The two ends of 
the choking coil are connected to two moving fingers which in 
some positions lie on the same contact and in others bridge 
over two contacts. When both fingers are on the same contact, 
the currents flow in opposite directions in the two halves of the 
choking coil, thus rendering it practically non-inductive, so that 
the drop in volts is inappreciable. When bridging two contacts. 
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the impedance of the choking coil is sufficient to prevent the short 
circuiting of the particular section of the auto-transformer concerned. 
The choking coil thu^ appears non-inductive to the motor circuit 



Fig. 390.— Auto-Transformer for starting Series Motor. 


and yet acts like a highly inductive resistance to the local circuit 
across the contacts. 

.''^Compensated Series Motor.— One of the methods of improving the 
power factor of the series motor consists in counteracting the leakage 
reactance of the armature. The latter tends to set up a distorting 
field* the axis of which is a line drawn through the brushes in a 
bipolar case. These cross ampere-turns can be neutralised by means 
of an auxiliary field winding placed midway between the main 
field windings in much the same way that interpoles neutralise the 
cross ampere-turns of the armature in a C.C. moter. The general 
arrangement is shown in Fig. 391, where A represents the armature, 
F the main field winding, and C the compensating winding. This 



riG. 391 —Compensated Scries PlG. 392.— Compensated Series Motor 

Motor. with Damping Coil. 


compensating winding is arranged to set up as many ampere-turns 
as the armature, and since it acts in direct opposition it practically 
eliminates the leakage cross flux and renders the armature non- 
inductive. The addition of the compensating winding also sup- 
presses to a large extent the rotation E.M.F. whieh is induced by 
the armature cross flux in the short circuited coils under the brushes. 
The compensating winding, therefore, has a beneficial effect on 
the commutation as well as effecting an improvement in the power 
factor. 

An alternative arrangement to that shown in Fig. 391 consists 
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in short circuiting the compensating winding on itself and dis- 
connecting it from the main circuit altogether. The auxiliary 
winding is now often called a damping coil ^ and the connections of 
this type of motor are shown in Fig. 392, where D represents the 
damping coil and A and F have the same significance as before. 
This produces the same result as the former method of connection, 
although the action is. somewhat different. The damping coil 
acts like the short circuited secondary of a transformer the primary 
of which is formed by the armature winding, whilst the flux linking 
the two consists of the armature cross leakage flux. The E.M.F. 
induced in the short circuited damping coil causes a current to flow 
which sets up ampere-turns sufficient to neutralise the ampere-turns 
of the armature, thus suppressing the cross flux and rendering the 
armature tolerably non-inductive. 

The difference between the two methods of compensation lies 
in the fact that in one case the neutralising ampere-turns are obtained 
directly from the main circuit, whilst in the other 
they are obtained by transformer action from the 
armature. 

Series Motor with Transformer. — As series motors 
are usually limited by their design to line pressures 
of about 300 volts,, it is necessary to supply a 
transformer when higher voltages are dealt with. 
There is, however, no objection to the field winding 
being connected to the H.T. supply, and so only the 
armature is supplied from the L.T. side of the trans- 
former, which is connected in series with the field 
winding as shown in Fig. 393, in which T represents 
the transformer. This transformer can also be used for starting 
purposes by providing the secondary with a number of tappings, 
so that the increase in the apparatus is not as much as would appear 
at first sight. 

Commutation. — In addition to the usual process of reversing the 
current which takes place in C.C. motors, there are the extra E.M.F. ’s 
induced in the short circuited coils to be dealt with. This adds 
to the difficulty of commutation and leads to special features in 
the design of the commutator. This is made of larger diameter 
than in the corresponding C.C. motor, so that it more nearly ap- 
proaches the diameter of the armature. A large number of com- 
mutator bars is also essential, the maximum number possible for 
the particular armature winding being put in. Narrow brushes 
are also employed, so as to avoid short circuiting more turns than 
absolutely necessary at a given instant. Since the current is large 
at starting, commutation will be more difficult at this time and 
sparking may be anticipated, but as the motor gains speed the current 
decreases and the commutation improves. As tolerably good 
commutation can be obtained over a wide range of speeds, it follows 



Fig. 393.— Series 
Motor with 
Transformer. 
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that the series motor is suitable for variable speed work. The 
addition of interpoles also exerts a very great effect on the commuta- 
tion as in C.C. motors, and they are now very largely employed. 

Interpoles. — ^In C.C. motors interpoles fulfil a double purpose. 
They act as a compensating winding for the purpose of neutralising 
the armature cross flux, and they also aid commutation by intro- 
ducing a reverse flux into the armature so as to cut the conductors 
coming under the brushes. In A.C. motors these two functions 
are separated. The action of the compensating winding has already 
been discussed, but it must be remembered that this winding must 
embrace a complete pole pitch, since the M.M.F. set up by the 
armature acts over the whole of this region. The commutating 
winding, on the other hand, is only required to produce a local 
effect on those conductors undergoing commutation. For this 
reason, the interpole (or commutating pole) winding is concentrated 
over a narrow area, and one largo tooth is provided on the stator 
core to receive this winding. The main field winding and the 
compensating winding are wound in the same sized slots, displaced 
half a pole pitch with respect to each other, whilst the interpole 
winding is situated on the centre line of the compensating winding 
and is wound on a single tooth of larger dimensions than its fellows. 

Sphere of Application. — Owing to its variable speed properties, 
the series motor, in common with the other t3rpes of single phase 
commutator motors, is particularly adapted to traction work. 
For this class of work a single phase system has obvious advantages 
over a polyphase system in the transmission and collection of the 
current, since an earthed return can be adopted and only one live 
wire need be used. Apart from this consideration, the pol3rphase 
induction motor is unsuitable for variable speed work and the 
synchronous motor is obviously out of the question. The various 
types of single phase commutator motors have to compete, there- 
fore, with the single phase induction motor and have now practi- 
cally displaced the latter from the market in this class of work. 
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Simple Repulsion Motor. — The simple repulsion motor consists 
of a field system and an armature with a commutator just like a 
series motor. The difference between the 



Fig. 394.—Coimection8 of 
Simple Bepulfiion Motor. 


two motors lies in their connections and 
action. The field system or stator does not 
possess salient poles, but is built up of 
toothed laminations as in the series motor, 
thus producing a uniform air-gap. The field 
winding is wound in the stator slots, the 
position of the poles being determined by the 
winding. The armature possesses an ordin- 
ary distributed winding connected to the 
commutator in the usual way, but the 
brushes are set at an angle of about 70° from 
the position of maximum p.d. on the arma- 
ture. These brushes are short circuited and 


are not connected electrically to the main 
circuit at all. The stator winding producing the main field is 
connected across the supply. The connections of a simple 
repulsion motor are represented diagrammatically in Fig. 394. 

Theory of Operation. — Considering the motor as a transformer in 
which the stator winding forms the primary and the rotor winding 
the secondary, the maximum p.d. is set up between the points 
AA'. If the brushes be placed on this line the maximum current 
will flow in the armature, but no torque will be produced, since the 
axis of the main field coincides with the axis of the flux set up by 
the armature. To obtain the maximum torque these two fluxes 
should be at right angles to each other in a bipolar case. The position 
corresponding to this is along the line BB\ but if the brushes be 
placed in this position they short circuit two equipotential points 
on the armature, and thus no armature current is produced. As it 
is essential that both an armature current should flow and a phase 
displacement should exist between the axes of the two fluxes, an 
intermediate position between A A' and BB' is chosen for the 
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circuit current nor the phase displacement is a maximum, but 
their instantaneous product has a definite value, whilst in the two 
extreme positions it is zero. 

In the series motor, the rotation is set up by the armature current 
producing poles along the axis of the brushes, these poles being 
attracted to those of the main field of opposite sign. In the present 
instance, however, the armature tends to set itself in such a position 
that it expends the minimum amount of electrical energy, just as 
a sheet of copper suspended in the field of an alternating electro- 
magnet will endeavour to set itself so as to produce the minimum 
eddy currents. This means that the armature shown in Fig. 394 
will tend to rotate in a counter-clockwise direction. Owing to the 
apparent repelling action instead of the usual attracting action, the 
motor is called a repulsion motor. This action does not take place 
in the series motor, although the transformer E.M.F. is present, 
since the brushes are set in the neutral position. 

If the brushes had happened to lie on the other side of the 
vertical line AA\ the induced rotation would have been in the 
opposite direction, so that in order to reverse the direction of 
rotation all that is necessary is to move the brush rocker backwards 
through 40° against the original direction of rotation. 

Owing to the fact that the armature is not connected to th^ 
main circuit, it is possible to design these motors to work directly 
on H.T. systems without the help of a transformer, since only the 
stationary stator winding is connected to the line. In this respect 
the simple repulsion motor has the advantage over the series motor, 
but this advantage is lost when the repulsion motor becomes compen- 
sated, as will be seen when the connections 
are studied (see Fig. 398). 

E.M.F/s induced in the Armature. — The flux 
set up by the stator winding cuts the arma- 
ture in a vertical direction in Fig. 395. The 
resulting short circuit current of the armature 
sets up a field of its own, the axis of which 
is the axis of the brushes. This latter field 
can be resolved into two components at right 
angles to each other. One of these compon- 
ents may be considered as acting in a vertical 
direction along the line A A* so as to oppose 
the main stator flux, whilst the other com- 
ponent produces a horizontal flux along the 
line BE . This horizontal component of Armature, 

the armature flux can be regarded, there- 
fore, as a cross flux in quadrature with the now reduced main 
flux. The armature ampere-turns can also be split up into the 
two components whidh produce the back and the cross flux. 
The ampere-turns producing the back flux are obtained from 
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the conductors lying between C and D' and between D and O', 
whilst the ampere-turns producing the cross flux are obtained from 
the conductors lying between C and D and between D' and G\ 
Imagining the armature winding to be divided in this manner, each 
portion has two voltages induced in it. The back turns OD' and 
DC' have one E.M.F. induced in them by the transformer action 
of the main field and another E.M.F. due to rotation in the cross 
field. The transformer action of the cross field and the rotation 
in the main field produce no resultant E.M.F. in these turns. The 
cross turns CD and D'C' have a transformer E.M.F. induced in 
them by the cross field and a rotation E.M.F. due to the main 
field. In these turns the transformer E.M.F. of the main field and 
the rotation E.M.F. due to the cross field have no resultant value. 
The transformer E.M.F.’s lag behind their respective fluxes by 90^ 
whilst the rotation E.M.F. ’s are in phase with them. 

In addition to these E.M.F.^s in the armature, there is also the 
back E.M.F. induced in the stator winding, due to the transformer 
effect of the original stator flux. 

Torque. — The torque developed by the armature conductors is 
due to the fact that the armature tends to set itself in such a position 
that the currents flowing through it are reduced to a minimum, since 
in this way it reduces its losses to a minimum. In the motor shown 
in Fi^. 394 this torque is acting in a counter-clockwise direction. 
But the brushes on the commutator short circuit a number of turns 
independently of the main short circuiting lead, and these turns 
will tend to set up a flux of their own at right angles to the plane of 
their coils, i.e. at right angles to the brush axis. This flux will 
interact with the main stator flux and will tend to produce rotation 
in a clockwise direction. This torque therefore opposes the main 
driving torque, which is weakened by this differential effect. 

Atkinson Repulsion Motor. — The stator field can be imagined to be 
split up into two components at right angles to each other, one of 

these acting along the axis of the brushes 
and the other in quadrature with it. The 
former component is the one producing 
the armature current by transformer effect, 
whilst the latter produces that component 
of the field which may be said to develop 
the torque. The actual stator winding can 
thus be replaced by two windings at right 
angles to each other and connected in 
series, as shown in Fig. 396, F being called 
the field winding and T the transformer 
winding. This modification of the simple 
repulsion motor is known as the Atkinson repulsion motor. In 
reality, of course, the two stator windings do not produce separate 
fluxes, but only one resultant, so that there is no theoretical 



Fig. 39d.— Atkinson Repulsion 
Motor. 
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difference between the simple repulsion motor and the Atkinson 
motor. One advantage possessed by the latter, however, lies in 
the fact that the direction of rotation can be reversed by reversing 
one of the stator windings without touching the brush rocker. 

Vector Diagram. — The approximate vector diagram can be most 
easily studied by referring to the Atkinson modification on account 
of the splitting up of the stator flux, but it also applies to the simple 
repulsion motor, since there is no theoretical difference between 
the two. The transformer winding, T, in Fig. 396 will produce a 
flux parallel to the brush axis, which is represented by in the 
vector diagram in Fig. 397. This induces a voltage, Et^^, in the 
armature by transformer action, this voltage lagging behind by 
90°. The stator winding, 't, acting as the primary of the transformer 
has a corresponding voltage, Et^, induced in it, this voltage leading 



the flux by 90°. Now the stator current will lag behind this E.M.F. 
by a small angle, and this stator current has to produce the flux 
<!>/ when flowing through the field winding, F. Owing to the 
hysteresis and eddy current loss, however, the stator current leads 
this flux by a further small angle, since it includes a small power 
component, with the result that the flux is not in quadrature 
with the flux but leads it by rather less than 90°. The armature 
now has a second E.M.F. induced in it, due to its rotation in the 
flux <!>/. This E.M.F. is in phase with the flux 4>/, and is repre- 
sented by Ef. The resxiltant armature E.M.F. acting along the 
line of the brushes is the vector sum of Et^ and Ef, and is repre- 
sented by Ey. The secondary or armature current, will lag 
behind this resultant voltage, Ey, by a definite angle, a, which will 
depend upon the relative magnitudes of the armature resistance and 
leakage reactance. The primary or stator current, Ig, will consist 
of two components. The first is the magnetising current necessary 
to produce the flux '<!>(.’ In an ideal case this would lag behind the 
voltage, Et^, by 90° and would be in phase with ^>t, but owing to 
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the presence of hysteresis and eddy current losses this current will 
lead the flux by a small angle and is represented by 7^. The second 
component of the stator current is that required to balance the 
ampere-turns of the secondary or armature circuit and will be 
exactly opposite in phase to This component is represented 
by I'a- The resultant stator current, is obtained by adding 
vectorially the two components 1^ and At first sight it may 
appear as if another magnetising component of the stator current 
is required for the field winding, F, but this is not so, since the phase 
of the current is settled by the above two components and the 
field winding, F, has to take whatever current the transformer 
winding permits. It is seen from the vector diagram that the 
flux lags behind the current, /«, by a small angle, this being due 
to the iron losses caused by this flux. Although the field winding, 
F, does not introduce any additional magnetising current, yet it 
will bring about a certain voltage drop in the stator, and this will 
be dealt with next. The resistance of the complete stator circuit 
will bring about a voltage drop, Ej^, in phase with the current, Ig, 
and the reactance of the field winding, F, will bring about another 
voltage drop. Ex, leading the stator current, /*, by 90°. The 
voltage associated with the flux <I>f in the transformer winding, T, 
has already been dealt with and is represented by E^^. Combining 
Eji and Ex, the impedance voltage, E^, is obtained, and combining 
this with Et^ the total applied stator voltage, Eg, is obtained. The 
power factor of the motor is given by cos where <f> is the angle of 
phase difference between the applied stator voltage. Eg, and the 
stator current, Ig. 

Starting. — Repulsion motors can be started up by means of a 
starter like that used for a C.C. series motor, or it may be started 
up by means of an auto-transformer. The latter method is superior, 
inasmuch as it relieves the line to a certain extent of the excels 
current which flows during the starting period. 

When the motor is first switched into circuit the rotation E.M.F., 
Ef (Fig. 397), is zero. The resultant E.M.F., Eg, acting in the rotor 
circuit is now coincident with Et^^. This has the effect of retarding 
the rotor current in phase considerably, which in its turn causes 
the stator current to lag behind the stator voltage by a larger angle, 
thus reducing the power factor. As the rotor gains speed the 
rotation E.M.F. is gradually increased and the rotor current is 
gradually advanced in phase. This reacts on the stator circuit so 
that the power factor improves as the speed increases. 

Owing to the very large current taken at starting, the starting 
torque is high, notwithstanding the poor power factor. This can 
be seen from Fig. 397, for the torque is proportional to the instan- 
taneous product of the rotor current and the resultant flux. The 
phase of the resultant flux lies in between that of 4>( and 4>/, and at 
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the moment of starting the rotor current is very nearly in phase 
opposition. As the rotor current is also large at sta;’ting, the 
resulting torque is very great. As the motor gains speed the rotor 
current swings round in phase to the position shown in the vector 
diagram, and this produces a drop in the torque, apart from the 
reduction in the actual magnitude of the current. 

Commutation. — The commutator of a repulsion motor is charac- 
terised by its relatively large diameter and high number of bars, 
just as is the series motor. The brushes also are made very narrow. 
In the short circuited coils there are two distinct E.M.F.’s induced 
in addition to tl^e usual reactance voltage due to the reversal of 
the current. The two E.M.F.’s are due to the transformer action 
of the field winding, F (Fig. 396), and the generator action of the 
transformer winding, T. The transformer E.M.F. lags behind the 
flux due to F by 90"^, whilst the rotation voltage is 180° out of 
phase with the flux due to T. Since the two fluxes are very nearly 
in quadrature, it follows that the two E.M.F. ’s are very nearly in 
phase opposition and tend to neutralise each other. This neutralisa- 
tion is most complete at the synchronous speed, so that the commu- 
tation is best at speeds in this neighbourhood. 

Compensated Repulsion Motor. — In the Atkinson repulsion motor, 
the stator winding was split up into two components, one acting 
along the line of the brushes and the other at 
right angles to it. The flux due to the latter 
component can be produced directly from the 
armature, by transformer action, without the aid 
of this second winding, which can be done away 
with altogether. The flux due to the winding, 

F, in Fig. 396 is proportional to the stator 
current. If this stator current were passed 
through the armature by means of two additional 
sets of brushes on the commutator arranged 
along the axis of the winding F, the resulting 
armature ampere-turns set up along this axis 
would act in the same direction as the ampere-turns of the stator 
winding F, The diagram of connections of this new variation, 
which is called the compensated repulsion motor^ is shown in 
Fig. 398. An important point to notice is that there are four 
brush spindles, although it is only a two pole machine. One pair 
of brushes, AA\ is set along the axis of the single stator 
winding. These brushes are short circuited and carry what is 
called the armature or the short circuit current. The other pair 
of brushes, BB\ is set along a line at right angles to the first pair 
and is connected in series with the stator winding. The current 
passed through these brushes is the stator, or exciting current as 
it is termed. This cifrreht, by passing through the armature, sets 
up a number of ampere-turns which produce a flux in the direction 
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BB', This flux combines with the flux set up by the stator winding 
directly, producing a resultant flux which acts along an axis in 
between A A' and BB\ If the motor be regarded in this manner, 
it is seen to be the equivalent in principle of the simple repulsion 
motor. 

One result of this modification is that the second stator winding 
of the Atkinson repulsion motor is done away with, and as this 
winding produced the main field flux, its removal leads to the elimina- 
tion of the reactance associated with it. In the simple repulsion 
motor, the one stator winding fulfilled the same functions as both 
the stator windings of the Atkinson repulsion motor, so that the 
stator reactance of this motor is reduced as well. The effect on 
the behaviour of the motor can be studied by means of the vector 
diagram in Fig. 397. The voltage drop due to the reactance of 
the field winding, F, is there represented by Ex^ and if this com- 
ponent be eliminated the stator voltage, E^^, is brought more nearly 
into phase with the stator current, 7^. It is thus seen that the 
compensation of the motor leads to an improvement in the power 
factor which is maintained at a high value over a wide range of 
hypersynchronous speeds. 

If the brushes A A' be removed, it is seen that the motor changes 
into a simple series motor, but this alteration causes a profound 
charige in its working, since the two motors are quite different in 
their action. 

Winter-Eichberg Motor.^ — One of the advantages possessed by 
the simple repulsion motor over the series motor lay in the fact 

that the armature was not con- 
nected to the stator winding, 
which could therefore be wound 
for high voltages. This advan- 
tage is lost in the compensated 
repulsion motor, since the arma- 
ture is connected in series with 
the stator across the brushes BB'. 
The improvement in the power 
Fig. 399.— Winter-Eichberg Motor. factor is thus obtained at the 

expense of limiting the voltage 
on which the motor may be used. If the armature brushes, BB\ 
are fed from the secondary of a transformer, however, this 
advantage may be regained, and this is the arrangement adopted 
in the Winter-Eichberg motor which is illustrated diagrammatically 
in Fig. 399. By providing the transformer with a number of 
tappings it may be used for starting the motor in addition to its 
normal use, the stator being switched straight on to the supply. 

^ This motor is sometimes termed the Latour- Winter-Eichberg motor, since it 
was invented by Latour, working independently of W inter and Eichberg, about 
the same time. 
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Both the stator winding and the transformer supplying the 
armature have good power factors, since they act like loaded trans- 
formers, so that the resulting power factor of the motor is very good. 
In common with the simple repulsion motor, its power factor is 
poor at the moment of starting, but this improves rapidly as the 
motor gains speed. 

Other Commutator Motors. — ^There are a number of other commu- 
tator motors on the market at the present day, these being mostly 
combinations of those already described and induction motors. 
The two main parent groups are, however, the series motor and 
the repulsion motor groups. 

Special forms of three phase commutator motors are also manu- 
factured, but their description lies outside the scope of this book, 
and for information regarding these special machines reference 
should be made to more advanced text-books. 
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Slip rings, 237 
Slots, 232, 278, 279 
Speed, 225, 273 
Stator construction, 228 
Synchronising, 263 
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Temperature rise, 281 
Turbo-, 227, 237 
Ventilating ducts, 278 
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E.M.F.’s in repulsion motor, 477 
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Reaction, synchronous motor, 328 
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Windings, rotary converter, 355 
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transformer, 198 
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Cables, 301 
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Cascade arrangement of induction 
motors, 412 
Choking coil, 16, 297 
Circle diagram, 70 

for induction motor, 422, 430, 446 
for series motor, 467 
for transmission line, 315 
Clock diagram, 31 

Commutation of repulsion motor, 481 
of series motor, 474 
Commutator motors, 462, 476, 483 
Compensated repulsion motor, 481 
Series motor, 473 

Complex wave, R.M.S. value of, 95 
Compound wound rotary converters, 
371 

Compoimded alternators, 249 
Condenser, 50, 335 

Cooling, artificial, of transformers, 188 
Copper losses of transformer, 200 
Space factor in transformers, 214 
Core losses of transformer, 213 
Type transformer, 182 
Corona, 304 
Crest factor, 13 

Current densities in transformers, 217 
Rushes when switching in trans- 
former, 196 
Transformers, 192 

Wave f jrm, effect of hysteresis on, 
97 

Wave form, effect of magnetic 
saturation on, 96 

Cycle, 4 

Cyclical variation in alternators, 363 
in exciting current in alternators, 261 
Cylindrical type rotor, 238 

Damping coil in series motor, 474 
Damping grids, 248 
Delta (A) connection, 121 
of transformer, 188 
Design of alternator, 273, 284 
of induction motor, 435, 447 
of transformer, 210, 221 
Diametral connections of six phase 
rotary converter, 359 
Dielectric constant, 50 
Strength, 293 

Dispersion coefficient, 424, 432, 433, 
445 

Distributed capacity, 67 
Double mesh connections of six phase 
rotary converter, 357 
Star connections of six phase rotary 
converter, 358 

Drysdale vibration galvanometer, 157 
' Wattmeter, 146, 204 
Duddell moving coil oscillograph, 160 
Thermo-galvanometer, 156 
Dynamometer ammeters and volt- 
meters, 134 
Wattmeters, 143 


Earthed shield, 180 
Earthing of alternators, 269, 298 
Eddy currents, 82, 86 
Efficiencies of alternators, 273 
of induction motors, 419, 435, 446 
of motor converters, 458 
of series motors, 47 1 
of transformers, 212 
Efficiency test of alternator, 269 
of transformer, 202 
Electrolytic rectifiers, 379 
Electrostatic voltmeters, 138 
Wattmeters, 145 

End connections, alternator, clamps 
for, 247 

End turns, electrical stresses on, in 
transformers, 187 

Energy stored in charged condenser, 56 
in magnetic medium, 47 
Epstein’s iron testing apparatus, 85 
Equivalent sine wave, 108 
Equivalent transformer circuits, 175 
Exciters for alternators, 249 
Leblanc’s, 346 

Exciting current of repulsion motor, 
481 

Field winding in alternators, 283 
Figure of loss, 85 
Flux densities in alternators, 278 
in induction motors, 438 
in transformers, 213 
Flux distribution with three phase 
winding, 389 

with two phase winding, 387 
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385 

with distributed winding, 386 
Form factor, 12 
Foucault currents, 82 
Frequency, 4, 225, 292, 416, 455 
Meters, 167 
Fundamental, 91 

Galvanometers, 154 
Graded insulation, 303 
Gravity control, 133 

Harmonic analysis, 108 
Harmonics, 91 
Even, 92 
Odd, 93 I 

Heat rim of induction motor, 419 
Heat test of transformer, 206 
Henry, 17 

Hopkinson test on alternators, 270 
Hot wire ammeters and voltmeters, 136 
Hunting of rotary converters, 370 
of synchronous motors, 321, 329 
Hysteresis, 78, 86 
Hysteretic constant, 80 

Idle current anr^meters and wattmeters, 
166 

Generator, 338 
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Impedance, 22, 58 
Diagram, 34 
Inductance, 16, 313 
Induction ammeters and voltmeters, 
136 

Generator, 413 
Motor meters, 149 
Induction motors — 

Air gap, 432, 441 
Cascade arrangement, 412 
Circle diagram, 422, 430, 446 
Design, 435, 447 

Dispersion coefficient, 424, 432, 433, 
446 

Efficiencies, 419, 436, 446 
Flux densities, 438 
Heat run, 419 
Leakage factor, 425 
Load test, 417 
Magnetic leakage, 409 
No-load current, 444 
Output coefficient, 435 
Overload capacity, 427 
Pow»r factor, 419, 426, 435, 116 
Rotors, 396 
Single phase, 411 
Slip, 393, 399, 420, 430 
Speed regulation, 402 
Squirrel cage rotors, 398, 442, 452 
Starting resistance, 403 
Starting torque, 402 
Stator construction, 394 
Stator winding, 395 
Torque, 398, 429 
Vector diagram, 423 
Ventilating ducts, 437 
Wound rotors, 396, 442 
Induction regulator control of rotary 
converters, 373 
Wattmeters, 143 
Insulation resistance, 293 
Insulators, 300 
Integrating wattmeters, 149 
Interpoles for series motors, 475 
Inverted motor converters, 460 
Inverted rotary converters 351 
Iron cored ammeters and voltmeters, 
135 

Loss, measurement of, 84 
Loss of transformer, effect of wave 
form, 195 

Space factors in transformers, 214 
Irwin astatic dynamometer, 154 
Hot wire oscillograph, 162 

Joubert’s contact, 114 

Kapp vibrator, 344 

Kapp’s regulation diagram • of trans- 
former, 201 

Transformer relation^, 21*1 
Kathode-ray oscillograph, 164 
Kelvin volt balance, 139 


Lag, 19 

Latour-Winter-Eichberg motor, 482 
Lead, 19 

Leakage factor, 425 
Indicators, 169 
Leblanc’s exciters, 346 
Lighting load, motor converter for, 459 
Linkages, 1 

Load characteristic of alternator, 251 
Test of induction motor, 417 
Lohys, 87 

Magnetic induction, 77 

Leakage in induction motors, 409 
Leakage in transformers, 174 
Magnetisation curve of alternator,* 261, 
284 

Mansbridge condenser, 51 
Maximum value, 6, 11 
Mechanical stresses on transformer 
windings, 187 

Mercury vapour converter, 37 6 
Merz -Price gear, 296 
Mesh connection, 121 
of transformer, 188 
Moscicki condenser, 61 
Motor converters — 

Comparison with motor-generators 
and rotary converters, 460 
Efficiencies, 458* ^ 

Inverted, 460 
Lighting load, for, 469 
Power converted mechanically and 
electrically, 45^ 

Power factor, 458 

Power factor improvement by, 460 

Single phase, 460 

Starting, 457 

Sub-station work, application to, 458 
Three wire, 469 
Traction load, for, 460 
Motor meters, 149 

Moving iron ammeters and voltmeters, 
132 

Mutual inductance, 24 
Nodon valve, 379 

No-load current of induction motor, 444 
of transformer, 194, 218 
Non -sinusoidal wave form, 5, 91 

Optimistic method of predetermining 
regulation, 259 
Oscillographs, 159 
Output coefficients, alternator, 274 
Induction motor, 435 
Overhead lines, 299 
Overhead systems, comparative effi 
ciency of, 304 ^ 

Overload capacity of induction motors 
427 

of rotary converters, 370 
of synchronous motors, 328 
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Parallel running of alternators, 262 
of rotary converters, 370 
Performance curves of induction motor, 
418 

of series motor, 472 
Periodic time, 4 
Periodicity, 4 
Permeability, 77 

Perry*s method of harmonic analysis, 
108 

Pessimistic method of predetermining 
regulation, 268 

Phase advancers, 336, 338, 343 
Phase-swinging, 321 
Pin type insulators, 300 
Polar curve, 13 

Pole shoe, shape of, alternator, 235 
Polyphase supply meters, 153 
Transformers, 181 
Potential transformers, 192 
Power converted mechanically and 
electrically, in motor con- 
verter, 456 
Power curves, 39 
Power factor, 39, 316, 333 
Improvement, 333 
Improvement by motor converter, 
460 

Improvement by synchronous 
cmotor, 336 
Indicators, 166 

Induction motors, 419, 426, 435, 
446 

Measurement of, from wattmeter 
readings, 127, 415 
Motor converters, 458 
Rotary converters, 370 
Series motors, 470 
Synchronous motors, 325 
Transformers, 220 
Power in reactive circuit, 38 
in three phase system, 122 
Power resulting from complex wave, 
105 

Preventive coil, 472 

Quadrature transformer, 192 
Quarter phase system, 117 

Ratio of transformation in rotary con- 
verters, 351 
Reactance, 18 
Capacity, 58 

Effect of harmonics on, 99, 101 
Regulation of rotary converters, 371 
Reaction, armature, of alternators, 254 
Regulation, alternators, 262, 258, 269 
Rotary converters, 371 
Transformers, 197, 216, 219 
Relays, 296 
Repmsion motors — 

Armature E.M.F.’s, 477 
Atkinson, 478 


Repulsion motors {continued) 
Commutation, 481 
Compensated, 481 
Exciting current, 481 
Short circuit current, 481 
Starting, 480 
Torque, 478 
Vector diagram, 479 
Resonance, 61 
in line, 316 
with harmonics, 102 
Retardation test of alternator, 270 
Reversed poles test of alternator, 272 
R.M.S. value, 8 

of complex wave, 95 
Rotary condenser, 336 
Rotary converters — 

Armature current, 364 
Armature reaction, 371 
Armature winding, 355 
Booster regulation, 373 
Comparison with motor-generators, 
374 

Compound wound, 371 
Diametral connections for six 
phase, 359 

Double mesh connections for six 
phase, 357 

Double star connections for six 
phase, 358 
Hunting, 370 

Induction regulator control, 373 
Overload capacity, 370 
Parallel running, 370 
Power factor, 370 
Reactance regulation, 371 
Six phase, 356 
Speed, 355 

Split pole regulation, 374 
Starting, 368 
Three wire, 361 
Twelve phase, 359 
Rotating field, 381 

and rotating armature alternators, 
226 

Rotating hysteresis, 81 
Rothert’s method of predetermining 
regulation, 259 
Rotors, alternator, 233, 237 
Induction motor, 396 
Squirrel cage, 398, 442, 452 

Salient pole type rotor, 237 
Scalar diagram, 34 
Scherbins phase advancer, 348 
Scott system of transformation, 189 
Self inductance, 24 
Self induction, coefficient of, 16 
Series motors — 

Armature B.M.F.’s, 462 
Circle diagram, 467 
Commutation, 474 
Compensated, 473 
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Damping coil, 474 
Efficiencies, 471 
Interpoles, 475 
Performance curves, 472 
Power factor, 470 
Speed, 466 
Starting, 472 
Torque, 465 
Transformer for, 474 
Vector diagram, 466 
Shane’s regulation test of transformer, 
199 

Shell type transformer, 184 
Short circuit characteristic of alter- 
nator, 253, 284 

Current of repulsion motor, 481 
Sudden, of alternator, 261 
Test of transformer, 199 
Single phase induction motor, 411 
Motor converter, 460 
Six phase currents, 131 
Rotary converter, 356 
Skin e^ect, 24 

Slip in Induction motors, 393, 399, 430 
Measurement of, 420 
Rings, alternator, 237 
Slots, 232, 278, 279, 440, 441 
Specific inductive capacity, 50 
Speed of alternators, 225, 273 
of rotary converter, 355 
of series motor, 466 
of synchronous motor, 318 
Speed regulation of induction motor, 

402 

Split, phase, 412 

Split pole regulation of rotary con- 
verters, 374 

Squirrel cage rotors, 398, 442, 452 
Stalloy, 82, 87 
Star connection, 120 
of transformers, 188 
Star-delta controller, 407 
Star point, 120 

Starting of motor converter, 457 
of repulsion motors, 480 
of rotary converters, 368 
of series motors, 472 
of synchronous motors, 330 
Starting resistance for induction motor, 

403 

Starting torque of induction motor, 
402 

Static balancers, 362 
Stator construction, alternators, 228 
induction motors, 394 
Stator winding, induction motors, 395 
Steinmetz’s law, 80 
Stresses on transformer windings, 187 
Stroboscope, 422 

Sub -station work, appli^atipn of motor 
converter to, 458 
of synchronous motor to, 332 


Sumpner iron cored dynamometer, 155 
Test on transformer, 202 
Wattmeter, 144 
Supply meters, 149 
Surges, 316 

Suspension type insulators, 300 
Switchboards, H. T., 294 
Synchronising alternators, 263 
Synchronous impedance of alternator, 
257 

Synchronous motors — 

Ampere-tum diagrams, 326 
Armature reaction, 328 
Hunting, 321, 329 
Overload capacity, 328 
Power factor, 325 
Rotary condenser, as, 336 
Speed, 318 
Starting, 330 
Torque, 320 
V-curves, 324 
Vector diagram, 321 
Synchroscopes, 266 
(T, 425, 432, 445 

T -connection of transformers. 
Temperature rise of alternators, 
of induction motors, 441, 444 
of transformers, 218 
Thermal converters. 138 
Thermo -galvanometer, DuddeTl, 156 
Thermo -jimcti on ammeters and volt- 
meters, 138 

Third harmonic in three phase system, 
130 

Thomson motor meter, 151 
Three ammeter method of power 
measurement, 45 
Three phase rotating field, 383 
System, 118 
Wattmeters, 1^5 

Three voltmeter method of power 
measurement, 43 
Three wire motor converters, 459 
Rotary converters, 361 
Time constant, 27 

Torque of induction motor, 398, 429 
of repulsion motor, 478 
of series motor, 465 
of synchronous motor, 320 
Traction load, motor converter for, 460 
Tr ansf ormers — 

All -day efficiency, 204 

Auto -transformers, 190 

Back to back regulation test, 198 

Boosting, 193 

Connections for six phase rotary 
converter, 356 

Connections for twelve phase rotary 
converter, 359, 360 
Cooling, artificial, 188 
Copper losses, 200 
Copper space factors, 214 
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Transformers (continued) 

Core losses, 213 
Core type, 182 
Current, 192 
Current densities, 217 
Current rushes when switching on, 
196 

Delta (A) connections, 188 

Design, 210, 221 

Earthed shield, 180 

Efficiencies, 212 

Efficiency test, 202 

End turns, electrical stresses on, 187 

Equivalent circuits, 175 

Flux densities, 213 

Heat tests, 206 

Iron losses, effect of wave form on, 
195 

Iron space factors, 214 

Kapp’s regulation diagram, 201 

Kapp’s relations, 211 

Magnetic leakage, 174 

Mechanical stresses on windings, 1 87 

Mesh connection, 188 

No-load current, 194, 218 

Polyphase, 181 

Potential, 192 

Power fawjtor, 220 

Quadrature, 192 

Kegulation 197, 201, 21G, 219 

Scott System of transformation, 189 

Series motor with, 474 

Shane’s regulation test, 199 

Shell type, 184 

Short circuit test, 1 99 

Star connection, 188 

Stresses on windings, 187 

Sumpner’s test, 202 

T- connections, 188 

Temperature rise, 218 

V-connections, 188 

Vector diagram,! 76 

Windings, 186 

Y -connections, 188 


Travelling field, 391 
Tuning fork for slip measurement, 421 
Turbo-alternators, 227, 237 
Twelve phase rotary converter, 359 
Two phase rotating field, 382 
System, 116 
Wattmeters, 145 

Two wattmeter method of power 
measurement, 124 

Unbalanced three phase circuit, 129 
Underground mains, 300 
Underground systems, comparative 
efficiencies of, 309 

V -connection of transformers, 188 
V -curves of synchronous motor, 324 
Valves, electric, 379 
Vector diagram, 31 

Induction motor, 423 
Repulsion motor, 479 
Series motor, 466 
Synchronous motor, 321 
Transformer, 176 
Ventilating ducts, alternator, 2*58 
Induction motor, 437 
Vibration galvanometer, DrysdaJe, 157 
Volt balance, 139 



W^^toidtprs, 140 

Windings, armature, alternator, 239, 
279 

Armature, rotary converter, 355 
Field, alternator, 237, 283 
Rotor, induction motor, 397, 442 
Stator, induction motor, 395 
Transformer, 186 
Winter-Eichberg motor, 482 
Wound rotors, induction motor, 396, 
442 

Y-coimection of transformers, 188 
Y -connections, 120 
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